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PREFACE 


Tus book is designed for students who, having acquired a good 
working knowledge of the calculus, desire to become acquainted 
with the theory of functions of a complex variable, and with the 
principal applications of that theory. In order to avoid making 
the subject too difficult for beginners, I have abstained from the 
use of strictly arithmetical methods, and have, while endeavour- 
ing to make the proofs sufficiently rigorous, based them mainly 
on geometrical conceptions. 

The first two chapters are intended to familiarise the student 
with the geometrical representation of complex numbers and 
of the simpler rational and irrational functions of a complex 
variable. 

In Chapter III. the properties of holomorphic functions 
are established; these properties are then used to define the 
Exponential, Circular, Logarithmic, and other transcendental func- 
tions for the domain of the complex variable, their properties as 
functions of a real variable being assumed to be known. It is 
thus possible in Chapter IV. to make use of these functions in 
examples on integration ; such examples are both interesting and 
important, and it seems desirable to introduce them to the student 
in a manner that does not involve the difficulties of complex 
series. As a preliminary to Green’s Theorem I have given a 
short account of curvilinear integrals. Two proofs of Cauchy’s 
Theorem are given, only the first of which depends on Green’s 
Theorem. A large number of examples on contour integration 
are worked out, and here, as throughout the book, the text is 


plentifully illustrated by diagrams. 
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In view of the very full exposition of the subject given by 
Dr. Bromwich, it has been thought unnecessary to give a de- 
tailed account of infinite series. A summary of those theorems 
which are used in the book will be found at the beginning of 
Chapter V.; the theory of uniform convergence is dealt with in 
Chapter VI. 

The remaining chapters are devoted to the applications of the 
subject. Chapter VII. includes, among other matters, the theory 
of Analytical Continuation ; various examples of the applications 
of that theory are given there and in Chapters VIII. and XV. 
The asymptotic expansions of the Gamma Function in Chapter 
VIII. and of the Bessel Functions in Chapter XV. are worked 
out for complex values of the variable. 

Chapters IX. to XI. deal with Elliptic Integrals and Functions. 
In Chapter IX. the student is shown how to reduce and evaluate 
elliptic integrals. In Chapter XI. I have established the exist- 
ence of the Jacobian Functions by considering the values of the 
Weierstrassian Function when one period is real and the other is 
purely imaginary. 

The last four chapters of the book contain a discussion of the 
theory of linear differential equations. As the most important 
of these equations are of the second order, it has been thought 
unnecessary to consider equations of higher order than the second. 
The Hypergeometric Function and Spherical and Cylindrical 
Harmonics are discussed as they arise through the solution of 
their differential equations; other properties of these functions 
are given in examples, with, in most cases, hints as to the methods 
of solution. No attempt has been made to deal with the applica- 
tions of these functions to physics, but it is hoped that the 
applied mathematician will find in these pages ready access to 
the instruments which he requires. 

Numerous examples have been given throughout the book, 
and there is also a set of Miscellaneous Examples, arranged to 
correspond with the order of the text. 

The writing of the book was undertaken at the suggestion 
of Professor George A. Gibson, LL.D., to whom I have been 


PREFACE vil 


indebted for important criticisms at all stages of the work. I 
have also to thank my colleagues, Mr. Robert J. T. Bell, D.Sc, 
and Mr. Arthur S. Morrison, M.A. B.Se., for their assistance in 
correcting the proofs. 

Acknowledgment has been made, in foot-notes to the text, of 
various sources from which I have derived assistance. Of the 
books which I have found helpful I would particularly name 
Lindelof’s Calcul des Résidus, Cauchy's Mémoire sur les wnté- 
grales définies, Jordan’s Cowrs d’ Analyse, and Forsyth’s Theory 
of Differential Equations. I have also made use of lectures by 
Mr. R. A. Herman, M.A., and Professor E. W. Hobson, Sc.D. 

In conclusion, I would express my thanks to Messrs. MacLehose 
for the excellence of their printing work. 


THOMAS M. MACROBERT. 


Guascow, September 1916. 


PREFACE TO THE SECOND EDITION 


In the main this edition is a reprint of the first edition. The 
discussion of the Bessel Functions in Chapter XV. now includes 
an account of the modified Bessel Functions I,(z) and K,,(z). 
The definition of the associated Legendre Function Q,(z) in 
Chapter XV. has been altered by the omission of a factor e”; 
this ensures that, for real values of x and m, the function shall 
be real when z is real and greater than unity. In consistence 
with this change a factor (—1)” has been inserted in the 
formulae on pages 250 and 251 defining Q,,"(2) when m is an 
integer. 

Other additional matter has been added in four appendices 
and a second set of miscellaneous examples. The first appendix 


is made up of a number of short notes amplifying points in the — 
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text. Appendix II. contains proofs of the analytical continua- 
tions and the asymptotic expansion of the Hypergeometric 
Function. In Appendix III. further properties of the Legendre 
Functions are established ; in particular, the asymptotic ex- 
pansions, the recurrence formulae and the addition theorems. 
In dealing with values of z near the origin Ferrers’ function 
T,,(z) has been employed in preference to P,,”(z). Here again, 
in defining T,,”(z), an exponential factor has been omitted in 
order to ensure that, when » and m are real, the function 
shall be real for real values of z numerically less than unity. 
Appendix IV. is devoted to proofs, by the method of contour 
integration, of Fourier’s Integral Theorem and of the Fourier- 
Bessel Integral Theorem. 

I take this opportunity of cordially thanking those friends 
who have pointed out to me errors in the examples and in the 
text. 


T. M. M. 
Guascow, February 1933. 
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CHAPTER I. 
COMPLEX NUMBERS. 


1. Definition of Complex Numbers. A number of the form 
p+iq, where p and q are real and 7 is a root of the equation 
V+1=0, is called a Complea Number. If g=0 the number 
is said to be purely real, and if p=0 it is said to be purely 
imaginary. The complex numbers p+iq and p—igq are called 
Conjugate Numbers. The number p+iq is zero if and only if 
p=0 and q=0. 

If p=p+iq, it is frequently found convenient to write R(p) for p and I(p) 
for g, where R(p) stands for the real part of p and I(p) for the tmaginary 
part of p. 

Complex Numbers are subject to the same algebraical laws 
' of addition, subtraction, multiplication, and division, as real 
numbers. These operations, when applied to real and complex 
numbers, produce real and complex numbers only; and it will 
be shewn (§§6, 20) that this is also true of the remaining 
algebraical operation of root extraction. 


Fie, 1. 


2. Geometrical Representation of Complex Numbers. ‘The 
Complex Number z=x+y can be represented geometrically by 
M.F. A 
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means of a Rectangular Coordinate System x’OX, Y OY Bigs): 
The point P(a, y) corresponds uniquely to the number 2, and is 
called the point z. In particular, points on the @-axis correspond 
to purely real numbers, and points on the y-axis to purely 
imaginary numbers. The figure is called the Argand Diagram, 
and the coordinate plane is spoken of as the 2-plane. 


Example. Tf z, and z, are conjugate numbers, shew that the straight line 
joining the points z, and z, is bisected at right angles by the x-axis. 


3. Modulus and Amplitude. In polar coordinates P is the 
point (7, 0), where r denotes the positive value of OP, and 
§ the angle XOP. The angle XOP is defined as the angle 
traced out by a radius-vector which revolves either positively 
or negatively from its initial position along OX till it coincides 
with OP. OP or r is called the Modulus of z, and is written 
mod z or |z|; @ is called the Amplitude* of z, and is written 
ampz. The amplitude can evidently have an infinite number of 
values differing from each other by multiples of 27: that value 
which satisfies the inequalities 

—7<057 
is called the Principal Valwe of amp z. 

The rectangular and polar coordinates are connected by the 

relations 


x=r cos 6, y =r sin 6, 
r= /2'+y?, tand=y/2. 
From these it follows that 
Z=x+1y=r(cos 0+7sin 6), 
an equation which expresses z in terms of its modulus and 
amplitude. 

Example 1. Prove |cos 0@+7sin 6|=1. 

Example 2. If z=x+7y, shew that |2|=|z|, |y|S|2|. 

Vectors. A line AB (Fig. 1), equal to, parallel to, and in the 
same direction as OP, may also be used to represent the number z; 
mod (AB) and amp(AB) are then identical with |z| and ampz. 
AB is called a Vector. It follows that 


BA=—AB, 


*The word Argument is used by some writers in place of Amplitude. 
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4, Geometrical Representation of Addition. Let P, and P, 
(Fig. 2) be the points z,=x,+iy, and z,=a,+iy,. Then 


By +2 =(@,+%)+4(Y, + Yo). 


Fig. 2. 


Through P, draw P,P, equal to, parallel to, and in the same 
direction as OP,. P, has coordinates (v,+2,, y,;+Y,), and is 
therefore the point z,+2,. In vectorial notation 

OP,=OP, + P,P,= OP, +OP, =OP,+P,P;. 

Subtraction. Since z,— z,= 2,+(— %,), a subtraction can always 

be treated as an addition. Thus, if P, (Fig. 2) is the point z,, 


Z3—%,= OP, —OP, = OP, + P,P, = OP, =2,. 

THEOREM I. The modulus of the sum of any number of 
complex quantities is less than or equal to the sum of their 
moduli: that is, if n is any positive integer, 

| +2_t.--+2n[=]%|+] 2] +--+] Zn]. ; 
This follows from the geometrical theorem that a side of a ol 


triangle is less than or equal to the sum of the other two sides: 
thus (Fig. 2) 


mod (OP,) = mod (OP,)-+ mod (P,P,). 

Therefore |2,+2,|=|2|+]|2|- 

Hence | +2 +25 |S] %+2%,|+] 28] 

S| 2,|+]2%/+]2s!; 
and so on. 

TuErorEM II. The modulus of the sum or difference of two 
complex quantities is greater than or equal to the difference of 
their moduli. 

_ The verification of this theorem is left as an exercise to the 
yeader. 
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5. Multiplication and Division. Let z,=7,(cos6,+7sIin 6,), 
Z=1,(COS O,+78in Oy), ---5 I= Tn(COS 0, +7 Sin O,). 
Then, by De Moivre’s theorem, 
Z Bp 10s Pn =VyPo --- Tn {C08 (0, + O,+.-.- +n) 
+ésin(0,+60,+...+6n)}- 
Hence, the modulus and amplitude of a product are equal 
respectively to the produet of the moduli and the sum of the 
amplitudes of the factors. 
In particular, if n is a positive integer, and if z=r(cos 0+7sin 8), 


then 2” =7"(cos nO +7 sin 76). 


Example. If p+iq is a root of the equation 
age" +a,2"1+...+4,=0, 
where the coefficients a, a1, ..., 4 are real, prove that p —‘q is also a root. 
ae oo ‘ 
ae cos (8, — 0,)+% sin (6, — 6,)} : 
2 Te 

so that the modulus and amplitude of a quotient are respectively 
the quotient of the moduli and the difference of the amplitudes 
of the numerator and denominator. 

It follows that the equation 


Again, 


2” =r"(cos NO+7 sin nO) 
holds when 7 is a negative integer. In particular, 
mod(1/z)=1/|z| and amp(1/z)=—ampz. 
Example 1. Give a geometrical construction for 1/z. 


Example 2. Shew that amp ( ) =BAC. 
AB 


Let OP and OQ be parallel to and in the same direction as AB and AC. 


Then amp (=) = aE amp AB 
= amp OQ-—amp OP 
A A 
= POQ=BAC. 


If the angle so obtained is a positive (Fig. 3(a)} or a negative { Fig. 3(b)} 
reflex angle, the principal value of the amplitude of the quotient is obtained 
in the first case by subtracting and in the second case by adding 27; the 
resulting amplitude is in the first case negative and in the second case 
positive. As a rule, when the amplitude is mentioned, it is to be understood 
that the principal value is referred to. 


§§ 5, 6] MULTIPLICATION 5 


Example 3. Shew that, if amp (a=2) =amp (2=%) , the points z, and % 
44—- 2g. Ay — %& 


are on the same side of the line joining z, and z,, and 4, 2, 23, 24, are concyclic. 
Let P,, P., P;, and P, be the points z,, 2), z,, and z, respectively. Then 


Zo.— 2 A A 
EAN Y (2 = és) =P,P;P,; amp ( ) =P,P,P.. 


2g —% 


a—% 


A 
Therefore Rl P,P,P, : 
Moreover, the points P,;and P, must be on the same side of the line P,P, ; 
for if not, the angles P| P,P, and P,P,P, would have opposite signs. 
Hence the points P,, P,, P;, and P, are concyclic. 


Y 


(a) (b) 


Fie, 3. 
6. Root Extraction. If is a positive integer there are n 
1 


distinct values of 2”. 
For, since, if « is any integer, 


(cos Se isin wees). =cos 0+7sin 6, 


= 
7 


1 
it follows that ra( cos TART 4 5 ea) is an n™® root of 
z=r(cos@+%sin@). Now, if for « the numbers 0, 1, 2, 3,..., 
1 


n—1, are substituted in succession, n distinct values of 2” are 

obtained. The substitution of other integers for x merely gives 

rise to repetitions of these values; and there can be no other 
1 


values, since 2” is a root of the equation w*=z, which has not 


more than 7 roots. 
Similarly, if p and q are integers, and q is positive, 
Dae 2 
t= 14 (cos POF . . pO+ ey 
al fi 


where x=0, 1, 2,..., g—1. 
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Example. Shew that the x roots of any number can be represented by 
n pec points on a circle with centre at the origin. 


EXAMPLES I. 
i, Shew that the straight line joining the points z, and z, is divided in 
the ratio m:n at the point (mz,+nz)/(m+7). 
2. Prove that the centroid of the triangle whose vertices are 2, Z, and 
a is (2 +2) + 2)/3. 
3. Prove that the modulus of the quotient of two conjugate inter 
is unity. 


4, Prove that OD ae +7 according as ampz is positive or 
negative. 


5. If|z,|=|2|, and ampz,+ampz,=0, shew that z, and z, are conjugate 
numbers. 

6. If 2cos@=a+1/a, shew that 2cosnO=a"+1/a”. 

7. Prove algebraically that |z,+2.| >|2,|+|22|. 


8. Shew that, if |z,+2,+...+2./=|4|+ |2.|+.. +) 2nd; thos zs must all 
have the same amplitude. 


9. Shew that, if amp Pe #)(24— 24) =, then z, and z, are on opposite 
(4 —z3) (Z_—%4) : 
sides of the straight line joining z, and Z, and 2,, 2, 23, 2, are concyclic. 

10. Let A, B, C, and D be the points 2, 2, z,, and z. Shew that, if 
42g +232,=0 and z,+2,=0, then A, B, ©, and D are concyclic and the triangles 
AOC and DOA are similar. 

11. If AC:CB::-—AD:DB, and if A, B, C, D are the points 2, 2», 235 24) 
shew that A, B, C,and D are concyclie, and prove (z, +29) (23+ 24) = 2 (225 + 2324)! 
also prove triangles AOC and DOA similar, where O is the mid-point of AB. 

12. Prove that the two triangles whose vertices are the points a, dy, @3, 
and 6,, b,, b3, respectively, are directly similar if and only if 


ay, by, 1 
Go On ae ==O: 
a3, Me 1 


13. Prove that the curves Ful 


are orthogonal circles. 


z—-l1 ir 
=constant and amp eT S ebaeee 


14, Prove that the imaginary 7 roots of a real quantity can be arranged 
in conjugate pairs. 


15. Picture on a diagram the roots of the equation +1= 


16. Shew that the equation 3225 =(¢+1) has four al roots, two of 
which le in the second quadrant and ns in the third. Shew that all the 
roots lie on a circle. 


(See also Misceilaneous Examples, 1-9.) 


CH. 11, §§ 7, 8] 


CHAPTER II. 
FUNCTIONS OF A COMPLEX VARIABLE. 


7. Uniform Functions. When a variable complex quantity 
w is connected with another variable complex quantity z in such 
a way that to each value of z there corresponds one value of w, 
w is said to be a Uniform or Single-valued function of z. For 
example, a polynomial in z, or the ratio of two polynomials, is 
a uniform function of z. The formal definition of a Holomorphic 
function of a complex variable will be given in Chapter III. 

The values of z, for which w is a function of z, may be limited 
to some assigned region of the plane. Thus the equation 

y=1+u+e2?+..., 
where « is real, defines y as a function of x for those values of « 
and those alone which satisfy the inequality -l<«<l. 

Multiple-valued Functions. If several values of w correspond 
to each value of z, w is said to be a Multiple-valued or Multiform 
function of z. For example, Jz is a two-valued, and Vz an 
n-valued function of z. 

Path of Variation. In the theory of functions of a real 
variable, the independent variable x can only vary by values which 
correspond to points on the w-axis: in the theory of functions of 
a complex variable, on the other hand, the independent variable 
z ean vary by values corresponding to the points of any path 
connecting the initial and final points. 


8. Transformations. If w is a function f(z) of z, the relation 
between w and 2 may be interpreted geometrically, and the 
relation may then be called a transformation: the point 2 is said 
to be transformed into the corresponding point or points w by 
means of the transformation w=/f(z). If w=az+6, the trans- . 
formation is called a linear transformation. If w=¢(z)/W(), 
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where ¢(z) and y/(z) are polynomials, the transformation is said 
to be rational. Transformations of the type w=(az+6)/(cz+d) 
are known as bilinear transformations. 

We proceed to investigate the geometrical meaning of linear 
and bilinear transformations. 

I. w=2+b. Let P, Q, and B (Fig. 4) be the points z, w, and 
b. Then, since PQ=OB, it follows that the effect of the trans- 
formation is to impose on every point 2 a translation equivalent 
in magnitude and direction to OB. 


Fia, 4. 


Il w=az. This transformation gives |w|=|a|.|z|, and 
amp W=amp a@-+amp Z. 

Consequently, if P and Q are the points z and w, the point 
Q can be derived from the point P by turning the radius-vector 
OP through an angle ampa and then multiplying it by |a|. It 
follows that any figure in the plane is changed by the trans- 
formation into a similar figure. 


III. w=az+b. This, the general linear transformation, can 
be effected by applying transformations II. and I. in succession. 
Like transformation II. it transforms any figure in the plane 
into a similar figure. The ratio of the distances of corresponding 
points is given by the equation 


and the angle between corresponding lines by the equation 
amp (w, — w,)—amp(z, —2Z,)=amp a. 


IV. w=1/z. Here |w|=1/|z|, and ampw=—ampz. Now 
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tet P (Fig. 5) be the point 2 and P’ the inverse of P with regard 
to the circle {z|=1. Then the modulus of P’ is 1/|z| and its 
amplitude ampz. Again, let Q be the image of P’ in the a-axis; 
then the modulus of Q is 1/|z|, and its amplitude is —amp z. 
Hence Q is the point w. It follows that the transformation is 
equivalent to an inversion in the circle of unit radius with the 
origin as centre, followed by a reflection in the x-axis. 


Y 


Y 


Fic. 5. 


Point at Infinity. As z tends to infinity, w approaches the 

origin. In the theory of the complex variable, infinity is regarded 

_as a point; namely, that point which is related to the origin by 
means of the transformation w= 1/z. 


V. w=a/z. This can be regarded as a combination of trans- 
formations IV. and II. 


VI. The general bilinear transformation w=(az+))/(cz+d), 
where a/b #c/d. (If a/b=c/d, then w is a ae 
This transformation can be written i 
(be ad)/e 
z+d/e z 
It can therefore be effected by combining the three 
transformations 2,=2+d/c, 2,=k/z,, where k=(be—ad)/c?, and 
w=2,+a/c. It should be noted that 2 can also be derived from 
w by the bilinear transformation z=(—dw-+b)/(cw—a). 
Since the inverse of a circle is a circle or a straight line, 
it follows that bilinear transformations transform circles into - 


circles or straight lines. 
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Example 1. Apply the transformation w=(2z2+3)/(z—4) to the circle 
a +7? —4y=0. 

Since w=2+11/(z—4), the transformation can be effected by applying 
successively the transformations 


(i) z,=2—-4, (ii) 2=1/z, (iii) zz=11z, and (iv) w=23+2. 

From transformation (i) we get 

U=Xj+4, YH. 
Hence (a7, +4)P?+y,?—4y,=0. 
Transformation (ii) gives 

@y = S959? +H"), I= — Yol (WP? + 2’). 
Therefore 16 (a2 + 4”) + 8x24 44y,+1=0. 
Again, from transformation (ill), 
%y=H,/11, Y2=Ys/11 5 
so that 16 (#4? +37) + 8823+ 4473+ 121=0. 

Finally, if w=w+, transformation (iv) gives 

&3=U—-2, Y,=%. 
The given circle is therefore transformed into the circle 

16u? + 16v? + 24u + 44v+9=0. 

Example 2. Shew that the transformation of Hxample 1 changes the 


circle z?+y7?—4xv=0 into the line 4u+3=0, and explain why the curve 
obtained is not a circle. 


9. Geometrical Representation of Functions. It is often 
convenient to represent the dependent variable w on a different 
plane from the independent variable z. This plane is called the 
w-plane, and w=w-+vv is represented on it by the point (w, v) 
referred to rectangular axes U’OU, VOV. If w is a uniform 
function f(z) of z, and if z moves from a to b by different paths in 
the z-plane, w will move from f(a) to f(b) by different paths 
in the w-plane. In the case of multiple-valued functions, how- 
ever, it will be shewn that the final point attained in the w-plane 
depends on which value of w is selected as initial value, and 
also on the path followed by z in the z-plane. 


Example 1. Let w=2*, so that u=2?-—y?, v=2Qay. 

Then, if «=0, w= —y? and v=0. Hence as z moves up the y-axis from 
— to 0, u increases from —© to 0, and therefore x moves along the w-axis 
from —o to0. Again, as z moves up the y-axis from 0 to + wu decreases 
from 0 to —«, and therefore w moves back along the w-axis from 0 to — a. 

Similarly, it can be shewn that as z moves along the z-axis from — to 
+a, w passes along the w-axis from +o to 0,and then back from 0 to +a, 
Likewise, the positive and negative parts of the v-axis correspond respec- 
tively to the lines y=w and y= — 2, 
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‘ oo if'we put z=r(cos 0+7sin #) and w=p(cosp+isin ), we have 
p=r and o6—206. 
ence if z lies on the circle ABCD (Fig. 6) of radius a, w will lie on the 
cirele PQRS of radius a7, Let 0=0, $=0 initially, so that A and P are the 
initial positions of zand w. Then as z passes round the quadrant AB in the 
anti-clockwise direction, @ and ¢ increase to 7/2 and 7 respectively, so that 


Fic, 6. 


w passes round the semi-circle PQR. Similarly, it can be shewn that, as z 
passes round the quadrants BC, CD and DA, w passes round the semi-circles 
RSP, PQR and RSP respectively. Thus, when z describes the circle ABCD 
once, w describes PQRS twice. 


Example Q. If w=2*, and if z describes the line w=c, shew that w 
describes the parabola w=c?—v?/4c?. Trace on a figure, for the particular 
case c=1, the course of was z moves up the line x=1 from --© to +o. 

In applications it is often important to trace the change in 
the amplitude of w when 2 describes a closed curve. We shall 
consider some particular cases. 


(1) w=z. Here ampw=ampz. Let z describe a closed curve 


LMN (Fig. 7) about the origin. Then, if 2 passes round LMN 
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once in the positive direction, amp 2, and consequently amp w, 
will increase by 27. Similarly, if 2 passes round the curve once 
in the negative direction, amp z and amp w will each decrease by 
27; while n successive revolutions in the positive or negative 
direction will alter the amplitudes by +2n7 or —2n7. 

Again, if the origin is exterior to the closed curve APBQ 
(Fig. 8) described by z, the amplitudes of z and w will increase 


Fic. 8. 


from 2 XOA at A to 2 XOB at B, and then decrease from 2 XOB 
to ~XOA; so that the total change is zero. 

(2) w=a(z—z2,), where a and z, are constants. Here 

amp w=amp a+amp(z—2Z,); 

so that, since ampa is constant, the change in amp w is equal to 
the change in amp(z—z,). Hence, if z describes a closed curve 
surrounding z, in the positive or negative direction, amp w will 
alter by +27 or —27; while, if z, is exterior to the curve, 
amp w will return to its original value. In the first case w will 
describe a closed curve in the w-plane about the origin; while 
in the second case it will describe a closed curve not enclosing 
the origin. 

(3) w=a(z—2%,)(2—%)(@—2,), where a, 2, 2, and 2, are 
constants. 

Here amp w=ampa+amp(z—2,)+amp(z—z,) +amp (z—2,). 

If z passes round the curve C, (Fig. 9), which does not contain 
any of the points z,, 2, 2,, then ampw will return to its 
initial value; so that w will describe a closed curve not enclosing 
the origin. If 2 passes round C,, C,, or Cs, amp w will be altered 
by 27, 4c, or 67, and w will pass round the origin once, twice, 
or thrice as the case may be. 

(4) w=a(z—2,)(2—%,)...(2—2n). If in this case z describes a 
closed curve within which none of the points 2,, 2, ..., Zn lies; 
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it follows, as in cases (2) and (3), that ampw will regain its 
initial value, and w will describe a closed curve which does not 
surround the origin; while, if z describes a closed curve within 
which r of these points lie, amp w will be altered by 2rz, and w 
will pass round the origin 7 times. 

(5) w=a(z—2)[(2—2,) 

Here ampw=ampa+amp(z—z,)—amp(z—z,). 

It follows that, if 2 describes the curve C, (Fig. 10) or C, in the 
positive direction, amp w is increased or decreased by 27; while, 
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if z describes either of the curves C, or C,, amp w regains its 
initial value. 

In all these cases it is obvious that the change in amp w due 
to the description of any closed curve is independent of the 
shape of the curve, so long as the same set of points 2,, 2, 23, ... 
lies inside or outside it. It is often found convenient to take the 
curve in the form of a circle. 

(6) w=Vz. If z=r(cos6+isin 6), then w has two values, 

w, =r {cos (6/2) +7 sin (6/2)} 
and w, =r? {cos(0/2+7)+7sin(6/2+7)} = —w,. 

Each of these two quantities w, and w, varies with z, and is 
therefore a function of z: they are called the Branches of the 
two-valued function w. 

Let z start from the point P(r, «) (Fig. 11), and let the initial 
values of w, and w, be 

w, =r"? {cos (&/2)+ésin (a/2)} and w,=—w,. 
Then w, and w, will be represented by the points P,(r”, a/2) 
and P,(r¥?, a/2+7) in the w-plane. Now, if z moves round the 
circle PQR of centre O and radius 7, @ will increase by 27, and 


14 FUNCTIONS OF A COMPLEX VARIABLE [cx. tt 


amp w by «. Consequently w, will move round the semi-circle 
P,Q,R,P, and w, round the semi-circle P,Q,R,P, in the w-plane: 
the final values of w, and w, will be w, and w,. A revolution 
of z about the origin therefore interchanges the branches of w. 
Two such revolutions bring back w, and w, to their original 
values; or, graphically expressed, if z moves round the circle 
PQR twice, w, and w, each move round the circle P,Q,P,Q, once. 


If the circuit described by z does not enclose the origin, @ will 
regain its initial value @, and w, and w, their initial values w, 
and wy. er 

The point @ is called a Branch Point of w, because a circuit 
about it interchanges the branches of the function. 


(7) w=Ja(z—z,). Here ampw=tampa+}amp(z—z,). 

This is again a two-valued function. A single circuit about z, 
interchanges the branches, while a double circuit brings them 
back to their initial values. On the other hand, the description 
of a circuit which does not enclose 2, effects no alteration in ulate 
branches. Hence z, is a Branch Point of w. 

(8) w=Ja(e—%) (@—%) 

Here ampw=}ampa+}amp(z—z,)+} amp(z—z,). 

Hence the description of C, (Fig. 12) or C, interchanges the 
branches, while the description of C, or C, leaves them unaltered. 
Thus 2, and z, are Branch Points of w. 


(9) w=V(z—a). If z—a=r(cos 6+i%sin 6), w has 2 branches 


6 oe en 6+ ee A 


positive circuit round the branch-point a increases @ by 27, and 


i 
Wy; We, ..., Wa, Where w,=1" (cos 
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therefore changes w, into w,, w, into wz, ..., W, into w, Circuits 
which do not enclose a leave the branches unaltered. 


Fic. 12. 


Example 3. Let w=N(1—z)(1+2), and let the value of w when z is at O 
be +1. Then if z describes the curve OPA (Fig. 13), where A is the point 2, 
shew that the value of w at A will be -iV5. 

The three zeros of w are 1, 7, and —7. Let B, C, and D be the corre- 
sponding points, and through C and D draw CL and DM parallel to OX. 


Fia, 13. 


Let the moduli and amplitudes of BP, CP, and DP be Py iy Gey RO! Gs Cin 
$3, respectively, where L XBP=¢,, LLCP=¢,, and ~MDP=4,. Then 


: 1 
w=(— 1) PrP ry? rs? (cos Put Pas Fain 1 iat a), 


It has still to be determined which of the two possible values +7 or —7 
’ is to beassigned toamp(—1). Now, when zisat O, $,=7, ¢,= — 7/2; $3=7/2; 
so that ¢,+¢,+¢;=7. Hence, if amp(—1)=7, ampw=7 at O; while, if 
amp(—1)=-7, ampw=0 at O; but w=+1 when z is at O, so that the 
latter value must be chosen. Therefore 


1 a Use ok a — 
war ere ts! (cos ae Dray sit Peon: 2). 

Now, as z passes from O to A, ¢; decreases from 7 to 0, ¢, increases from 
—7/2 to —tan-14, and ¢, decreases from 7/2 to tan}. Therefore at A 
amp w= — 7/2; also r;=1, 7,=V/5, 73=NV5. Hence 


w=N5{cos(—7/2)+ésin (—7/2)}= —1N5. 
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10. Roots of Equations. In works on the theory of equa- 
tions it is shewn how, by means of Sturm’s Theorem, it is possible 
to find the number of real roots lying between any two real 
values of the variable. We shall now shew how to find the 
number of real or complex roots of an equation which are 
contained in various regions of the z-plane. 

Consider the equation 

f(2) = a2" +4,2"-1+...+7a,=0. 

We assume that every equation has a root: a proof of this 
important theorem will be given later (§33). It follows that 
(2 can be put in the form 

Ay (Z— 2) (@ —Zq) «»» (@—Zn)- 

If z be taken positively round a closed circuit in the z-plane 
which encloses rv of the points z,, 2,..., Z,, the amplitude of f(z) 
will be increased by 2r7. Consequently the number of roots of 
f(2)=0 which le inside a given circuit can be ascertained by 
determining the change in the amplitude of f(z) when z passes 
round the circuit. 

The following theorem will be found useful in locating the roots, 

THEOREM. If z be taken round any part of a large circle with 
the origin as centre and radius R, and if @ be the change in 


Ni 
Pp 


O X 
Fie, 14. 


amp Z, the change in the amplitude of f(z) will differ from 76 by 
a quantity which tends to zero as R tends to infinity. 


For (2) = 2 (Ay +, /2 + [22+ ... + On/2”). 
Hence amp/(z)=n amp z+amp (a)+a,/z+a,/2+...+a,/2"). 
Now | a,/2+ay/22+...+an/2"| =p, 

where p=|@,|/R+]a.|/R?+...+|a,|/R% 


Let R be chosen so large that p<|a,|. Then the point 
dy +a,/Z+...-+-Gn/2" must lie inside a circle of centre a, or A 
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(Fig. 14) and radius p. If OP be a tangent to this circle, 
amp(@)+4,/2+...+d,/2") differs from ampa, by an angle y, 
which is not greater than _AOP, and which can be made as 
small as we please by increasing R, and thus decreasing p. 


That is, amp /(z)=n amp z+amp d)+n. 
Hence Lim amp f(z) = amp z+amp dq. 
Ro 


Therefore, when R tends to infinity, the change in amp/(z) 
tends to » times the change in amp z. 


Example. Investigate the positions of the roots of the equation 

a4+2+41=0. 

Let w=24+25+1, and let z describe a contour consisting of the three 
portions : 

(1) the z-axis from 0 to +0; 
(2) the first quadrant of a circle of centre O and radius infinity ; 
(8) the y-axis from + to 0. 

(1) At points on the v-axis, w=u+w=2!+23+1, so that w=ct+2+1 
andv=0. Hence, as z passes along the x-axis from 0 to +, w passes along 
the u-axis from 1 to +o, and therefore ampw remains constant and equal 
to zero. 

(2) On the great circle ampz increases by 7/2, and therefore, by the 
theorem above, amp w increases by 27. 

(3) At points on the y-axis, u=y'+1 and v=—¥7*. Hence w lies on the 
infinite curve LMN (Fig. 15), given by these equations, and as y decreases 


Fic. 15. Fic. 16. 


from + to 0, w passes along this curve from infinity below the w-axis to 
the point M(w=1) in the direction indicated by the arrows. Hence the 
initial and final values of amp w are equal, both being zero. 

The total change in amp w as z passes round the complete circuit is there- 
fore 27, and it follows that one and only one root of the equation lies in the 
first quadrant. 

Similarly it can be shewn that only one root lies in each o. the other 
quadrants. 

Again, let z describe the contour OABCO (Fig. 16), where A and C are 
the points 1 and 7, and ABC is a quadrant of the circle |z|=1. 

M.F. B 
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Then, firstly, the description of OA gives rise to no change in amp w. 
Next, for points on a circle of centre O and radius R, 
z=R(cos 6+7sin 0)=R(1— 02+ 2it)/(1+@), where ¢=tan (6/2), 
=R(1+7t)/(1 -7t). 
Accordingly, at points on ABC, z=(1+2t)/(1 —7t), so that 
w=(3— 1202+ t+ Qt + 2i#8)/(1 — 22). 
Hence amp w=amp {(3— 122+ 24) +¢(2¢ + 207) } —amp (1 —7¢). 
Now, as 6 varies from 0 to 7/2, ¢ varies from 0 to +1; so that amp (1 —7?) 
decreases by 7/4. Hence amp(1—7t)* decreases by 7. 
Again, let €=3—12¢?+¢4 and 7 =2¢+ 20. Aye. 
Then the curve given by these equations is of the form shewn in Fig. 17, 
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the arrows indicating the variation of the point (, 7) as ¢ increases from 
—0o to +o. 

Now, when ¢=0, €=3 and 7=0, so that amp(€+7%)=0; also, when ¢=1, 
€=—8 and 7=4, so that amp(€+7)=6, where @ is the angle in the 
second quadrant for which tan@=-—1/2. Hence the change in ampw due 
to the description by z of the quadrant ABC is 

w+ 0=27 —tan—1(1/2). 

Finally, at points on OC, w=y'+1 and y= —y', so that w lies on the 

curve LMN (Fig. 15). When y=], w is at the point K(w=2-—12), and 

amp w= —tan!(1/2) ; 
while, when y=0, w is at the point M(w=1) and ampw=O: so that the 
change of amplitude due to path CO is tan—(1/2). 

Hence the total change of amplitude due to the circuit is 27, and there- 
fore the root which lies in the first quadrant lies within the unit circle. 
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Similarly it can be shewn that the root in the fourth quadrant lies within 
the unit circle, while the other two roots lie outside it. 
Again, it can be shewn that all the four roots lie inside the circle |z|=2. 


Fer, if z=2(1+7t)/(1 -7t), 
w={(25 — 1022? + 944) +2(76t — 4423) 1/(1 — 22). 
Now the curve €=25— 10224914, »=76t— 4403, 


is of the form shewn in Fig. 18, the arrows indicating the variation of the 
point (&, 7) as ¢ increases from —o to +a. But as amp z varies from —7 
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to +7, ¢ varies from —© to +, and therefore amp (§ +77) increases by 47. 
Also amp{1/(1—7¢)*} increases by 47. Hence ampw increases by 87, and 
therefore all the four roots lie inside the circle. 


EXAMPLES II. 


1. If wandz are connected by the bilinear transformation 
w=(az+b)/(cz+a), 
and if the points w, and w, correspond respectively to the points 2, and 2., 
shew that W-W, C&a+d z-% 


W=We Ca+d 2-2 


2. If w=(az+b)/(cz+d), and if the locus of z is an are of a circle 
standing on the chord joining the points z, and 2,, shew that the locus of w 
is an are of a circle standing on the chord joining w, and wp. 


20 FUNCTIONS OF A COMPLEX VARIABLE [cH 


3. If w=(az+b)/(cz+d), and if the points w,, 2, ws, and w, correspond 

respectively to 21, 2, 23, and 2, shew that 
(wy = Wp) (3 = Ws) _ = %g)(25 = 2%). 
(wy — W5)(W2— M4) (% = 23) (22— 24) 

4, Shew that the constants in the transformation w=(az+6)/(cz+d) can 
be so chosen that three arbitrary points ,, «2, and w, correspond respectively 
to three arbitrary points z,, 2,, and z;. 

5. Find the bilinear transformation which makes the points a, 6, and c 
in the z-plane correspond respectively to the points 0, 1, © in the w-plane. 


z-a b-e 
g=e b=a 


Ans. W= 


6, Find the bilinear transformation which makes the points 1, 7, —1 in 
the z-plane correspond respectively to the points 0, 1, «© in the w-plane. 
Shew that the area of the circle |z|=1 is represented in the w-plane by the 
half-plane above the real axis. Ans. w= —t(z—1)/(2+1). 


7. Prove that the relation w=(1+2z)/(¢+z) transforms the part of the 
real axis between z=1 and z= —1 into a semi-circle connecting w=1 and 
w=-—1. Also find all the figures which, by successive applications of the 
relation, can be obtained from the originally selected part of the «z-axis. 


8. Let w=,/(2—22+27), and let z describe a circle of centre z=1+7 and 
radius /2 in the positive direction. If z starts from O with the value V2 of 
w, what are the values of w 

(i) when z returns to O; 
(ii) when z crosses the y-axis? 
Ans. (i) —V23 (ii) V20{cos (34/8 + A/2) +7 sin (37/8 + A/2)}, where 2X is 
the angle in the second quadrant for which tan A= —3. 

9. Let w= /(5—22+27), and let 2 describe a circle of centre z=1+42i and 
radius 2 in the positive direction. If z starts from the point +1 with the 
value +2 of w, find the values of w at the first and second crossings of the 
Y-axis, 

Ans. (i) V24/(20+8N3) {cos(x/3 +o/2) +7 sin(a/3+«/2)}, where « is the 
angle in the second quadrant for which tana = -4—N3; 
(ii) V2 4/(20 —8V3) {cos (27/3 + B/2)+7sin (27/3+ B/2)}, where B is 
the angle in the second quadrant for which tan B= —4+43. 
10. If w?=z+1, shew that, when the point z describes the circie |z| =<, 
each of the points w describes the Cassinian 7yr,=c, where 7, and ry are the 
distances of w from the points +1 and —1. 


11. Shew that the equation z4+z+1=0 has one root in each quadrant, 
and that the root belonging to the first quadrant lies outside the circle |z{=1 
and inside the circle |z| =2. 


_ 12, Shew that the root of z4+z+1=0 belonging to the first quadrant lies 
inside the square whose sides are «=0, r=1, y=0, and y=1. 


13. Shew that the equation z*+4(1+7)z2+1=0 has one root in each 
quadrant. 
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14, Shew that two of the roots of the equation #-z+16=0 have their 
real parts positive, and three their real parts negative. Also shew that all 
five roots lie outside the circle |z|=1 and inside the circle | z|=2. 


15. Shew that the only root of 24+10z—1=0 inside the circle |z|=1 is 
real and positive. 


16. Prove that 2+10z—1=0 has no root the modulus of which exceeds 2. 


17. If w={(2+7)z+(8+4+42)}/2, shew that: 
(i) as (7, y) describes the circle «?+y?=1 positively, the point (w, v) 
describes the circle (u—2)?+(v—1)?=25 negatively ; 
(ii) as (v, y) describes the circle #?+7?—4x7-—6y—12=0 positively, the 
point (wu, v) describes the circle (w—1/2)?+(v—13/12)?=(25/12)? 
negatively. 


18. Apply the transformation w=1/z, (i) to the set of straight lines 
through the point (a, 0), and (ii) to the set of circles with this point as 
centre: and shew that the set (i) is transformed into a set of coaxal circles 
through the points w=0, w=1/a, while the set (ii) is transformed into a set 
of coaxal circles, of which these two points are the limiting points. 
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CHAPTER III. 
HOLOMORPHIC FUNCTIONS. 


11. Limits. A single-valued function f(z) is said to tend to 
the limit L as z tends to the value z, if, corresponding to any 
assigned positive number ¢«, however small, a positive number 
y can be found such that | f(z)—L|<e for all values of z (except 
z,) which satisfy the inequality |z—2,|<(y. For brevity we write 

Lim f(z) =L. 
2 


This condition can be represented geometrically as follows: if y (Fig. 19) 
be a circle in the w-plane of centre L and assigned radius ¢, a positive 


Z - plane w - plane 
Y Cc 


X 
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number 7 can be found such that, so long as z remains inside the circle C 
in the z-plane of centre z, and radius », the corresponding point f(z) in the 
w-plane will remain inside y. 

The limit Lis clearly independent of the path by which z 
approaches 2,. 

The hmit L has not necessarily the same value as f(z,): for, 
consistently with the definitions of § 7, any arbitrary value can be 
assigned to the function at the point z,. 


Limit at Infinity. If, corresponding to any positive quantity 
e, however small, a positive number N can be found such that 
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IfQ-Ll< e for |z(>N, f(z) is said to tend to the limit L as z 
tends to infinity: that is, Lim f(z)=L. 
2—>n 
Example. Lim1/z=0. 


I> 


Infinite Limits. If, corresponding to any positive number N, 
however large, a positive number y can be found such that 
|f(2)|>N for |z-z,|<n, f(# is said to tend to the limit infinity 
as z tends to z,. 


Example. Lim1/z=o. 
z—>0 


The branches of multiple-valued functions generally tend to 
different limits as z tends to 2,. 

If the limit L is a function L(z,) of z,, and if an » can be 
found such that, for ail points z, in a given region, | f(z) — L(z,)|<e 
provided | z-2z,| <n, f(z) is said to tend uniformly to the limit 
L(z,) in the region. [N.B., 7 is independent of the position of z,.] 


12. Continuity. The function f(z) is said to be continuous 
at z, if f(z,) has a definite value, and if Lim f(z)=/(2,). 
2—>2, 


If f(z,) is infinite, f(z) has not a definite value, and is therefore 


discontinuous at the point z,. 
The condition for continuity can be expressed as follows: if, 
corresponding to any ¢,* an 7* can be found such that 


f@)—-fKa)|<e for |z-2|<a 
/(2) is continuous at 2,. 
A function is continuous in a region, if it is continuous at all 


points of the region. 

If f(z) has a detinite limit at z, different from /(z,), f(z) is said 
to have a Removable Discontinuity at z,, and the function can 
be made continuous by replacing the value at z, by the limit at 
that point. 

To investigate the continuity of a function at infinity, put 
z=1/€ and test for ¢=0. 

THEOREM 1. The sum of a finite number of continuous 
functions is a continuous function. 


*In this book ¢ will usually be understood to represent an arbitrarily small 
positive number, and 7 a positive number. 
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TueorEM 2. The product of a finite number of continuous 
functions is a continuous function. 


THEOREM 3. The ratio of two continuous functions is 
continuous except for values of z which make the divisor 
zero. 

The verification of these three theorems is left to the reader. 
The proofs are almost identical with those for functions of a real 
variable. 

TuroreM 4. If f(z) is continuous and has the value / at z,, 
and if #(z) is continuous at lJ, ¢{f(z)} is continuous at 2. 

For, | f(z)—l|<e, if |z—z,|<<y; and e can be chosen so that 

¢(6)— (1) |<e,, if |€-l]<e. Now let ¢=/(z); then 
Ip{72} -e{fa}|l<é, 


provided |z—z,|<‘y. Hence ¢{/(z)} is continuous at z=2,. 


THEOREM 5. The real and imaginary parts of continuous 
functions are continuous functions. 

Foz, if w=w-+vwv is continuous at z=z,, and if its value at 
that point is w,=wu,+72v,, an 7 can be found such that, for 
|z ey zy | a UB 

|w—w,|=|(w—u,) +27 (v—-v,)|<e. 

Thus J {(u— WP? +(u—0,)?} <e} 

so that |u—wl<e, |v—y,|<e. 


Hence w and v are continuous functions at z=2z,. 


13. Uniform Continuity. A function f(z) is said to be 
Uniformly Continuous in a given region, if, corresponding to 
any e«, an 7 can be found such that, for every point z, in the 
region, | f(z) —f(z,)|< e, when |z-z,|<7; 7.e. if f(z) tends uni- 
formly to f(z,) in the region. [The region is closed (see page 92).] 

THEOREM. If f(z) is continuous in a given region, it is uni- 
formly continuous in that region. 

The proof of this theorem depends on the following Lemma: 


Lemma. If | f(z)—f(%)|<e for |z—z,|< n, then 
If(2)—f(%)|<2e for |z—z|<}n, 


where 2, is any point of the closed circle | z—z, | = 4n. 
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Let C, (Fig. 20) and C, be the circles |z—z,| = and |z—z,| =4n. 
Then, if z and z, lie within C,, 
lf (2) —f (#2) | =| f (2) —f (21) +f (@) —f (2) | 
=| f(z) —f(21)| +1 f (2) —f (21) | 
<a Ze, 


But if 2, be restricted to lie within or on C,, every point z such 
that | z-z.|< 4», will lie within C,. Hence the Lemma bolds. 


Fia@. 20. 


Now for uniform continuity in the region there must cor- 

respond to every ¢ an 7 such that 
lf (2) f(z) |<e if | 2-2 |<n, (A) 
where z, is any point of the region. Suppose there is an ¢ for 
which this is not true. Divide the region into smaller regions 
by means of sets of equidistant lines parallel to the two axes. 
In one, at least, of these smaller regions (A) is not satisfied. 
Divide this smaller region into still smaller regions in the same 
way as before. In at least one of these regions (A) is not satisfied. 
By continuing this process a series of regions is obtained, each 
part of the preceding one, and in each (A) is not satisfied. Now 
let z, be a point common to all these regions ; then, since f(z) 
is continuous at z,, an 7 can be found such that 
f@) fa) | <e[2 if [2-21 <2n. 

Hence, by the Lemma above, | f(z)—f(z2)|<¢ if |z—z,.|<n, 
where z, is any point of the circle |z—z,|= 7; so that (A) is 
satisfied for this circle. But if the subdivision of the given 
region be continued till a region is reached which is contained 
in this circle, (A) is not satisfied in this region. Also, since this 
region is contained in the circle, (A) is satisfied in it. Thus two 
contradictory results are obtained. Hence f(z) must be uni- 
formly continuous in the given region. 
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Functions of Two Real Variables. A function u(a, y) of « 
and y is said to be uniformly continuous in a given region if, 
corresponding to any e, an 7 can be found such that, for every 
point (a, y) in the region, 

ju(atAx, ytAy)—ule, y)|<e 
provided |Aa|<», |Ay|<y. A function u(«, y) which is con- 
tinuous in a given region is also uniformly continuous in the 
region. The proof of this theorem is left as an exercise to the 
reader. The region is, of course, a closed region. 

Again, let the continuous function w(a, y) have continuous 
partial derivatives of the first order in the region. Then, if 

Aw=u(e+Aau, y+Ay)—w(a, y), 
Aw={u(a+Aa, y+Ay)—u(ae, y+ Ay)} 
+ (U(x, 4 Uae w(x, y)} 


ule +9, Ax, y+ Ay) + Ay re y+0,Ay), 


where 0 <0, < i O< Oc. 
Ow Ow : A : A 
Now — and — are continuous in the given region, and 
Ox Oy e = 
therefore, from the property of uniform continuity, 


ou(a, Y) 
Ox 


< u(et 0,Ac, y+Ay)= +c, 


aS + 8, 


where |a|< e, eee provided eM ne 
Hence Au= aoe +S) Ay +o. Ae+ 8 Ay, 


sy (@ y+0,Ay) = 


where a and 6 tend Satan to zero with Az and Ay at all 
points in the given region, since y is independent of x and y. 


14. Differentiation. The Derivative of any function f(z), 
obtained by applying a finite number of the algebraical operations 
considered in §§ 4, 5, and 6 to z in succession, is 

Tim S(@+Az) —F(2). 
Az—>0 Az 

These limits are obtained by the same rules as when the 
independent variable is real. It is important to notice that the 
value of the derivative is independent of the amplitude of Az. 
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dz” : SER Rs 
Example 1. Prove — =nz"—, (i) for m a positive integer, and (ii) for na 
negative integer. 


dz ae : 
Example 2. Prove ane for n a positive fraction. 


Let n=p/q, where p and q are positive integers ; then, if 
z=r(cos +7 sin 8), 


eee 
- = 6+ 2h had 
=r (cos a 7 +¢sin we) where £=0, 1, 2, ..., g—1. 


’ 


Now let (=2", where ¢ represents the branch of 2/7 corresponding to one 
particular value of &. 
Then, if the increment Az of z correspond to the increment A¢ of ¢ 


(z ait Az)p/2 = erly (¢+ A)? = ( 


Lz HAO 
dzrlt p—l 2 
Hence z oe =, (P49 = a ; 


where the same value of 2!” is taken on both sides of the equation. 


Example 3. Prove = =nz"— for n a negative fraction. 


15. Holomorphic Functions. Any function of x and y can 
be regarded, according to the definition of § 7, as a function of z: 
for if z be given, the corresponding values of « and y are known, 
and therefore the corresponding values of the function can be 
found. For example, one value of «—vzy or of «?—¥y? corresponds 
to every value of z. But these functions cannot be expressed in 
terms of z, and it is much more satisfactory to regard them as 
functions of the two independent variables x and y. 

Let w=u-+iv, where w and v are real functions of « and _y. 
Then, if 2 =a—iy, ©=(2+2’)/2 and y=(z—2’)/27; so that wu and 
v can be regarded as functions of the independent variables z 
and 2’. Hence, if w and v are continuous functions of # and y 
with continuous partial derivatives, the condition that w should 
be independent of 2’ is 

Ou o% , OW oy TGR Ov OY iy 
Ox 02’ Oy O2’ "Be 82 Oy 02’ 

OUl eon. ovl 52 sae ae 
oe dn2 dy Qe ow2 “oydi’ 
and this is equivalent to the two equations 

Ow ov OW_ Ov 
Ox Oy’ Cy cm 


(A) 
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Thus, if w and v are continuous, and possess continuous partial 
derivatives which satisfy equations (A), w is a function of # and 
y in which # and y occur only in the combination «+1y =z; it 
may therefore be expected that the function w, like the functions 
considered in § 14, will have a derivative which does not depend 
at all on the way in which Ax and Ay tend to zero, 2.e. which 
does not depend upon = It will be shewn in the following 


theorem that this is the case. 


THeoremM. If w=w+iv, where w and v are uniform con- 
tinuous functions which possess continuous partial derivatives, 
the necessary and sufficient condition that w should possess a 
definite continuous derivative is that these partial derivatives 
should satisfy equations (A). 

Let the increments Aw, Aw, Av, and Az, of w, w, v, and 2, 
correspond to the increments Aw and Ay of « and y. Then 


Aw _ Aw+iAn 
Az Auw+idy 


Ou Ow . {Ov Ov ; 
_ |. oe Az+B Ay) 
aad 


an 
Ax 


where «, 8, a’, 8’, tend uniformly to zero with Av and Ay. Thus 


(Se ie) 4 Cs ae 


1+7 


dw _ sgh Aw _\ox _ ow Oy “ay da 
de — seco Ne dy 
US a 
da 
Hence the necessary and sufficient condition that oe should be 


dz 


independent of ou is 


ae iat toe) 


On 4 
which is equivalent to equations (A). 
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Coro.uary 1. dw _ow_1 Ow 
dz Ox 4% oy 
CorOLLARY 2. Since the partial derivatives of w and v are 


: dw. : 
continuous, a also continuous. 


Definition. If a function is uniform and continuous, and 
possesses a definite continuous derivative at any point, it is said 
to be Holomorphic* at the point. 

A function is said to be Holomorphic in a given region, if it is 
holomorphic at all points of the region. 

Equations (A), expressed in terms of polar coordinates, become 


ou lov lou Ov, 


or 700’ 700 or’ ee 


(App. I., Note 1.) and the derivative is then obtained as follows: 
dw _2w_2w dr , ow 2 
dz ox ordcu' 06 du 
Ow ( ae ov =) sin 0 
r 


= 5, cos 8— Ah ear 


re Ow 
=(cos G—7S1n = 
(cos 0 in @) = 
Example 1. Shew that the function e*(cosy+7siny) is holomorphic, and 
find its derivative. Ans. e*(cosy+isiny). 
Example 2. Shew that log7+76 is holomorphic unless 7=0, and find its 
derivative. Ans. (cos @—Zésin )/r. 


Note. From the definition of a derivative the rules for 
differentiating products and quotients follow as in the case of 
the real variable. 


THEOREM. If f(z) is holomorphic in a given region, then, for 
all points z, in the region, 


SQ=fA)+e-a)fey+te-%)a, 


where \ tends uniformly to zero as z tends to 2. 
The proof of this theorem is left as an exercise to the reader. 


*The words Regular and Analytic are used by some writers instead of Holo- 
morphic, The sense in which we shall use the word Analytic will be explained 
in Chapter XII. § 82. 
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Corottary. If f(z) and ¢(z) are holomorphic, and if f(z,)=9, 

and ¢(2,)=0, while ¢(z,)#9, 
phe Ee 1, Note:2- 
Pe Oe) OGD ea 

Function of a Function. If w=f(§) and ¢=¢(z) are holo- 
morphic functions of € and z respectively, w is a holomorphic 
dw dwdé 
apa: 

Simply-Connected Regions. If any two points in a region can 
be connected by a curve which lies entirely within the region, 
the region is said to be Connected. A connected region which is 
such that any closed curve lying entirely within it can be con- 
tracted to a point without passing out of the region is said to be 
Simply-Connected. Connected regions which are not simply- 
connected are said to be Multiply-Connected. The region 
enclosed by the curve C, (Fig. 21) is simply-connected, while 
the region between the curves C, and C, is multiply-connected. 


function of z; for 
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The branches of multiple-valued functions can be treated as 
uniform functions in simply-connected regions which do not 
enclose any branch-points. . No path in such a region can enclose 
a branch-point; so that, after describing a closed path, the 
function regains its initial value. For example, each branch of 
w=//z is holomorphic in the simply-connected region obtained by 
making the negative real axis a barrier which z cannot pass. 
Such a barrier is called a Cross-cut. The derivative 1/(2./2), of 
course, takes the value corresponding to the value of /z under 
consideration. 


Inverse Functions. If w=/(z) is a holomorphic function such 
that w=, corresponds to z=z,, z can be regarded as a function 
of w with z, corresponding to w,: if this function is uniform 
and continuous in a region of the w-plane which encloses w,, 
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dz 
then, since ——-=1 dw it is a holomorphic function of w at all 


dw dz’ ee 
points of the region except those for which 7 =O. This 
function is called the Inverse Function of f(z). e 


Example 1. If w=2, there corresponds to any value z, of z one value 
w, of w: conversely, one of the branches of z=Nw gives the value z, of z 


corresponding to w=w,. Now the only value of w for which 0 is w=0. 


Hence, if ,#0, w, can be enclosed in a region in which the branch is 
holomorphic, and therefore z=w is the inverse function of w=2. 


Example 2. For what values of z do the functions w defined by the 
following equations cease to be holomorphic ? 
(1) z=e"(cosv+isinv) ; 
(2) z=log p+7, where w=p(cos P+7sin ¢). 
Ans. (1) z=0; (2) None. 

Laplace's Equation. It will be proved later ($85) that if 
w=u-+vw is a holomorphic function, w, w, and v have continuous 
derivatives of the second and higher orders. The reader can 
easily verify that w and v both satisfy Laplace’s Equation 

OV eV 
Ca? Gy? — 

The solutions of this equation are called Harmonic Functions, 
and are of great importance in Mathematical Physics. 

It follows that, if a function w or v is given, a corresponding 
holomorphic function w will not exist unless the given function 
is harmonic. If, however, this condition is fulfilled, the function 
w can be found by means of equations (A): for example, if w is 
a uniform continuous function which satisfies Laplace’s Equation, 


Ow 


Ou Ou 
oe ie ayes 
is a complete differential, and v can hee be found. 


Example. Shew that w=23 —3ay?+3a*—3y?+1 is a harmonic function, 
and find the corresponding holomorphic function. 
Ans. 2+4322+1+4+2C, where C is a real constant. 
Conjugate Functions. If w+iv is holomorphic, w and v are 
called Conjugate Functions. These functions possess two im- 
portant properties: firstly, they satisfy Laplace’s Equation ; and 
secondly, the curves w=¢,, v=¢,, where c, and c, are arbitrary 
constants, intersect at right angles, since the product of their 
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gradients -(& ) and (Sls) is —1. The systems of 


curves obtained by varying the constants c, and c, are called 
Orthogonal Systems. 

Examole. Picture on a diagram the orthogonal systems given by 

w=logr+i0. 

16. The Exponential Function. The function w+ v, where 

u+iv=e*(cos y+isin y) 
is holomorphic for all finite values of z, since u, v satisfy 
equations (A),$15. When y is zero, the function becomes the 
ordinary exponential function e*: it is therefore regarded as 
the extension of e* to the domain of the complex variable, and 
is denoted by exp(z). Obviously 
jexpz|=e*%, amp(expz)=y. 
Again, since 
-e*(cos y +7 sin y) X e* (cos y’ +4sin y’) 
=e {cos(y+y')+isin(y+y’)}, 

. exp (2) x exp (2) =exp (¢+2’). 

Hence exp (z) x exp(—z)=exp(0)=1; 
so that exp(—z)=1/exp(¢). 

Thus, exp(z) satisfies the index laws. It is often found 
convenient to write e? for exp(z): in particular, e” stands for 
cos y+7sin y. 

Derwative. e (exp z)= i {e*(cos y+7sin y)} =expz, 


Oa. 
pa 
Periodicity. Since cosy and sin y have the period 27, exp (2) 
has the period 2¢7: ‘i.e. 
et *kin — e?(cos 2ka +4 sin 2k) = e?, 
where & is any integer. 


or 


Zeros and Infinities. Since |e?|=e*, e? can only have zero 
and infinite values when e* is zero or infinite. But e% is only 
zero when x=—oo, and only infinite when wz=+0. The 
Exponential Function is therefore finite and non-zero if 2 is 
finite. 


Example. Shew that every period of exp(z) must be an integral multiple 
of 2cz. 
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17. The Circular Functions. Since ¢*=cosa+isina and 
e~*=cosg—isin a, 
er +e-ix : et — e-t 
cos ¢ = —__——. sin 2 = —_- -—_. 
» i 20 
These functions can therefore be extended to the domain of 


the complex variable by means of the equations 


ae Cae et —e-% 
ee 


> Shag —— 
rae 


which define them as holomorphic functions. 
The following well-known formulae can be derived from these 


definitions : ae - 
sin*z-+ cos*z=1; 


sin (2, + 2,)=sin Z, cos 2,+ 0s Z, sin Z, ; 


cos(2, +2) = COS 2, Cos 2, —sin Z, Sin 2, } 


d sin z es d cos z Be 
= : = —sinZ; 
dz ; dz , 
sin(—z)=—sinz; cos(—z)=cosz. 


Note. If f(—z)=—/(z) for all values of z for which f(z) is 
defined, f(z) is said to be an odd function of z: if f(—2z)=/(2), 
f(z) is an even function of z. Thus, sinz and cosz are odd and 
even functions respectively. 


Zeros. If sinz=0, 
e*®=e-*=e dba 


where & is any integer; therefore 1zg= —iz+ 2k7v. 
Hence the values of z which make sin 2 zero are 0, +7, +27, 
+937,.... 


Similarly, since —e-*=e-*#+Ck+D™, the values of z which make 
cos 2 zero are given by z=(k+4)z, where k=0, +1, +2,.... 

The other circular functions are defined by means of sin z and 
cosz: eg. tanz=sinz/cosz. The inverse functions are written 
sin-!z, tan-1z, etc. 


The Hyperbolic Functions. ‘These functions are defined by the 


equations : 
e+e? : e—e?* sinh z 
= 2 Sunn lanes — : 
cost Z es meee cosh z’ 
i dcoshz . : : 
Example. Prove: wees sinh ¢ =coshz; =sinhz; cosh?z—sinh?z=1. 
dz dz 


M.F, 
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18. The Logarithmic Function. If y=e*, where « and y 
are real, the inverse function is e=log y: for complex values of 
the variables, the inverse of the Exponential Function is defined 
as follows: 

Let z=r(cos0+¢%sin 0)=exp(w)=e"(cos v+7sin v). 

Then e“=r, so that w=logr and v=0+2kz7, where k is any 
integer. Hence the inverse function is 

w=logr+i6, 
where § may have an infinite number of values differing by 
multiples of 27. This function is denoted by Log z. 

If z passes round the origin once in the positive direction, 6 
increases by 27 and Logz by 2¢7. The origin is therefore a 
branch-point of Log z. Lach of the infinite number of branches 
of Log z is uniform and continuous in the simply-connected region 
formed by taking a cross-cut along the negative real axis; and 
therefore, since it satisfies equations (a’) of §15, it is holo- 
morphic in that region. That branch for which —7< 0547 
is denoted by log z; for positive real values of z this branch is 
the ordinary Naperian logarithm. 

Zeros and Infinities. Since log r is infinite when r is zero or 
infinite, Log z has infinities at the origin and infinity. Logz is 
only zero when both log and 6 are zero; 4.e. when z=1. 

d Log z 
dz 


Derwative. e . (log r+76) 


Example. Shew that Log(zz’)=log z+log z+ 2kri. 


1 eve ew 


The Function tan“z. If z=tan w=; ————_., then 
a ev + e-tw? 
1+2z a 
Taner 
so that Pes Log ¢ where ¢= pees Now Log € is uniform if 
OA ams 1—iz 5 2 


cross-cut is taken in the ¢-plane* along the negative real axis. 
But the transformation ¢=(1+%z)/(1—7z) is bilinear, so that 
one point in the ¢-plane corresponds to each point in the z-plane, 


* The notation (=£+7 is adopted; é, 7, ¢ then correspond to x, y, z. 
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and conversely. Accordingly, if a cross-cut be taken in the 
z-plane corresponding to the cross-cut in the -plane, the function 
Log € will be uniform in the z-plane. Now, since 
z=t(1—¢)/(1+¢), 

to the part of the ¢-axis between 0 and —1 corresponds the 
y-axis from 7 to +70, while to the éaxis from —1 to —o 
corresponds the y-axis from —io to —7. Hence, if a cross-cut 
is taken along these parts of the y-axis, the function 


a if ra 
De ‘ 
tan-!z ; Log G 5 


is uniform throughout the z-plane. That branch which has the 
value zero when z=0 is the Principal Value, and is equal to 


3; log a) ; its real part lics between —7/2 and 7/2, while 
its imaginary part varies from —o to +o. For any other branch 
1 1+ s) 
=i i — ard 
tan7!z on log é oe +m, 


where m is an integer. 
It follows that tan(z+ mr) =tan z, and that 
d ey ee 
cE alles — i-e 
19. The Transformation w=Logz. Since w=log 7, to circles 
|z|=constant in the z-plane correspond lines w=constant in the 


W-piane , 


Fie. 22. 
w-plane: the circles C,, C,, C, ..., C_1, C_s,... (Fig. 22) of radii 
1, ¢, &, ..., e7}, e~%, ... correspond to the equi-distant lines 
i, Vee is see yg 1 Wr egerce 


whose equations are 7=0, 1, 2, ..., —1, aa Soe, 
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To the origin and infinity in the z-plane correspond w= — 
and w= +o in the w-plane. : 

Again, since v=6, to the rays 0=constant in the z-plane 
correspond the lines v=6 in the w-plane; so that, if a cross-cut 
be taken in the z-plane along the negative «z-axis, the entire 
z-plane is represented by that part of the w-plane which lies 
between the lines v= —7 and v=+7. If now the cross-cut be 
removed, and @ increase from z to 87, the entire z-plane corre- 
sponds to the strip of the w-plane which lies between the lines 
v=7 and v=387. Similarly the entire w-plane can be divided 
into strips of breadth 27, on each of which the entire z-plane is 
represented. Points in these strips which correspond to the same 
point in the z-plane lie on the same parallel to the v-axis, at 
distances 27 from each other. To each point in the w-plane, 
however, corresponds only one point in the z-plane, since 
exp(w) is a uniform function of w. Each strip of the w-plane 
represents one of the branches of w, the boundary in each case 
being assigned to the strip below it. 

20. The Generalised Power. Up to this point 2 has only 
been defined for rational values of n (§§ 5, 6). We are now in a 
position to detine it for all values of n, rational or irrational, real 
or complex. 

If w= Log z, then z=exp(w); hence 

z=exp (Log z)=exp (log z+ 2k77), 
where & is any integer. Accordingly, for all values of n, we 
define 2” by means of the equation 
2"=exp(nlogz+2nkz7). 

Corottary 1. If m is an integer, 2” has only one value, 
exp (7 log z), (cf. § 5). 

CoRoLLary 2. If n=p/q, where p and q are integers with 
no common factors (¢ positive), 2” has q values given by 

exp G log zea, where k= 051 gle 
po reader can easily verify that this agrees with the results 
of § 6. 
CoROLLARY 3. If m is irrational or complex, 2” has an 


infinity of values. That value for which k=0 is the principal 
value. 
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Example 1. Prove or ane for all values of n, where the same value 
of 2” is taken on both sides of the equation. 


Example 2. Shew that, for all finite values of a, 
Lim (1 +2) =06, 
z 


z—>o 
where z tends to infinity in any direction whatever. 


We have ($15, Cor., p.30) Lim log(1 tof) _ a; 
c>0 G 
so that, if (=1/z, Lim zlog(1+a/z)=a. 
7 
Thus, since the exponential function is continuous (§ 12, Th. 4), 


Zz 
Lim ( lee *) = Lim es (+a) — ea, 


Zo I >a 
Example 3. Shew that, for all values of m, Lim z2”(Log z)™=0, pro- 
vided R(n)>0. ia 
See also Examples III. 13, 14, 15. 


21. Conformal Representation. Let w be a holomorphic 
function of z; then, if the points w, w,, w, (Fig. 23), in the 
w-plane correspond to the points 2, Z,, 2, in the z-plane, 


. wW,—w dw - W—w 
im =— = Lim 


d. > 
2)—>% zy Pe a Zg—>z Zo We) 
. Wo—wWw Ze 
or Lim — = Lim 2— 
toes %4—% 


Hence, if the two triangles of vertices w, w,, w,, and 2, 2,, 2, 


w - plane 2 -plane 
p 
w 
z. 
W, : 
w, 
Fie. 23, 


are infinitesimally small, they are directly similar. Also, since, 
to the first order of infinitesimals, 


(w,—w) = (,—2) 


the first triangle can be obtained from the second by turning it 
through an angle amp(dw/dz) and magnifying it in the ratio 
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|dw/dz|. It follows that two intersecting curves in the z-plane 
are represented in the w-plane by curves which intersect at the 
same angle. 

Each plane is said to be represented Conformally on the other. 
Examples of Conformal Representation have been given in 


8§9 and 19. The representation breaks down if a is either 
zero or infinite. 


Example. Deduce, from the principle of Conformal Representation, the 
theorem that the curves w=constant, v=constant, intersect at right angles, 
where uw and v are Conjugate Functions. 


22. Singular Points. A point at which a function ceases to 
be holomorphic is called a Singular or Critical Point, or a 
Singularity of the function. For example, z=0 is a singularity 
of 1/2. 

If a circle can be drawn with the singular point as centre, so 
as to enclose no other singularity of the function, the singularity 
is said to be Isolated. The function 1/sin(1/z) has a non-isolated 
singularity at z=0: for, since sin(1/z) is zero for z=1/(k7), 
where k is any integer, it is impossible to surround the origin 
with a circle which does not contain an infinite number of these 
points. 

A point which can be made the centre of a circle enclosing no 
singularity is called an Ordinary Point. If the radius of the 
circle is equal to the distance of the point from the nearest 
singularity, the interior of the circle is called the Domain of the 
point. 


Poles. If Lim (z—z,)"f(z)=C, where C is a non-zero constant 
Z—>y 
and 7 a positive integer, 2, is said to be a Pole of f(z) of order 
n, and f(z)= $(2)/(2—2,)", where $(2) is holomorphic at z,. If 
n=1, % is a Simple Pole of f(z) For example, 1/2” has a 
pole of order 7 at z=0. 


Example. The function 1/sin(z—z,) has a simple pole at 2, : for (§ 15) 
: 1 1 
Lim @-smgaap} = excess 


The function /(z) will have a singularity at infinity if €=0 is 
a singularity of f(1/¢). For example, az?+bz+ce has a pole of 
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the second order at infinity. If infinity is an isolated singularity 
of f(z), €=0 will be an isolated singularity of (1/6), and a circle 
|¢|=e can be drawn to enclose no singularity of f(1/0) except 
¢=0. Hence a circle |z|=1/e can be drawn which will have 
within it every singularity of f(z) except infinity. 

Meromorphic Functions. A function which is holomorphic 
throughout a region except at isolated poles is said to be Mero- 
morphic in that region. 


Essential Singularities. If no value of 7 can be found such that 
Lim(z—z,)"f(z)=C, then z, is said to be an Essential Singularity 
Zz 2y 


— 
of f(z). Poles are Non-Essential Singularities. 
Example. The function e'” has an essential singularity at z=0. 


Branch-Points. The branch-points of multiple-valued func- 
tions are Singular Points: for example, z=0 is a singularity 
of Log z. 

Zeros. If f(z)=(z—2,)"$(z), where n is a positive integer and 
(2) is holomorphic and non-zero at z,, then 2, is said to be a Zero 
of f(z) of order 1; a zero of order 1 is also called a Simple Zero, 
If z, is a zero of f(z) of order n, it is a pole of 1/f(z) of order n. 


THEOREM 1. A pole is an isolated singularity. 

If z, is a pole of f(z) of order n, the function (2—z,)"f(Z) is 
holomorphic at z,; consequently, if C is its value at that point, 
an y can be found such that |(z—z,)"f(z2)-—C|<e, provided 
|2—2,!<y. Hence f(z) must be finite at all points except z, in 
the circle |z—2,|=y, so that the singularity is isolated. 


Corotuary 1. The zeros of f(z) must also be isolated, or the 
function 1/f(z) would have non-isolated poles. 


Corouiary 2. If infinity is a pole of f(z), a circle can be 
drawn which encloses all the singularities of f(z) except infinity. 


THEOREM 2. No region can contain an infinite number of 
isolated singularities. 

Let a given region contain only isolated singularities, and let 
it be divided up as in $13. If there is an infinite number of 
singularities in the region, one at least of the divisions must 
contain an infinite number of singularities, and by continuing the 
process of subdivision a point can be found such that, in every 
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neighbourhood of it, there is an infinite number of singular 
points, 7.e. it is a non-isolated singularity, which is contrary to 
hypothesis. 

Corottary. If a function is meromorphic throughout the 
plane, and has an ordinary point or a pole at infinity, it follows 
(Th. 1, Cor. 2) that it has only a finite number of singularities. 


EXAMPLES III. 


1. Shew that 1/{(z—a)(z—6)(z—c¢)} is holomorphic except at a, b, and e. 


2. Shew that the following functions are holomorphic, and find their 
derivatives : 


(i) e-¥(cosv+isin x), Ans. te~¥(cosx+7sin 2). 

(il) cosh x cos y+7sinh w# sin y. Ans. sinhecosy+tcoshesiny. 
(iii) sinxcoshy+dcosxsinh y. Ans. cosxcoshy—?sin x sinh y. 
(iv) cos x cosh y—7sin w sinh y. Ans. —sinzcoshy—icosxsinhy. 


3. If n is real, shew that r”(cosx#+7sinn@) is holomorphic except 
possibly when 7=0, and that its derivative is nr”-! (cosm —10+¢sinn—16). 


4, For what values of z.do the functions w defined by the following 
equations cease to be holomorphic ? 


(i) z=e7"(cosu+7sin w). Ans. z2=0. 
(ii) z=sinh wcos v+7cosh wu sin v. Ans.’ Z= +0. 
(iii) z=sin w cosh v+7 cos u sinh v. Ans. z=+1. 
5. If ¢ and w are functions of w and y satisfying Laplace’s Equation, 
Op O 
shew that s+7¢ is holomorphic, where s= ? = ey and poet Ne 
Oy Ox Oa “Oy 
6. Shew that w=e*(xcosy -ysiny) is a harmonic function, and find the 
corresponding holomorphic function. Ans. ze*?+7C. 


7. If w=z*, shew that the curves uw=c,, v=co, are rectangular hyper- 
bolas, and represent them on a diagram for different values of c, and cg. 

8. If z=sin wcoshv+7coswsinh x, picture on a diagram the orthogonal 
systems w=c,, v=c,. Shew that the first system consists of confocal 
hyperbolas, and the second of confocal ellipses. 

9. Shew that, (i) sin 7z=7sinh z, (ii) cos 7z=cosh z. 

10. Prove (i) sin (z, + %%) =sin z, cosh z, +7 cos Z, sinh Z, 
(ii) cos (z, + 2) =cos % cosh z, #7 sin z sinh 29. 
11. Prove (i) |sin(# +7%y)|=,/(sin?.v+ sinh? y) Scosh y 
=| sinh yl, 
(ii) | cos (x + ty) |=,/ (cos? x + sinh? y) S cosh y 
= (sinh y|. 
12. Prove Log(—1)=(2k+1)zi, where & is any integer. 
13. If m is real and z=re", shew that 2”=r"e"@+2") where r™ is real 
and positive. 
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14. Shew that 2%2”=2"+” for all values of n and 7’, where suitable 
branches of the functions are taken. 


15. Shew that (2”)”’ =z for all values of m and 7’, where suitable branches 
of the functions are taken. 

16. If w={(z—c)/(z+c)}’, where c is real and positive, find the areas of 
the z-plane of which the upper half of the w-plane is the conformal 
representation. 

Ans. (i) The lower half of the circle |z|=c; (ii) that part of the plane 

above the #-axis which is exterior to the circle |z|=c. 

17. If w= - iccot(z/2), shew that the infinite rectangle bounded by x=0, 
x=, y¥=0, y=, on the z-plane is conformally represented on a quarter of 
the w-plane. 

18. Shew that infinity is a simple zero of (az?+bz+c)/((2+m2+nz+p). 

19. Shew that the ratio of two polynomials is a meromorphic function. 
20. Shew that secz, cosecz, tanz, and cotz are meromorphic in the 

finite part of the plane. 

21. If w=sin—!z, shew that w=ha #7 Log {7z+,/(1—2)} according as the 
integer & is even or odd, a cross-cut being taken along the real axis from 
1 too and from —o to —1 to ensure that Log {7z+,/(1—2*)} should be 
uniform. 


Cie eo etl 
Deduce that Gn aes, 
where the branch of a a aCe chosen which corresponds with the branch 


of sin—!z under consideration. 


Bp B= 
22, Prove (i Lim = = 22; {i1) tn cea —2; 
( ) = A 1? Beye ’ 
(iii) 1h im oe main 1) , where 7 is an integer ; 
nm SID 27r 7 
(ivy) Lim iene =a) 
z—>0 Zz 


23. Shew that all the values of ‘are given by e~@#+4)7, where & is any 
integer. 

24. If w=1/z, shew that the curves u=c,, y=c2, are orthogonal circles 
which pass through the origin, and have their centres on the y-axis and 
a-axis respectively, 
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CHAPTER IV. 
INTEGRATION. 


23. Limit of a Sequence. Let z,, 2, 2, ... be an infinite 
sequence of real or complex numbers; the sequence is said to 
converge to a limit / if, corresponding to any assigned e¢, a 
number m can be found such that |z,—1|<e, when n =m. 

If 2, =@,+2yy and l=a+72b, then |w,—a|<e and |y,—b|<e; 
hence it follows that the sequences @,, 7, %3,... and Y,, Yo, Ygy ++ 
converge to the limits @ and b. Conversely, if these two 
sequences tend to the limits « and 6, the z-sequence tends to the 
limit a+7b. 

THEOREM. The necessary and sufficient condition that the 
sequence should have a limit is that, corresponding to any e, 
an n can be found such that |2,4,—2,|<e, where p is any 
positive integer. 

This condition is necessary, for, if J be the limit, 

(5:9 en lene lS | Zn —!) Ie eat |. 

It is also sufficient, for it involves the conditions 

| Snip — Ly | <« Yntp— Yn | <e, 
which determine the convergence of the # and y sequences. 

Uniform Convergence of a Sequence. It may be that all the z’s 
are functions of a variable ¢: this is indicated by writing 2,(€) 
for 2. Then if, at all points ¢ in a given region, the sequence 
is convergent and has the limit /(¢), and if an m can be found 
such that, for all points within the region, |z,(¢)—l(O)|<e 
when n =m, the sequence is said to converge uniformly within 
that region. 


24. Curvilinear Integrals. Before defining definite inte- 
grals of functions of a complex variable, we shall define curvi- 
linear integrals, and prove Green’s Theorem. 
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Consider a curve C (Fig. 24) joining two points A and B in 
the (w, y) plane. This curve can be divided into segments AL, 
LM, MN,..., such that, for each of these segments, only one 
value of y¥ corresponds to each value of #; and thus in each 
segment y is a uniform continuous function of «. Denote these 
functions by ¢,(x), $.(x), $3(2), .... i 

Now let f(«, y) be a uniform continuous function of # and y 
in a region of the plane containing the path C. Then the 


YA 


B 


ee 


functions f{x, $,(@)}, f{v, $o(@)}, F{e $3(x)}, ..., are uniform 
continuous functions of « on the arcs AL, LM, MN, ..., respec- 
tively, and the integrals 
U m n 
| S{x, $y (a)} da, | S{x, $o(x)} da, | fe, ps(x)} da, ..., 
where a, 1, m,..., 0, are the abscissae of A, L, M,..., B, are 
ordinary definite integrals. They are the Curvilinear Integrals 


| (a, y) dx, | F(x, y) da, | Tbe Oa weak 
Al LM MN 
and their sum is the Cwrvilinear Integral 

ie F(a, y) da. 


Similarly, by dividing C into segments in each of which @ is 
a uniform function of y, we can define the curvilinear integral 


| v(a, y)dy. By combining these a third type of curvilinear 
0 
oy. [Ve vdot He, yay} 


is obtained. 


44 FUNCTIONS OF A COMPLEX VARIABLE [cH. Iv 


CoroLuary 1. If « and y are uniform functions of a para- 
meter t, the integral becomes 


4 L. d 
[ {te G+ve wn Ga 


where ¢, and ¢, correspond to the initial and final points of C. 


Corotiary 2. If « and y are uniform functions of € and y, 
and if the curve I’ in the (& 7) plane corresponds to the curve C 
in the («, y) plane, 


| {f@ de+v, as 
<J, {rn Gars2a) even aes} 


CorotLary 3. If C be Bere into n segments by points 
(15Y1)s (os Yo)s «++» (Cnt1» Yn+1) taken in order on the curve, where 
(1, Y;) and (%,41, Ynt1) are the points A and B, and if (€,, n,), 
(£55 m2) «++) (Ens Ny), are points taken at random on these seg- 
ments, the sum 


> Lil Ses Nr) (@r41— Xr) +W(E-; nr) (Yr+i1— Yr)} 


tends to the limit | { f(a, y) da+vW(a, y)dy} when the law of 
7) 


division is made to vary in such a way that 7 tends to infinity 
and the greatest of the segments tends to zero. 


CoROLLARY 4. 
[ /@ wdetlo ydyy=—| (Me det Ve, y dy}. 
Corotutary 5. If K is any point on C, 


[ (ie warty, yay} =| (fe, ydety(o, yay) 


+| (fe y) dx+yy(a, y) dy}. 


Coro.iary 6. If C is a closed curve, the value of the integral 
is independent of the position of the initial point, but its sign 
depends on the direction in which the curve is described. 


Differentiation wnder the Integral Sign. Tf f(a, y, «) and 


6) é : 
om J(«, y, &) are continuous functions of w and y on the curve C, 
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and of the real parameter « between assigned limits for a, and if 
p(X) =| f (x, y, x) dx, then (x) has a derivative given by 
w=) 2 fey, a) de. 
For Ag(a) = g(a+ Ace) — p(c.) 
=f Gy a+A0)—fle, ¥, a) de 


Now, for points on C, f(x, y, x) is a function of two variables 
w and a; hence (§ 138) 


Hey, a+ d0)=H(0, y, a +{< fle, y, a)+0} do, 
where \ tends uniformly to zero with Ac. 
=| Ada}, 
Cc 


a | ore y, 0) de |= 


and the latter expression tends to zero with Aa. 
Thus ¢(«) has a derivative, given by 


p (a) = Lim 362) i < fe. y, a) da. 


Therefore 


25. Green’s Theorem. This theorem gives an important 
relation between a double integral and a curvilinear integral. 

Let the functions P(a, y) and Q(a, y) be uniform and con- 
tinuous, and possess continuous partial derivatives, in a simply- 


Ne 


Fia. 25. 


connected region containing a closed curve C. Consider the 
double integral f -)) Ay 
oy 
taken over the simply-connected area enclosed by C. 
Assume in the first place that C (Fig. 25) is a curve such that 
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no line parallel to either of the axes cuts it in more than two 
points. ; 

Let y, and y, (y,= 4) be the values of y on C corresponding 
to any value of a, and let A and B be the points on C of 
minimum and maximum abscissae xz, and X). 


oP dh 
Then -| 5p ae d= —| (PC, 9) P(e, 9) de. 


The latter expression is the sum of the two curvilinear integrals 
-| P(x, y) dx, | P(a, y) dx 
AQB APB 
and therefore, since -| P(x, y) dx =| P(a, y) da, 
AQB BQA 


oP 


the integral being taken round C in the positive direction. 


‘oP oQ 
Similar] ned = 
imilarly \j aa dx dy [Qe y) dy. 
Hence Green’s Theorem, 
(6) eae, 
\(-3 +2) de dy =| (Pde+Qdy) 


holds for the region considered. 

Next, if C does not satisfy the condition that no line parallel 
to either of the axes cuts it in more than two points, the region 
can be divided into regions each of which possesses this property. 
For example, if in Fig. 26 the points A and B, at which the 


“f P 
C 
B 
A 
Q 
ceed 
O X 
Fia. 26. 


tangents are parallel to the y-axis, are joined by a straight. 
line, the two regions so obtained are of the type required. 
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Hence 


I\(-S45 2) de dy =| @Pade+ Q dy)+| Pde+Q dy) 


oy 
=| (Pde+Qay) 


since the sum of the integrals along AB and BA is zero. 
Thus the theorem can be shewn to hold for all simply-connected 
regions bounded by closed curves. 


CoROLLARY. The area of the region enclosed by C is given by 
any of the three integrals 


-| y dx, | x dy, a (a dy—y dz). 
(6) (0) 0 


Multiply-Connected Regions. Consider the region between 
the curves C and C’ (Fig. 27). This region can be made simply- 


Fia, 27. 
connected by drawing a line LM from C to C’. Hence 


($+ Dee dy=| (P do+Qay+| ( (P dx+Q dy) 


= j,@ dit +Q dy)+ je dxz+Q dy) 


=| Pde+Qay)-| (Pde+Qay) 


where the latter integral is taken positively round C’. 
Similarly, for the region between the curve C (Fig. 28) and 
the 7 curves ¢,, 6, C3, --»,» Cn, it can be shewn that 


(p+ Sa dy=| (P da+Q ay)— > & du+Q dy). 
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Example. If Pdx+Qdy is a complete differential, shew that 
[ (P dx +Qdy)=0, 


where C is a closed curve. 


26. Definite Integrals. Let /(z)=w(x, y)+iv(a, y) be a 
uniform continuous function of z in a given region, and let ACB 
(Fig. 29) be a curve in this region connecting the points z, and z. 


0 Fia, 29. 
Let 2, 2, -.., %,, be points taken in order on this line, where 
Zz, 1s 2, and let &, &,..., ¢, be arbitrary points on the segments 
(23 21)» (24) 2o)s «=» @naas 2)» hen i, inthe sum 


oe SGN A) 
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the real and imaginary parts be separated, we obtain 


Sn= SH rT? Nr) (Lp — By_1)— U(E,, tr) (Yr—Yr-1)} 


+4> (ve, Nr) (ly — hy _ 1) FUE, nr) (Yr—Yr-1)}5 
ee | 
where ¢,=&,+%n,. 
Now if the law of division of the curve ACB varies so that 


m tends to infinity and the greatest of the segments tends to 
zero, this latter expression tends to the limit (§ 24), 


| (wu dx—v dy) +i (vda+u dy), 
ACB ACB 


or | (u+i)(de+idy). 
ACB 


This limiting value of S,, is called the integral of the function 
[(@ taken along the curve ACB, and is written 


| Loa 


CoRoLLtary 1. From the theory of limits it follows that, 
corresponding to any e, an ” can be found such that 


| s,-| f(e)de| ae 
ACB 
CoROLLaRyY 2. | J(2)dz= -| (2) dz. 
BOA ACB 
CoROLLARY 3. | f@de+] f(e)de=| f(2)dz. 
AC CB ACB 
COROLLARY 4. [- { f® +f,(2)+...+f,(2)}dz 
=| iif @dz+| F(adz+... +| Tilz)dz. 
ACB ACB ACB 
CoROLuary 5. | iy(2)d2=k| J (z)dz, where k is a constant. 
ACB ACB 


CoroLuary 6. | fou=] if {p(O}o(Odg where ¢(¢) is a 


holomorphic function of ¢ and the path ACB in the 2-plane 
corresponds to the path wy in the ¢-plane. 


M.F. D 
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For | f2)de=|(u dav dy) +i {(w da+wu dy) 
ACB 


=i det Sdn) — o( dest 


= 


) 
+il{o(Gae+ a i)aa(aes2ta)] 
=|{u (Sere 2 3g dn) (Zt dé+=, sen) 
vffo(Ger-Ban) + Glare} 

since z is a holomorphic function of ¢ 
=|(u+in(@ set isa) debi dn) 
=| Ao OWOU 


CoroLLary 7. The modulus of the integral is finite. 
For, let M be the greatest value of | f(z)| on ACB; then, since 


Sl = SAG le —2 11 SM 2-2 ab 


iI f(@)dz|\=Ml 
ACB 
where J is the length of ACB. 


CoroLttary 8. If F(z) is a holomorphic function whose 
derivative is f(z), | #@de=F@)-Fe). 
For, let F(z)=U(a, y)+iV(zx, y); then 
SoU wey OV OU. 


“On dy? 9 te oy. 


Therefore 
| f@az te Jw da—vdy)+4 ee da+u dy) 
oU oU OV OV 
=|(= eas dy) +i{( Bera y) 


Now the integrands are complete differentials; therefore the 
integrals are the limits of the sum of the increments of U@, y) 
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and V(m, y) obtained in going along ACB from (a, y) to (a, y). 
Hence 


[fOde= (VG, Y—-Vea, WI +UV], N— Vee, 0) 
=F(z)—F(%) 
Since F(z) is single-valued, it follows that the value of the 
integral is independent of the path. 
Example. Shew that [ “pde=(e!—2"*)/(n 41) for all integral values 


of n except —1. If is negative, the path must not pass through the origin. 
See also Examples IV. 1-4. 


Consider now the integral | F(@)dz, where the path C goes to 
infinity. : 

By means of the transformation z—c=1/€, where c does not 
lie on C, C is transformed into a finite path C’ with €=0 as 
final point, and the integral becomes 


[fee 


In order that the integrand f(c+1/¢)/¢? should be continuous, 
Lim f(e+1/)/€? or Lim z*f(z) must be finite. Hence the given 
o—>0 zn 


integral has a definite value if Lim 2?/(z) is finite. 
Zo 


C2 0 
Example. f= ii d(=1, provided that the path in the z-plane does 
1 it 
not go through the origin. 


27. Cauchy’s Integral Theorem. If a function f(z) is holo- 
morphic in a simply-connected region A, and if C is a closed 


contour lying entirely within A, | f(z)dz=0. 
o 
Let f(z) =w+w; then, by Green’s Theorem, 


[ fode=] (ude—vay +i] (v dx+wu dy) 
[22 an ays aaay, 


the double integrals being taken over the area enclosed by C. 
Hence (equations (A), § 15) 


iL f(@de=0. 
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Example. From the integral i — where C denotes the circle |z|=1, 
deduce eae ey 
cos 
0 5+4cos ese 


The following important theorems are corollaries of Cauchy’s 
Theorem : 


THEorEM 1. Let f(z) be holomorphic within a simply- 
connected region, and let the paths ABC (Fig. 30) and ADC 


2 


Cc 


ZA 
Fia. 30. 


joining the points z, and z lie entirely within the region, Then 
Vahl], f@)de=0; 
ABO CDA 
so that | (2) dz -| F(2) dz. 
ABC ADO 


The integral is therefore independent of the path, so long as 
the path lies entirely within the region. 


THEOREM 2. Under the conditions of Theorem 1,F (z)= i f(ajdz 
is a holomorphic function of z. ee 


Let the increment AF(z) of F(z) correspond to the increment 
Az of z; then 


ar@=\"feyas-J feae=] KO ag 
= [rags] 4@-sFOhae 


=feyaet| VO-LO} ab 


Now take | Az| so small that | /(¢)—f(2)|<e for all points € on 
the line joining z and z+ Az; then 


| AF(z)—f(z)Az|<e| Az]. 
oe )|<e 


Therefore 
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Hence F(z) has a definite derivative f(z); it is therefore 
holomorphic throughout the region. 

From this theorem the method of Partial Integration can be 
derived exactly as for the real variable. 

As in the theory of integrals of real functions, we say that a 


ae =f(z), is an Indefinite 


function F(z), which is such that 
Integral of f(z); and we write 


EG) [Fe) dz. 


Example. Prove / log zdz=z log z—z. 


THEOREM 3. Let f(z) be holomorphic in* the ring-space bounded 
by the curves C and C’ (Fig. 27); then 


[,/@ dz= | fo dz, 
the integration in both cases being in the positive (or negative) 
direction. 
For, by Cauchy’s Theorem, 


iL He) de+ | fede i, fade ie f(2)de=0. 
But | RioK -| fz) ds. 
Therefore iL f@dz= ik I(z) dz. 


Similarly, if f(z) is holomorphic in* the region between C 
(Fig. 28) and the 7 curves ¢,, ¢,,..-, €n, it can be shewn that 


n 


[,f@ a= > [4 dz. 


r=1 


THEOREM 4. If a is a point enclosed by a curve C, 


| de = 271. 


| dz =| dz 
670 2), 2—6 


* Here, as in Cauchy’s Theorem, it is to be understood that the boundaries lie 
inside a region in which f(z) is holomorphic. 
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On ¢ let z—a=re®; then dz=reid@. Therefore — 


| dz =| de=ani. 
0 


oZ—-a 


28. Cauchy’s Theorem: Alternative Proof.* The following 
proof of Cauchy’s Theorem does not depend on Green’s Theorem. 

The proof will be taken in three parts: firstly, for C a 
triangle; secondly, for C an arbitrary polygon; and, lastly, for 
C any closed curve. 

(1) Let C be a triangle A (ABC in Fig. 31), and let the mid- 
points D, E, and F of the sides be joined, so that the triangle is 
divided into four congruent triangles A’, A”, A’, A. 


A 


B D Cc 
Fie. 31. 


Now integrate round these four triangles in succession in the 
same (positive) direction, as indicated by the arrows. The two 
integrals along each of the lines DE, EF, and FD cancel each 
other, so that the net result is the integral round A in the positive 
direction. Hence 


| foe=| sous] foat] fe de+| fede: 


otha | fe de 


= 3| | fo dz 


There must therefore be at least one of these smaller triangles 
—we denote it by A,—such that 


| uo dz|= 4 | [ f@ dz 


*Cf. Knopp, Funktionenthearie, Vol, L, 
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Dealing with A, in the same way, we obtain a triangle A, 
such that ; 


) 


lo dz 


=4|| fe dz 


and therefore i] F(z) dz 
A 


= 4 | f(z) dz 
Ao 

Proceeding thus, we obtain a sequence of similar triangles 

A, A,, A,,..., each contained by the preceding one, and such that 


| 7 dz | /@ dz 


As n tends to infinity, the triangle A, shrinks to a point, € say, 
which lies within every one of the triangles A, A,, A,, .... 
Now, corresponding to any e, an y can be found such that 


|A|<e if|z—¢|<y, where 


FA=FOFE-OFO+E—O)r- 
Let be chosen so great that A, lies entirely within the 
circle |z—¢€|=7; then 


[ foa=| sOae+] FOE-Oae+| AE-Oae 


An 


Ani Ay, and = 4n Bh ps ee 


=f) det sO) @-Ode+| NE- ae 


The first two of these integrals vanish (§ 26, Corollary 8), 


so that 
| I(2) de={ A(z— ©) dz. 
An An 
Therefore | S(2) dz = |A| |2—€| | dz| 
An An 
= eS Bn, where s, is the perimeter of Aj, 
2 
35 | , where s is the perimeter of A. 
2 ede: eee 
Hence IF 2 |= 4" eS) 58 


d 
Therefore | f(z) dz=0. 
A 
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(2) If C (Fig. 32) is a quadrilateral, it can be divided into two 
triangles A and A’ by a diagonal which lies within it; then 


| S@dz= | (2) dz +] f(z) dz=0. 
é A A’ 
Similarly, if C is any polygon, it can be divided into triangles 


fa 


Fre. 32. 


by diagonals lying within it, and, since the integrals along these 


diagonals cancel each other, | f@dz=0. 
c 


(3) Let C be any closed curve; then, as in § 26, 
| f(2)dz=Lim §,, where 8,= > fe) (Zp— Zp —1)s 
Cc r=1 


Now let f(z)=/(z,)+ for points z on the straight line joining 
Z,-, and z,, and let the law of division of C vary so that, for 
r=1, 2, 3, ..., ”, |m|<e/(2L), where L is the length of C, 


and also | [re Pec 


Then, if P is the polygon of vertices 2), z,, 2, ..., Ze, 


€ 
<5. 


n if 


| (Ode=Y] ed+nd dest D |" mde 


r= rH=1ldzp_y1 
But | (2) dz=0; therefore 
P 
ay € 22a @ 
[Sn] < Qo ap 4-2 S5- 


Therefore 


| fo dz 2 I. f(z)dz-S, 


- [Sal<e. 


Hence \. F(z) dz=0. 
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29. Cauchy’s Residue Theorem. If the point a is the only 
singularity of f(z) contained in a closed contour C, and if 


ail fou 


has a value, that value is called the Residue of f(z) at a. 
From Theorem 3, §27, it follows that, if C encloses several 
singularities, the sum of the residues at these points is 


1 P 
ail foe 
The following cases are important : 


Case 1. If is any integer except 1, the residue of (z—«a)-” 
at @ is zero. 


Case 2. The residue of (g—a)~! at @ is unity. 
Case 3. If 
F@)=Aye-a) + A|e—a)P +... + An|(z—a)"+ o(2), 
where ¢(z) is holomorphic at a, the residue of f(z) at a is A, 
Example. Shew that the residue of (27+3)/(z—1)? at 1 is 2. 


CasE 4. If f(z) is holomorphic at a, the residue of f(z)/(z—a) 
at a is f(w): for 


rah f Mah fe, 


sl oe a Z—@ 


ey fa@detse| d dz, (p. 29, Th.) 


= f(a)+ sil, Mae. 
Now take C so je that for all points on it i: |<<e; then 


Onn 
2 oe oe I (@) —- 
where J is the length of C. 
Ley 
Hence zl,2 =a dz= f(a). 


This is equivalent to the following theorem : 
TuroreM 1. If Lim {(z—a)f(z)}, where f(z) is holomorphic, 


is a definite number A, the residue of f(z) at ais A. 
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It follows that, if ¢(z) and y/(z) are holomorphic at a, and if 
z—a@ is a non- Shige factor of y(z), the residue of ¢ (z)/W (2) 
at a is ¢(a)/W' (a), (p. 30, Cor.). 

Example. Shew that the residues of (pz? +qz+r)/{(z—a)(z—6)} at a and b 
are (pa?+ga+r)/(a—b) and (pb?+qb+7r)/(b—a). 

See also Examples IV. 5-7. 

Multiply-Connected Regions. If f(z) satisfies the conditions 
of Theorem 8, § 27, except for isolated singularities at points 
in the space between C and the curves ¢,, ¢, ..., ¢,, the sum 
of the residues at these points is 


wi) ft Saal, F@de 


» Residue at Infinity. If f(z) is holomorphic, or has an isolated 
singularity, at infinity, and if C is a large circle enclosing all the 
other singularities of f(z), the residue of f(z) at infinity is defined 
to be (see note below) 1 


any |f) de, 


taken round C in the negative direction (negative with respect 
to the origin), provided that this integral has a definite value. 
If the transformation z=1/§ be applied to the integral, it 


becomes eu j a 0) u ag 


taken positively round a small circle about the origin. Hence 
it follows that, if Lim {—/(1/§)/é} or Lim { —zf(z)} has a definite 
¢—>0 Zo 

value, that value is the residue of f(z) at infinity. 

Example. Shew that the residues of z/{(z—a)(z—b)} and (2-241) 
at infinity are —1 and 1. 

Note. Both of these examples shew that, if a function is holomorphic at 
infinity, it does not necessarily follow that its residue there is zero. 

THEOREM 2. If a uniform function has only a finite number of 
singularities, the sum of the residues at these singularities, that 
at infinity being included, is zero. 

Let C be a closed contour enclosing all the singularities of 
/(2) except infinity: then the sum of the residues at these 


singularities is il 
va J(2)dz. 


CONTOUR INTEGRALS 


§§ 29, 30] 
- : A oe Tee Gr TO ged beg id” a ee) 
But the residue at infinity is [F anee ese lcacas hee 
1 | At mnmeralyr tr < at 
= sn fede ; 2 as 
ny fe Nak |The Wanceae yf | | 
Hence the sum of the residues is zero. , ae) 41 g le . 
es tlic petiun to be , 


PB, thie, whole 


Example. ‘Evaluate the residues of B/{(z-1\(e—2)(e-3)} at 1, eo 3, and 
infinity, and shew that their sum is zero, Ans, 1/2, —8, 27/2, —6. 
See also Examples IV. 8--10. 


30. Evaluation of Definite Integrals. 


; Many definite in- 
tegrals can be evaluated by means of integrals round closed 


contours. 

“cosadx me-*% 
Example 1. Prove | Teg oop , where a>0. 
0 w+a? a 


Integrate f(z) =e*/(2+ 7) round the contour (Fig. 33) consisting of : 
(1) the x-axis from —R to R, where R is large ; 
(2) that half of the circle | z)=R which lies above the «-axis. 


Oo R X 
Fie. 33, 


The only pole of f(z) within the contour is ¢a, at which the residue is 


e@ e-* 
Lim 4 (z—7a) -—,, }==—- 
EP ( Pra Qa 

oS eh os 


R 7. s cat 
Hence ik 5 f(a) da+ il f(Re®) Re d0 = 27t ow 


R si 
a | [reemneiaa| = [7 "t i Ro sp. SelrIL) 
= T dé, since e~Rsind=] 
wR 
oan 


Hence the integral along the semi-circle tends to zero as R tends to 


infinity. 
+0 ei we-* 
Therefore = et =—_ 3 
Sey CRE a 


° cosx we~ 
so that Io Ge aa. 
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THEOREM 1. Let AB (Fig. 34) be that arc of the circle |z|=R 
for which 6,=0=0,, where @=amp 2; and let zf(z), as R tends 


Fia. 34. 


to infinity, tend uniformly to the limit K, where K is a constant; 
th : 
i Lim | f(2)dz=1(0,—6,)K. 
Ro J AB 
For, let 2f(z)=K-+4A, and choose R so great that |A|<e; then 


i i 6, 
Ii AH ge i(0,—0,)K = | (K+2A)i dd—74(0,—6,) K 
B bs 
) 
= | Ni) 
9, 
< «(0,—6,). 


Hence Lim | S(@dz=1(6,—6,) K. 
Ro J AB 


For example, in Lxample 1, | 2f(z) 


=R/(R?—a?), so that K=0. 
Example 2. If m>0, prove 
S V3 
[ cosmadac T  - a m ee 
0 1+22+2' /3° FG 
[Integrate e*”*/(1+2%+2‘) round the contour of Fig. 33.] 


From Theorem 1 it follows that, if T(2)=$(2)/W(2), where 
W(z) is a polynomial of degree m, and (2) is a polynomial of 
degree less than n, 


Lim | fl2)dz=i(0,—6,)5, 
Ro J AB 


where @ and 6 are the coefficients of 2-1 and 2" in (2) and 
v(z) respectively. 

In particular, if the degree of ¢(z) is =n—2, a is zero, and 
therefore the integral of f(z) round the contour of Fig. 33 gives 


00 
{- f(w) de=2nid, 
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where & denotes the sum of the residues of f(z) at points above 
the «-axis. 

da _aV2 
bh wtt+at 4a3’ 
The residue of 1/(z4+ a!) at a pole « is 


b/{ge+e}] = 1/403, 


But the poles above the w-axis are ae‘"/4 and ae®7/4, 


he aff il ; il : arn2 
Therefore i ———— 9 { Sey aii - ions} = 

-«» x+a4 mia a WC Ba * gap? 2a3 
© ade _ al 2 
0 vtt+at 4a3~ 


Example 3. Prove where a>0O. 


Hence 


The inequality sin9= 26/7, where 0=0=7/2, is frequently 
found useful. 


© 2 sin a Coees 
Example 4. Prove i} Aaai da= ao where a>0. 

Integrate f(z)=ze*/(z2+a?) round the contour of Fig. 33. The only pole 
within the contour is za, the residue at which is e~*/2._ Hence 


i i f(v)dx+ ib " f(Re®) Re®i dO = wie-*. 


2e-Rsin @ 


7 ; me ™R 
But | J pcretypets a6] Si, See 
2R? 3 -—Rsin@g 
= R?— a? i} : a 
Ohi (soo 
= R?- = Phe 
R 
<yuagll-e®) 
Hence Lim ‘i ” f(Rei®) Rei®i d=0. 
Rw J 0 
+a 
‘Therefore i Vie) dn —antem 
so that i plead dae, 
J0 w*-+a# 2 


Example 5. Integrate e~* over the following contour (Fig. 35): 


eae 


O Rae 
ita. 35. 


(1) the z-axis from O to R; 
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(2) the circle |z|=R, from 6=0 to 0=a, where aoSF3 
(3) the line O=a, from |z|=R to O. 
ne 


When R tends to infinity (1) gives [ e~“ da or aaa 


On (2) e-#= e- RB? cos 20g -iR’sin 28 ; so that, if 20=7/2—¢, 


| fe-taz 


= es where B=7/2—2a 


2R2 
ete es 


Accordingly, when R tends to infinity, this integral tends to zero. 
Again, on (3)z=re'*, and therefore, when R tends to infinity, the integral 
becomes 


co 
-{ e~7608 2a f cos(r? sin 2x) —7 sin (7? sin 2a.) }e*dr. 
0 


But the integral is holomorphic within the contour ; hence 


[e-r20820{ c08(r2 sin 20.) —7sin(r? sin 2a)}dr=¥2 eta 
0 


Nar 


=—5 (cos oa —7sin a). 


Therefore, if the real and imaginary parts are equated, 


2) 
4 7 
i e— 2 cos 2a cos(x? sin Qo.) dan = oon COS Q, 
0 


: J 
. . 2) eh 
and [ e- #008 2a sin (xz? sin 2a.)da= ~g Sino 
0 


If x=7/4, these integrals become the Fresnel Integrals 


[ cosatde= [sin 2%de= 2. 
/0 0 


su I 79 
Example 6. Prove [ eran —"__, where 0<a<l. 
_» lt+e* sina 


Integrate f(z)=e¥/(1+e”) round the contour (Fig. 36) consisting of the 


Fic. 36. 


x-axis and the lines v= +R, y=27. The only pole within the contour is wi, 
at which the residue is — e%%, 
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If z=R-+tty, then |/(z)|Se*®/(eR-1), so that Lim/f(z)=0; hence the 
integral along «=R vanishes when R tends to infinity. © 

If z=-R-+7y, then | f(z)|Se-¢8/(1—e-R), so that Lim /(z)=0; thus the 
integral along z= —R vanishes when R tends to infinity. 


1 + eX dr il “+00 et (a+2n1) 


Therefore 2 pat o= — ern, 
Dib, WEE Oe, Na 
i fit 2 de Ta. 
Hence eae i) eda _ _ eam, 
ah Apap ASCE? 
FO an 
Therefore i et dx of RES. 
—-o l+e” sinar 


The transformation e*=y changes this integral into 


Oo, a1 
[ UIT Bet Sie eee 
o l+y  sinagw 


Two methods can be employed to evaluate integrals of the 
type I J(cos 6, sin 6) dé, when f(x, vy) is rational in # and y. 
The first is to use the transformation x=tan}6. The integral 


then becomes an integral of the type [Rw dx, where R(x) is 
rational in a. at 

The alternative method is to apply the transformation z=e®, 
and integrate round the circle | z|=1. 


aS mee Qar . 
; SS gil ee Wheres tl f 2b? 
Example 7 rove [ eh a OR Ey’ where the sign of ,/(a@ ) 
is chosen to satisfy the inequality |a—,/(a?—6?)|<|b|; it is assumed that 
a/b is not a real number such that —1=a/b=1. 

It 2=e, i dé _2 dz - 2 [ dz 

0 atbeosO ¢ Joba+2az+6 tb Jo(z—a)(z—f) 

where C is the circle |z|=1, and a and £ are the roots of b:?+2az+6=0, 
Since af=1, it follows that either |x| or |@| is less than 1, or that 
|a|=|8|=1. The latter alternative is excluded, however, since in that case 
a/b would be real and such that -lSa/b=1. Let a=(—atJ/a?—6%)/b, 
where the sign selected for a?—0? is that which makes |«|<1. Then 


‘la dé 2 ;2 ees eer 
Saeko ba-B JSa—b 
TuHeorEM II. If Lim(z—a)f(2)=«x, where « is a constant, 
Za 
then Lim | /(2)dz, the integral being taken round the arc 
r—>0 


6,amp (z -a) = 0, of the circle | z—a | =r, is 1(0,—4)«. 
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For, corresponding to any e, an y can be found such that 
if |z—a|<n, |A|<e, where (z—a)f(z)=x+r. Hence, since 


AQ) den ee 
[saa] \, 


Z—a 
II f(e\de- MOA eo 
Therefore Lim | (2) dz=1(0,—9,) x. 
r—>0 


Example 8. Prove ii ee ee 
0 
Integrate /(z)=e"/z round the contour (Fig. 37) consisting of 
(1) the z-axis from r to R, where r is small and R large ; 
(2) the upper half of the circle |z|=R; 
(8) the z-axis from —R to —-7; 
(4) the upper half of the circle |z|=7. 


-R Oo? R xX 
Fic. 37 


Let I be the integral due to (2); then 
[= [gene ace 7dé. 
0 


Hence JT] < ['esedo=2 [eaexecto 
0 - 


0 
5% 2B 
<2f'e*"dd== (1c), 
0 R 


Therefore Lim I=0, 
R> «© 


Again, Lim z/(z)=1, so that (Theorem II.) the integral along (4) tends to 
z—>0 


—tr as r tends to zero. 


p —r ik >? pix i 
Hence Lim {/ “dee + | ae} re 
r—>0 —2 & r a 
Therefore io a tala 
oh 2 


When, in the description of a contour, part of a small circle is 
described to avoid a singularity of the integrand, the contour 
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is said to be ‘indented’ at the singularity: for example, the 
contour of Fig. 37 is the contour of Fig. 33 indented at O. 


I 


Example 9. If 0<p<1, prove ee ime) 
ol+a sin pir 
Integrate /(z2)=z?—/(1 +z) round the contour (Fig. 38) consisting of : 
(1) the #-axis from r to R; (2) the large circle |z|=R; 
(3) the #-axis from R tor; (4) the small circle |z|=r. 


Fic. 38. 


Within this contour f(z) is uniform. Consider that branch for which 
amp z=O on (1). 


Since p > 0, Lim zf(z)=0: hence the value of the integral along (4) tends 
z—>0 
to zero as 7 tends to zero. 
Again, when |z|=R, |2/(2)|=R?/(R-1): therefore, since p<1, the 
integral along (2) tends to zero as R tends to infinity. 


At the point —1 ampz=7: hence the residue at this point is e?-)D7. 
Also on (3) ampz=2z7. Therefore 


a- oni [er dan = QrieP -1)7, 
o l+a 


° pp-t T 


Hence car BORE ae 


The substitution v=e” transforms this integral into 


[-22- T _@2p<l). 
—» l+e sinpr 


Principal Value of an Integral. If f(z) is holomorphic in a 
region containing that part of the z-axis for which a=e25b, 
except for a simple pole at a point ¢ on the “-axis, where 


b, then 
a<c<b, the {fHoaet] fede} 


tends to a definite limit as ¢ tends to zero. 
M.F. EK 
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c-e€ da. b dae -| + -e | 3 | 
For \. par + _— ae log (¢ xy] +] log (@—e) Re, 
= log (b—c) —log (c—a). 
i ede » da b—c 
es ee tJ lS} =e (C8): 


a 


Now, let f(z)= $(z)/(z—¢); then (§ 15, Theorem, p. 29) 


Cc , 
f= 24 ota 
where \ is continuous in the region. Therefore 


in| rories pe 


= p(c) log C=") + (b—a) yoy + | dae 
This limit is called the Principal Value of \. f(x)dx, and is 
written ; 2 
P| fla)dx. 
Example 10. If0<a<1, prove 
PY. a= 7 cot ar. 


Integrate z*—1/(z— 1) round the contour of Fig. 38 indented at 1 (Fig. 39). 


—— 
ey. R xX 


Fria. 39, 


Example ll. If -7<a<7, prove 


Integrate e“/sinh(zz) round the rectangle (Fig. 40) of sides y=0, y=1, 
“v= +R, indented at O and 27. 
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Example 12. Integrate e”*/(r+7z)", where O0<a<1, r>0, b> 0, round 


Fic. 40. 


the contour of Fig, 41, where it is assumed that amp(r+z) is zero at points 
on the y-axis between 0 and zr ; and thus prove 


+2  gibz or help —or 


Cray “Te 


+00 eid 
Prove also a 
» (r—tx)? 7x) 


[creer toe ba dx 
0 


es i; “Or — eG +ix)-* 


———dr=0; and shew that 


—br 


oy 4—le 
sin ba dz =a” 


NY; 


Fia 41, 
If r=1, x=tan 0, deduce 


[ *(cos 0)*-*cos a0 cos (b tan 6) dd 
0 


= [ (cos 6)" sin a@ sin (b tan 0)d0= TG) yore 1,5. 


31. Theorem. Let C be a closed curve such that f(z) is holo- 
morphic within and on C and ¢(2) is meromorphic within and bas 
no singularities or zeros on C; then 


oj | MO SGde= Bra) —Ba sb) 


where @,, d,, Mg,... are . zeros of #(z) within C of orders 
11, To) g++. Tespectively, and b,, b,, bs,... are the poles of ¢(z) 
within C of orders s8,, 8, 8,,... respectively. 
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For $(2)=(¢—a)"W(2), where y-(z) is holomorphic at a,; hence 
§ =r2— 4 Wo) +(2—ayny'2) 

g@_ 1 ,¥@), 

g(@) 2-4, Y) 


The residue of the integrand at i is therefore 
an G— Obes ou: IAD): 


Similarly, aes ae aA wali where x(z) is holomorphic 
at b,, the residue at b, is —s,f(0,). 


Hence 5 |_f os dz= Sr, f(a)— 3s, f(b). 


$2) ssp 
CoroLuary 1. mil Ao dz=Xr,—Zs,. 


so that 


z 
CoroLLary 2. 5—~ ae 2 oe dz= Zr,a, — Xs,b,. 


Example 1. If $(z) is a polynomial of degree n, shew that >7,=n. 
Example 2. If $(z) is a polynomial with factors z—a, z—,..., shew that 
x-*+ B-*+.,..=—R, where & is any positive non-zero integer, and R is the 


residue of 19) at z=0. 


32. Liouville’s Theorem. A function which is holomorphic at 


all points of the plane, and finite at infinity, must be a constant. 
Let f(z) be such a function; then, if @ and b are any two 


distinct points, the only singularities of the function 
A) 
| © O* G=ae=) 
are a and 6, and possibly infinity. But since Lim zF(z)=0, the 


residue of F(z) at infinity is zero (§ 29, p. 58). Now the sum 
of all the residues is zero (§ 29, Theorem 2): hence 

F(a) , £2) 

a=)  b=6 a 
so that f(a)=/(b); and therefore, since a and b are arbitrary 
points, f(z) is a constant. 


CoroLLary. Every function which is not a cOnstamy must 
have at least one singularity. 
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33. The Fundamental Theorem of Algebra, If f(z) is a 
polynomial in z, the equation f(z)=0 has a root. 

For, if not, the function 1//(z) would be finite and holomorphic 
for all values of z, and would therefore be a constant (Liouville’s 
Theorem). Hence f(z) would be a constant, which contradicts 
our hypothesis. 


34, Differentiation under the Integral Sign. Let the func- 
tion f(z, ¢) of the two independent complex variables z and ¢ be 
holomorphic with regard to both z and ¢ so long as z lies ina 
region A of the z-plane and ¢ in a region A’ of the ¢-plane. Then 


the function oO=] S(z, €)dz, where C lies entirely in A, is holo- 
d 
morphic at all points of A’, and ¢( o=| = Ke © dz. 
Cc 


Let f(% O=ut+w and 6(OH=P+iQ, 


so that p=| (udx—v dy), Q=| @ dx+udy); 
c 
then (§ 24), 


oP Ou Ov 
f-[ Ge Ba) FL Ge- Ba) 
C) ) Ow 
ae N,l5e% tae) 3) ~ |G a) 
Hence (equations (A), § 15), 
oP _0Q oP_ _eQ. 
a ~ On 2 On + 0€ 
Thus ¢(€) is a holomorphic function of ¢: its derivative is 
given by 


ad ) fo) . OV : =f Fe 6 
140 260 (Getiggdetidy=| LE! de 


Example. Integration under the Integral Sign. Shew that, if C and 
C’ lie in A and A’ respectively, 


es & Qaeat= | [ f 6) d¢ de. 


Let () and ¢ be the lower and upper extremities of C’; then [ Ric Odtdz 
is holomorphic in ¢ and 


= [ ie 16 Odde=| fe Ode= oO). 
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Hence ik Oat= |, [% Qatae-| | [fe evdcde nf 
=|, [% (de dz. 


35. Derivatives of a Holomorphic Function. A function 
f(z) which is holomorphic in a simply-connected region enclosed 
by a curve C, possesses derivatives of all orders at every point 
interior to C. 

For, if z is any point interior to C, 

1 ( f(grde 
10-55 | to. 

Now let A be a region which contains the point z, and whose 
boundary is interior to C. Then the function /(¢)/(¢—2) is holo- 
morphic with regard to both € and z so long as € remains on C 
and zin A. Hence (§ 34), 


FOm-am | aap 


Similarly, by means of repeated differentiations, it can be 
shewn that 


I @= pi FOas (ead Pay’ dars Nance 


Ti Jo €—2 


Corotuary 1. IfC is a circle of centre z and radius R, and M 
is the maximum value of | f(z)| on CO, | f™ z)|= 7! M/R”. 


Corotiary 2. If f(z) is continuous at all points of a finite 
{not necessarily closed) path C, the function 


| Lag 
o $2 
is holomorphic in z at all points which do not lie on C, and its 
n derivative i 
erivative is nif ia 
o(f—z)F 


Corotiary 3. If u(a, y)+¢iv(a, y) is a holomorphic function 
of z=a+iy, then w(#, y) and v(a, y) have partial derivatives 
of all orders. 
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EXAMPLES IV. 


1. Prove is Side a cross-cut being taken along the negative real 
axis. “4 *o 


2, Under the same restriction as in the previous example, prove 


Z oF ee ae 
LO = ——— ey 
by n+1 


where m may have any value except —1, and the same branch of 2” is taken 
on both sides of the equation. 


3. Prove [erae= (e%—1)/a. 
0 


z 
: Prove [ cos az dz=sin (az)/a. 
0 


4 
5. Shew that the residue of e”/(1+¢’) at mi is —e*, 

6. If x is any integer, shew that the residue of cot z at xz is 1. 
7. 


. Shew that the residues of e#/(2?+ a”) and ze*/(2+ a?) at ai are e~4¢/2ai 
and e~“/2 respectively. 


8. Shew that the sum of the residues of any rational function is zero. 


9. If f(2= As aay TEs, An ~ ay” shew that the residue of f(z)/(z—.x) 


ma GH 
at a is — fla). * 
10) Lt 7@)= EA e—a) + $2), where (2) is holomorphic near a, shew 
that the residue ‘of F@)\(e—2) at ais — S A,/(a—a)". 


11. Shew that, if m and n are Petits integers, and m<n, 


[ oe dxz= = 
ia 2n sin (Pat 
Qn 
12. Integrate ze™/(z*+ a‘), where m and a are positive, round the contour 


of Fig. 33, and shew that 


“vsin mx Tv - =. ma 
“sin m. eee 

ae ae 
one ae: a J/2 


cO 
COs Mx 
dz= 


ma, 7 
a ee Vi sin (™ +7). 
“+e 2a 


oe A 
14, Integrate ¢#/(z—ai), where a>0, over the contour of Fig. 33, and 
shew that [Co ceatasine 
Se ata 
15. By integrating e*/(z+ az), where a>0, prove 
a ; 
| acose+xsin x > 
63 a +a? 


13. Prove [ 
dz=27re—. 


=O, 


 esin max 


16. Prove | Saat Wage VCO where m>0. 
F F 
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17. If O0<a< 2, shew that 


(Pzat7 

(i) ade _ Ia pee SEO 

0 l+e+a? 4/3 sin 7a i 

ee) 

Gi) c ade Oar ey 
o l—-w#+a? 4/3 sin 7a 


a—1 
[Integrate arate round the contour of Fig. 37, and equate real and 
2+12@ 
imaginary parts. ] 


2 sin 20 7 F wee 
18. Prove i Ta Br cos 99 p72? O= 7 log (1 +7), if -l<r<l 


T UN) 
=" log(1++), 1 ———One eae 


Qer log (1 — zz) 
21l+re+d—-r? 142 
put w=tan 6.] 

19. If a>0, and —7/2<0<7/2, prove 


round the contour of Fig. 33, and 


[Integrate 


eee es (asin #)dx=cos (a6) T(a), 
0 


and ee eronanin (x sin 0)dx=sin (a8) F(a). 
0 


[Integrate z*—1e~* round the contour consisting of the positive x-axis, the 
line ampz= 9, and part of an infinite circle. ] 


20. If a=0, prove 


. [°(1+.2?) cos ax So Nea Oh 
‘i f rere peated 2608 5 5 
vsin av Ta ae 
ii =—¢ : 5° 
(i yf inegg 73° pesin 5 


[Integrate e'/(1+z2+2*) round the contour of Fig. 33.] 
21. Integrate e~” round the rectangle of sides y=0, y=b, x=4R, and 


show that +20 +20 
il DAE aii | e- "dx =r. 
Deduce: (i) i e-* cos 2bx de =Fe-¥ ; 
0 
* fit (eae 
(i1) | e— +e dx =n/7, where c is any constant. 


22. Integrate e*/(z+a), where a>0, round the square whose sides are 
x=0, x=R, y=0, y=R, and shew that : 


COS @ em 
@ [fe re 0 ee 


sin” 4 e- 
ll 
(ii) je a ae. 
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23. Integrate e~” round the rectangle whose sides are 7= 0, z=R, 7¥=0, 
y=, where b >>0, and shew that : 


(i) i, e-™ cos 2bax dees ets 
0 2 
(ii) | e-” sin 2bar da=e-* |” ev'da. 


24, Integrate e“/cosh xz round the rectangle of sides = +R, y=0, 4 y=1 
and shew that 


* cosh ar i .@ 
“@=ssec=, where —7<a<7r. 
o cosh 7x Dee) 


bt 5y)= Qing Oe= Os 
25 P ih pO=a- 
Boia, ota e —2Qri, if b<0. 


26. Prove [cos a6=0, if misodd, and 
0 


erie ns = a) 
= 2 
3.4.6. os 
27. Prove that, if y is the unit of cee measure : 


ON sine 7 5 
(i) ih eae =F (e—cos y+sin y) ; 


if » is even. 


—COS # 


(i) [- x a(v—2¢+2) 
28. If a is positive, prove 
(i) Hees PEOSOR 7 x w= —"sinar ; Gy gpk a# sin CE Tee 


T . 
dx= 5 (¢ — cos y — sin y). 


2 


29. If rand b are en and 0<a<2, prove 


(i) [re at isin ( — be oS dt ya Qg- 


gan OTe 
etre 2 : 


(ii) I bie tsin (@ 5 — bx 5 oe aT 124005 (22 — br). 


[Integrate (i) 2—1e”/(2+7r?) round the contour of Fig. 37, and : 
(ii) 21 e”/(z2 —r?) round this contour indented at 7 and —7.] 


30. If —1<a<l, prove 


if 1—rcos 20 = (tan 0)*d0 = 
0 


1 
2 


1+7 cos 20 e 
0 1+27 cos 26+77 eet Oat 


Wye l-r)\% A 
= 1 \} f -l<r<l 
ret +(; +r] Jr? Se 


1 =) ; 
| if =< —1, orr>1 
rae SS es : 


1—2rcos26+7r 


Deduce that, if -l<a<1l, 


e (tan 6)"d0= i (cot 0)" dO = 5 ae 


eat) eS . round the contour of Fig. 37, and put 
A1+ryr+(1—r)? 1+2 


[Integrate 
“=tan 0.] 
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31. Prove log (=), hy deep l, 
7 1-rcos20__| ie 1+ 
eet Ee og tan 
o 1—2rcos2 _ eg (t=) =) ifr<-—l,orr>l1. 


[Integrate @ a on e5 round the contour of Fig. 37.] 
—ryp+er(l+r 


32. If a>0, prove ie or ae Cur) 
33. If a>0, prove 
“a (1—cosax)—2 log «sin ar 
i a{ (log x)*+ 17/4} 


round the contour of Fig. 37.] 


dx=27r(1—e~). 

be ett 
z(log z— 7/2) 
34, If a>0, prove 


fi 1—cos(a tan 6)}6+log (cos @)sin(atan@) d@ _ 7a 
(log cos 6)?+ sin 20 — 


[Integrate 


== 
i= 
[Integrate 5 a 5 


35. If b>0, r>0 and 0<a<2, shew that 


00 
a iCme dx —br 
i; A] gos be gin (= —sin be) Se arene 
0 2 a+r 2 


[Integrate 2*-1¢*”/(22+r?) round the contour of Fig 37.] 


round the contour of Fig. 37.] 


Ee sl 

36. If 0<a<2, prove | ‘an ad =/(2sin™). 
(lo wy de _ rT, 
Deduce (i) is eee = ; 


. [ wt —a da ( m, 
(ii) f log x [pais 0s tan“ tan 7), 


where 0<6<Q2., 


37. Let P(z) and Q(z) be polynomials of degree m and x respectively, 
where m=n-—2, and let Q(z) have no positive or zero real roots. By means 
of the integral of P(z) Log z/Q(z) taken round the contour of Fig. 38, prove 

P(z) 
L qaee--® 
where R denotes the sum of the residues of P(z) Log z/Q(z) (0<ampz<27) 
at the zeros of Q(z). 


38. By integrating (Log 2y/(- +2*) round the contour of Fig. 38, prove 


39. By integrating log (z+7)/(2?+1) round the contour of Fig. 33, prove 


“log (1+a?) , 
P “Tapgt aT log 2. 


llog (v+1/x) 
Ded (eee) gee 
educe : hee dze= Slog 2. 
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a 2 
40. Prove / Re 
9 sinha a 4 
41. If ais real, show that 
sin an * £ COS aX aie-t™ 
() iP sini 5 tanh | 23 aD o sinhe = gay 
42. If m>—1, n> -—1, and m—n is an even positive integer, prove 
[° sin mx —sin nx fea ee BX 
JS, (+2)sing | e-e 
log «)? 16 
43. Prove He (log xz)" 7-18 _ 3 
iaeie 31a 


[Integrate (Log z)?/(1+z+2) round the contour of Fig. 38.] 
44, If -l<p<1 and -7r<A<rz, shew that 
e x P?dxz 7 sin pr. 
0 1+2xvcosX}+a? sinpr sind 


45. P iB w sin @ pat 2 
5. Prove : Ar rrr eg 7 og (1 +u), if 0<w<l, 


7 IN 
=" log (1+ 2h uw>l. 
[Integrate z/(w—e-*) round the rectangle of sides 2= tr, y=0, y=R.] 
46. If r>0, s>0, O<a<1, 0<6<1, a+b>1, shew that 
0) ee ie T(a+b-1), 
2 (Fray eu J, Fay era T(a) 1) * 
ue dx 


cc, iia da 
cu) ie (r—ix)*(s—ix)y Jo (r+ix)*(s+izy 


= 2 (r+s)i-4—> 


Deduce ire (cos )**°—*cos (b— 0)0d0= 1 T(a) FO) 


47. By integrating e*’/z round a suitable contour, shew that 


° sin x? 1° 
[ De ie) 
0 4 4 

via 


Deduce ‘| ea 


48, By integrating e*/,/z along a suitable path, shew that 
“cose, {sine nes 
nr ee ins 2 
49, If 0<a<7/2, shew that 
/ to 6tan laedr TO 
-o @—Qesina+l 2cosan 
[Integrate log (1 —7z)/(2?—2zsin «+1) round the contour of Fig. 33.] 


50. Integrate ¢'/(e*—1), where a is real, round the rectangle of sides 
x=0, 2=R, y=0, y=1, indented at 0 and 2, and shew that 


sinaxr 1 a 1 
fr gee dem zoo (3) ae 
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CHAPTER V. 


CONVERGENCE OF SERIES: TAYLOR'S AND LAURENT’S 
SERIES. 


36.* Convergence of Series. Let S, denote the sum of the 
first n terms of the infinite series SS W,, Where the w’s are real 


or complex quantities; then, if So tends to a finite limit S as 
tends to infinity, the series is said to converge or to be convergent 
and to have the sum 8. The necessary and sufficient condition 
for this is (§ 23) that a number m can be found such that, when 
n=m and p is any positive integer, 

\Snep—Sn|<e Or | Wasi tWnpet--- + Wnipl<e 


If wWp=UntWp, the series Lu, and Xv, converge to the 
real values U and V, where U+7iV=S;; for Sun—U| and 
n. 1 
>}¢r—V| are both less than |S,—S|. Conversely, if the 
ieee t 


series Du, and Sv, converge to the values U and V, the series 
Y(tn+Wn) will converge to the value U+7V, since 


n 


>) (Unt itn) —(U + iV) 


1 


aaa 


Sm 0] + SV, 


co 
Absolute Convergence. If the series of moduli dj | wal is 
n=1 
convergent, the series Zw, is also convergent, since 
= , . 
| Wagit Wate oF Watp! Sl Wags | + | Wnszel+--- +] Wasp |: 
a series of this kind is said to be Absolutely Convergent. The 
series Lw, and Xv, are then also absolutely convergent, since 


*In this and the following paragraphs some definitions and theorems on 
infinite series which will be found useful in the course of this work are 
summarised; for fuller proofs and for further information on the subject 
reference may be made to Bromwich’s Theory of Infinite Series. 
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|Un|S|wp| and |v,|S| wn! Conversely, if Su, and Sv, are 
absolutely convergent, Dw, will be absolutely convergent, since 
| en [S| en] +] nl 

Note. The value of an absolutely convergent series is inde- 
pendent of the arrangement of the terms.* 


Multiplication of Series. Since 
(Un+Wn)(W mE W mn) = Un mn —UnU mt Un mtWn Wm; 
the product of the two absolutely convergent series Dw, and 
Xw’, is equivalent to 
LU LU an — Ly, LY mK LU DU mtb LUn DU ms 
Hence the product is the absolutely convergent series 
W +(wW, w+ w,w)+(w,w',+ Ww, twzw)+.... 
Most of the series with which we shall have to deal will be 
absolutely convergent series. The tests for convergence of series 


of positive terms apply also to absolutely convergent series: the 
most important of these is: 


The Ratio Test. If Lim | w,4;/w,|<1, the series S)w_ is 
no 1 


absolutely convergent: if Lim |w,¥4,/w,|>1, the series is 
divergent. ee 
If Lim |w,+4,/wn|=1, further tests must be applied: one such 


test t is the following: 


Wn Wn, 


Let 


nm 


If 


Wer |? 
where yu is a constant and |,| is less than a fixed number A 
for all values of n, the series D|w,| is convergent if «> 1 and 
divergent if w=1 


Example 1. Shew that the Hypergeometric Series 


OL. se 4 X(at))B(B+1) 
F(a, B, y; “)=1+7 et Tee yGkt) if: 
a(atI)(a+2)B(B+I(B+2) 5 
1.2.3.yG Ply +2) 
is absolutely convergent if |z|<1 and is divergent if |2|>1; while, if 
|z|=1, it converges absolutely if R(y-—a—)>0. 


+ 


*Cf. Bromwich, § 76. + Cf. Bromwich, §§ 12, 79. 
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Example 2. If R(y—-«-—f)>9, prove. 
F(a, B, y, = y(y—«-B) (2, B y+1, ) 
Let T,, denote the nth term of F(a, 8, y, 1); then, if n=1, 2, 3, ..., 
T (1 B) (a+) (ata BB+) Aba”) 
dineteTntae ey 1.2...n(y+1)(y+2)--- y+” 
(a—-1)a...(a+n-1)B(B+1)... (B+) 
iT 1.2...(n+]l)y(y +1). (y+2) 
=(1-8)T4-Tare 
where T,’ and T,,” are the n‘* terms of F(a, B, y+1, 1) and F(«-1, B, y, 1) 
respectively. Also B d 
-T)=(1 ~2)y- (8, +T;”). 


Hence, since Lim T,,=0, 


nn >o 


yE(a =, B, Y) 1)=(y-B) F(a, fey y+, i) 
Again, if n=1, 2, 3, ..., 
(y -—&)Tr41— BT rn +2Tnsi —(2—-1)Tr=(y— ONT ; 
so that (y-—a-—f)F(e, Bry, 1)=(y-o)F(a-1, By elk 
Hence F(a, B, y, 1) =D Fo, B, y+1, 1). 


Example 3. Shew that, if the series Dw, is absolutely convergent, the 


C2) 1 
series >) log (1+ ~,) is also absolutely convergent. 
1 


Choose 7 so large that | w,|<1: then 

| 0m |? 

ae 
But, as n>, w,>0 and therefore 1/(1-—|w,|)+1; hence an 

integer m can be found such that, for n=m, 1/(1 -—|w,|)<C, where C 

is independent of n. Thus, if n=m, |log(1+w,)|=C|w, |. 


| log (1+ &n,) | S| 2m |+ eeeeess 


mp m+p 
Therefore, if 2 |wal<e > |log(1+w,)|<Ce; 
so that the series >) log (1+ ~w,) is absolutely convergent. 
1 


37. Convergence of a Double Series. If w, and , are com- 
plex quantities such that w,/w, is not real, the double series 


+00 SES 1 
m=-0 ek (2mw, + 2nw,) 


is absolutely convergent. The accent indicates that the term 
for which m=n=0 is omitted. It is convenient to assume 
I(,/«,)>0: if this is not the case, interchange w, and W,. 
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Divide up the plane (Fig. 42) by parallel and equidistant lines 
into parallelograms similar and equal to parallelogram OABC, 
where A, B, and C are the points 2w,, 2w,+2,, and 2w,. Since 
I(@,/,)>0, the angle AOC lies between 0 and 7. One term of 


Fia, 42. 


the series corresponds to each angwar point of the net-work, 
except the origin. 

Consider those angular points which lie on the parallelogram 
PQRS, the mid-points of whose sides are +2pw,, +2pw, 
where p is a positive integer. There are 2p+1 points on 
each of the sides, and therefore, since the four vertices 
each lie on two sides, there are 8p angular points on the 
parallelogram. 

Now let d be the shorter of the two perpendiculars from O on 
AB and BC. Then for each of the angular points on PQRS 


ae eae 
2mw, + 2nw,|— pad’ 
1 8p 8 


so that ommend Gay pa 


where the summation extends to all the points on PQRS. 
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Now, if the values 1, 2, 3,..., be assigned to p in turn, all the 
angular points in the plane will be included. Hence 

to te, 1 ae Gg 

pois gin | 2M@,-P2ne,|* 7d? Xe 


and therefore the series is convergent. 


{eal 16 
tatpt) <a 


38. Power Series. Let denle—ay" b e a power series, and 
=0 


let the ratio |c,/c,4,| tend % R as m tends to infinity. Then 
from the Ratio Test it follows that the series is absolutely con- 
vergent within and is divergent without the circle |z—a|= 
This circle is called the Circle of Convergence and R the Radius 
of Convergence. 

Example. Shew that the radius of convergence of the geometric series 
l4+2+2+2+... is unity. 

At a point on the circle of convergence the series may or may 
not be convergent. A test for absolute convergence is given in 
§ 36. The following test is sometimes useful when the series is 
not absolutely convergent. 

Abel’s Test. If the coefficients c,, c,, c3, ..., form a decreasing 
sequence of positive numbers, ¢, tending to zero as n tends to 


wo 


infinity, the sum aS, ¢,2” converges at all points of the unit circle 
] 
except possibly at z=1. 
For, consider the series 
¢, cos 8+ ¢,cos 20+ ¢,cos 80+..., 0<0< 2m. 


m+p 


Let Sim, p= >, nC0s N06, 
m+ 
and let s,=cos(m+1)0+cos(m-+2)0+...+cos(m+7r)6; 
so that cos(m+1)0=s,, 


cos (m+2)0=s,—s,, 
Then Sy, 9 = Cm+191 + Cm+2(82— 81) + «2. + ane —8p-1) 
= 81(Cm41— Cm-+2) + 82(Cm+2— Cmts) + ++ 
+ 8p-1(Cm+p-1—Cm+p) + SpCm+p- 
Now 8, =sin ($70) cos {mO+ 4(r+1)0}/sin 360; 
so that — 1 /sin 40 =s,=1/sing0” (r= 1,208, ..)). 


a 
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Therefore, since all the quantities 


Pe Cm+1—Cm+2. Cm+2—Cm43> +++» Cmtp» 
are positive, 


1 2 
mM, PS Sin 49 (Cm me Cm-+2) m8 (Cm+2 rad Cm+3)+ mies +m} $3 zen 


Cm+1 
a Sm, P= Sin 40° 


But, by making m large enough, ¢,,,, can be made arbitrarily 
small. Therefore, since 0 < $0 <7, the series is convergent. 
Similarly, since 


m+r 
S}sin 26 =sin (476) sin {m0 +4(r+1)6}/sin $6, 
m+1 
the series c,sin 8+c,sin 26+c,sin 86+..., can be proved con- 


vergent if 0<0<27. Hence the series 


ao wo eo 
~ ron an! ° 
d)en2"= >) 6n008 NO+4 >) engin nO 
1 1 1 


converges if 0<0< 27. 
This theorem can be illustrated as follows: 
If ampz+n7 (n integral), the terms of the series can be 


Fie. 43(a) (6) (0). 


represented by OA,, A,A,, A,Ag, ..., {Fig. 43 (@)}, where each line 
makes the same angle amp z with the preceding one. These lines 
M.F. F 
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form a kind of spiral, and A,, tends to a point, which represents 
the sum of the series. If ampz=-+7 the lines will be alternately 
positive and negative {Fig.43(b)} and the series will be convergent; 
but when amp z=0 {Fig. 43 (c)} the method does not apply. 
Example. Shew that z+2/2+2/3+... converges for |z|=1 except at 


z=1; and deduce that the series 


ae oe 20 cos 30 


a as tee 
, iy sin 30 
sin Caer aa eeey 


are convergent if 0 + 2n7. 


Multiplication of Power Series. If the two series 


dene” and Dex gn 
0 0 
are convergent within the circle |z|=R, their product 
CoC pH (Cpe Hee’ ZH (Gg Hee Hee’) a+... 
is also convergent within that circle (cf. § 36). 


39. Taylor’s Series. Let f(z) be holomorphic in the region 
bounded by a circle C of centre a and radius R, and let z be any 
point within C such that |z—a|=r<R: then 


Hoge. ACOXES 
fO=z5), é—2 selec Ss: 


=a), ae ee =) ca, 


+i) +a 


=(0+ FO pw+ G2 ror... 
2a pana CaO"r'y __ Hat 
Se fe @ 


Q7r4 —aythe— 


Now, since |é ae for all points € on CO, it follows 
(§ 26, Cor. 7) that 
M Y n+1 
1—r/R (2) ‘ 


eer I Q)dg 
ae) (c-ayrC— 

where M is the maximum value of | f(€)|on C. But this quantity 
can be made arbitrarily small by increasing 2: hence 


nA) =f()+7TSPh (a EEO P+. 
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for all points within C. This is Cauchy’s extension of Taylor’s 
Theorem.* 

The convergence is absolute, for ($35, Cor. 1) the modulus of 
each term is not greater than the modulus of the corresponding 
term of the absolutely convergent series 


M+M@5°4M (25%) +... 


Let z, be the nearest singularity to a: then if z be any point 
within the circle of centre a and radius |z,—a|, R can be chosen 
so that |z—-a|<R<|z,—a|. Thusthe Taylor’s Series converges 
absolutely at z, and therefore its radius of convergence is | z,—«@|: 
that is, the circle of convergence of the Taylor’s Series is the 
domain of the point a. 


Corotuary 1. If f(z) and its first »—1 derivatives vanish 
at a, while f(a) is not zero, a is a zero of f(z) of order n. 
For example, z=47 is a zero of sinz ($17): this zero is a simple zero 
since cosz, the derivative of sinz, is not zero at the point. 
Corotuary 2. If f(z) and ¢(z), and also their first n—1 
derivatives, vanish at a, while ¢&™(a)+0, 
Tan F@),_ La) 
>a P(2Z) g(a) 
cos 2az— cos 2bz 


Example. Prove Lim oer eee aa 2(b?— a’). 


z—>0 


CoroLutary 3. If f™(a)=0 (n=0, 1, 2, ...), f(z) vanishes 
identically at all points in the domain of a. 


Example 1. Shew that, for all points within the circle |z|=1, 
log(1+2)=2-—2/24+25/3—... 5 
and deduce that | log (1 +z)|=—log (1 —|2\). 
Example 2. Prove iE log (sin 7x) da = — log 2. 
0 


Integrate log (sin +z) round the rectangle of sides =0, x=1, y=0, y=R, 


indented at 0 and 1. > ae = 
The integrals round the small quadrants at 0 and 1 vanish in the limit ; 


hence ip log (sin rx)dx 
0 : | 
= i[ [og (sin riy) — log {sin (7 +7rvy)}] dy + log {sin (rv+77R)} dz. 
0 


*C£. §43, Note. 
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Now, since w=sinaz=sin zx cosh ry +7 cos 7x sinh 7y, 
as x increases from 0 to 1, (y>0), w passes round the curve PQS (Fig. 44), 


Vv 


Fic. 44. 


from P(isinh zy) when 2=0 to Q(cosh zy) when #=1/2, and to S(-7sinh zy} 
when v=1: hence amp(sin 72) decreases by z, so that 
log (sin wty) — log {sin(w+ ty) }=71. 


Again sin(ra+7iR)=5 ere (Vena), 
Therefore 


log{sin(rxv+7?R)}=7R- log 2—tra+ ‘5+ log (1 — e274 -2nR), 
1 1 
Hence [ log (sin ra)dx= — log a+[ log (1 — e2*#?—2#R) dap, 


But 


iP log (1 —e2— 2k) dy I< —log(1—e-?78), 
which tends to zero as R tends to infinity. Therefore 
f log (sin rx)da= —log 2. 
Example 3. If |z|<1, prove 
(i) tan7z=2-2/842/5—... (Gregory's Series) ; 
(ii) (tan-typ= r= (a +e) (i eee wae 


where the principal value of tan—!z is taken in each case. 


Fie. 45, 


40. Laurent’s Series. Let /(z) be holomorphic in the ring- 
space bounded by two concentric circles C, and C, (Fig. 45) of 
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centre a and radii R, and R,, (R,<R,). Then if z is any point 
within the ring-space, so that 
R,< |z-a\=r<R,, 
+0 

f(z) can be expanded in a series of the form ue A,(z—a)?. 

fOae_ 1 fOae 

OO sale (2 Qi. Cy =e 


1 | SO AE = FG)dg 
~ Qari o,(€-a)—(@—a) © 27iJo,(z—a) —(€—@) 


=s5I, 2 {1+3=84+(E9) +... 
= = aa +e ER s}ag 
tym) AY (148 ey, 


fo (faa 
Hla, tesaesph 
Now let M, and M, be the maximum values of |f(z)| on C, 
and C,; then (§ 26, Cor. 7), since |z—a|=7, 
(z—ay4) KO dé M, ntl 
27a \, Goes Z) cas Gs :) 


| : . Moen < <p as Ce ie 


Q7r1(z _ q)yrrt a 
But these two quantities can each be made as small as we 


please by increasing 7; hence 


fe)=SAg(e— a+ DA. 9(e—a), 


where 
ose) Goothe Aam a], MOG-or nde 


2riJdc,(€—a)?tY 
Note 1. Since 
|A,|=M,/R,? and |A_,|=M,RY, 
and R,<|z—a|<R,, it follows that the series is absolutely 
convergent for all points within the ring-space. 


*Cf. § 43, p. 95, Note. 
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Note 2. Since f(z) is holomorphic between C, and C,, the 
integrals round these contours can be replaced by integrals round 
any concentric circle C of radius R, such that R,=R=R,. It 


+a 
follows that f(z)= >) A,(z—«a)?, where 
p=-% 


ae —a)-P-1 

A=gal FOG CN Oa 

Note 8. Let @(z; a) and ae a) represent the series 
SA, (z—a)? and SA 9(2- —«a)~” respectively. 


Then reve p(z; “+y(z; a), where ¢(Z; @) is holomorphic 
within the circle |z—a|=R,, and W(z; a) outside the circle 
|z—a|=R 

Principal Part at a Pole. If the only singularity within 
|z—a|=R, is at a, R, can be made arbitrarily small. Then if 


W(z; 4)= >)A_»(2—a)-?, where 7 is finite, f(z) has a pole of 
p=l 


order n at a, and W(z; @) is called the Principal Part at the 
pole. If yW(z; a) is an infinite series, f(z) has an essential 
singularity (§ 22) at a. 


Example 1. If f(z) is holomorphic in the region bounded by a closed 
curve C except at the G1, Ag, «+ Up, and if G,{1/(¢—a,)} is the principal 
part of f(z) at w,(r=1, 2, ..., 2), shew that 


KO=BGAUC-— age | FE. 
where (is any point interior to C. [Cf. Exs. IV., . 


Example2. If |z|>1, and the principal value of tan-!z is taken, shew that 


ni us Hh al 1 
tan te a ( gate ool 


Z 3% 
+ = 
according as R(z)=0. 


41. Fourier Series. A uniform function F(z) which satisfies 
the equation F(z+Q)=F(z) for all values of z, where Q is a 
non-zero real or complex number, is said to be a Periodic 
Function, and to have the period Q. It follows that, if m is 
any integer, positive or negative, F(z+mQ)= F(z). Ifno integer 
p(p# +1) can be found such that Q/p is a period of F(z), Q is 
called a Primitive Period of the function. A function which 
has only one Primitive Period is said to be Simply-Periodie. 
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Now let the function f(z) have the period 2m, and let ¢=¢'™!», 
To each value of € corresponds an infinite number of values of 
2, differing by multiples of 2w. Therefore to each value of ¢ 
corresponds one and only one value of f(z), so that f(z) is a 
uniform function of & 

Let A (Fig. 46) be the point 2w, and let R denote an infinite 
region of the z-plane, bounded by two lines parallel to OA, 


in which f(z) is holomorphic. Now if z is any point on a line 
through z, parallel to OA, z=2,+Xw, where d is real, and there- 
fore ¢=e'™/%e'", so that |¢| is constant. Hence such a line is 
represented in the ¢-plane by a circle with the origin as centre, 
and as 2 increases by 2, ¢ passes round the circle once in the 
positive direction. Any portion of the region R bounded by 
two straight lines perpendicular to OA, and at a distance OA 
from each other, is therefore represented on the ¢-plane by 
a ring-space bounded by concentric circles with the origin as 
centre. 

In this ring-space f(z) is holomorphic since 

df(z)_df(z)dz_ o df(z) 

aé dz d&=mt dz 


Hence, by Laurent’s Theorem, 


$2 + 
f(z)= ys, Ayg? = > Aes 


1 1 20 ; 
where Ay=gu| fot id=s-[. f(ee-Pimle dz, 


C being any circle in the ring-space with the origin as centre. 
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Therefore 
F(z) = Ag+ >) (Ap +A-p) cosE™= + S](Ap— Az) sin? = 
1 1 


oO ive} 
pre . PTZ 
= ] 
= }a,+ >)a, cos ee > b, sin-—, 
1 


® 
Li TZ 10S Goes _ PTZ 
where a,= - |, J (2) cos P= de, and b,= . \, f(2)sin Oe 
This is Fourier’s well-known expansion: it is valid for all 
points within the region R. The function f(z), it must be noted, 
is holomorphic in R, 


42. Classification of Uniform Functions. Functions which 
are holomorphic for all finite values of z are called Integral 
Functions. Such functions are developable by Taylor's Series 
throughout the plane. From Liouville’s Theorem it follows that 
every integral function which is not a constant must have a 
singularity at infinity. 

THEOREM 1. An Integral Function for which infinity is a 
pole of order 7 is a polynomial of degree n. 

For, if f(z) be such a function, then by Laurent’s Theorem 


FA/S) = B/S + Bel +... + Br/g+ p(), 
where ¢(¢) is holomorphic at ¢=0. Hence 
F(2)=Byz+ Bo? +... +By2"+ 6(1/2). 

Therefore ¢(1/z)=/(z)—(B,z+B,2?+...+B,2”). 

Accordingly ¢(1/z) is holomorphic for all finite values of z. 
Hence, since ¢(1/z) is holomorphic at infinity, it must, by 
Liouville’s Theorem, be a constant, B, say. 

Therefore F()=B +B 2+ B22+...4+ Be”. 

Polynomials are also known as Rational Integral Functions. 

An integral function which is not a polynomial is called a 
Transcendental Integral Function. The Taylor’s Series contains | 
an infinite number of terms, and thus the function has an essential 
singularity at infinity. Examples of such functions are é?, cos z, 
and sin z. 

An integral function f(z) which has no zeros in the finite part | 
of the plane can be put in the form e%@), where G(z) is integral, 
For the function G(z)=log {f(z)} has no singularities in the 
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finite part of the plane, and is therefore an integral function: 
hence f(z)=e%. For example, e” has no zeros except at infinity. 
The ratio of two polynomials is called a Rational Function. 


THEOREM 2. If f(z) is meromorphic throughout the plane, 
and if infinity is either an ordinary point or a pole, f(z) is a 
Rational Function. 

Let there be m poles a,, a, ...,m, in the finite part of the 
plane (§ 22, Th. 2, Cor.), and let the principal part of f(z) at a, be 


br(Z)= AY /(z—a,) FAP (2 — ay)? +... FAL (2 — ay), 
(qs 1, 2. tie), 


Then fO—So-(2) is finite at all finite points of the plane. 
_ Accordingly, ane (2), (2), -++> Pm(Z), are all zero at infinity, 
S(2)- S-(2) must be a constant or a polynomial, say 
(2) =cy test... +ey2%. 
Hence f(z) = DH@)+Ve), which is a Rational Function. 


CoroLLarRy. A meromorphic function other than a Rational 
Function must have an essential singularity at infinity. 


EXAMPLES V. 
1. Shew that the series: 


Lib ae 

(i) 145 ti gitaites 
ZA 

(ii) 1- ees 
e 

(iil) z— 185 


are absolutely convergent for all tee i: a 


i) 
2. Shew that the series c,z” and the series of derivatives Dnene”™—* 


have the same radius of convergence. 


3. Shew that the radius of convergence of the series Sale" is zero. 
[Such series do not define functions. ] 


4, Shew that the product of the series S2"/n! and S2"/n! is Set AAO 
0 0 0 


5. Shew that the series SED is absolutely convergent at all points 


on its circle of convergence, 


an #1) 
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6. Shew that, for all finite values of z: 


(i) exp(@)=14545) tee Fes 
Pe 

(ii) cosz =l-ytgr-e3 
3 26 

(iii) sin z igesion 


(iv) cosh z =145 — sti 


7. Shew that, for all values of x, the Binomial Theorem, 
eile 1) fea eee Dees 2) 13 


(l4tz"=1l+nz+- 


holds for all points within the a [Alest. Re branch of (1+z<)” being 
taken which has the value unity when z=0, 


8. If the function f(z) has an essential singularity at a, shew that 1/f(z) 
has also an essential singularity at a. 


9, Shew that the series 


1 ( oS) 
oe ee if 
is convergent if R(z)>—1/2, and find its sum. Ans. 1+42, 
10. Prove that, if |z|<1, 
1 Qar HES 5 oc Were 
igure’ =F, (sinZ +2sin-> z sin +...) 
al eae 
-cosz 1 z—sinz 1 ween ie, SCOSZ—BINZ 1 
(i) Lim * ears (ii) Dee er goa (iii) a SORE 
12. Prove that, if R(z)>-—1, 
1 il TE 2! 


G41) GFIEF2)  GFIE+2C+3) * G+IC+2EFETD* 
13. Prove that, if |z|<1, 
E{log (1+z2)}?=422-4(114+-9)24+2(14+34)24-.... 
14, Shew that the series 
2 A iss 
eee 
converges if |z!<1, and that its sum is z/(1—z). 


15. Shew that the series 


ee 


zt 
—— ater FL pas 


i 


is convergent if |z2|<1 and also if |z|>1, and that the respective sums are 


z/(1—z) and 1/(1 —2). 


16. Shew that the series 5 g”e’"" converges for all finite values of z 
if [¢|<1. 
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17. Shew that, with the notation of § 37, the series 
+2 +00 il 


PD PES (2mw, +2nw,)* 
is absolutely convergent if A> 2. 
18. Shew that the series 


Zz %m+2 


2 
1+5+ Hy pop leer Cae 


2! nh 


where m is a positive integer, is absolutely convergent if |z| <m™/(m+1)"*}. 


19, Shew that the radius of convergence of the series 


l+az+ a De a +... 
is e~'/| |. 
20. Shew that the series 
1 ee) ee oe 


is convergent if |z|<1/4. 
21, If @>0, shew that 


pS Oy eB aslo a tiga 

[ (a+ at) agit /2-a+1-e-%). 

[Integrate (e* — 1 —7z+2?/2)/{3(a?+2?)} round the contour of Fig. 33.] 
© cos 4?+sin 2? — 1 


= dx=0. 


22. Prove i 
[Integrate (e”—1)/z? round the contour consisting of the positive wv and y 
axes and a quadrant of an infinite circle. } 


23, If a and b are positive, prove 


ui cos 2ax aos 2Qbx Peo 
0 x 


24, Shew that, if a and m are positive, 


° sin? max 71 3 
re = —2ma _ |] 2 B 
Dr saree nga 1+3ma) 


(cH. vI 


CHAPTER VI. 


UNIFORMLY CONVERGENT SERIES: INFINITE 
PRODUCTS. 


43. Uniformly Convergent Series. Let S,(z) denote the 
sum of the first n terms of the infinite series 5) w,(z), whose 


terms are functions of z; then if, at all points of Si te A, the 
sequence §,(z), S,(z), S,(z),-.., converges uniformly (§ 28), the 
series is said to be Uniformly Convergent in A. The necessary 
and sufficient condition for this is that, corresponding to any e,* 
an m can be found such that, for all points of A, 

| Wri (Z)+ Wye) + aes +Wn+p(Z)| < €, 
where p=1, 2, 3,..., and n=m. The region A is a closed 
region ; 7.¢., the points on the boundary are included. 


Example. If the series > n(2) converges uniformly in a region A, and if 


n=l 


/(2 is finite in A, shew that the series DO) w,(z) converges uniformly in A. 


In the following three theorems it is assumed that the series 


eo 


DSwrl z) is uniformly convergent in the region A. 
n=l 


THEOREM I. If w,(z), w,(z), w,(z), ..., are continuous in A, 
the function S(z)= })zw,,(z) is also continuous in A. 


n=1 
For, if z and z+ Az are points of A, an m can be found such that 


IS@)-Sr@)l<g |S(@+Az)—S,(e+A2)| <5, 


where n=m. But, since §,,(z) is continuous, an 7 can be found 
such that, for | Az|< », 


|Su(2+ Az)—Sa(2)| <5. 


*Tt should be noted that ¢ is independent of z. 
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Hence, if | Az| < y, 
|S(@+ Az) —S(@)|=|(S@+Az)-S,(2-+.A2)} — {S(2)-S,(0)} 
+ {Sn(z2+Az)—S,(2)}| 
=|S¢+Az)—-S,(2+Az)|+]S(z)-S,(z)| 
+|S,(z+Az)—S,(z) | 
<6; 
Therefore S(z) is continuous in A. 
THEOREM 2. The series 3 | ened where C is a path in 


n=l 


the region A, is convergent and has the sum | S(z)dz. 
G 


For, since at all points of A 


| S(z)—-S,(z) | <e, (nZ2™), 
[| S@e-d] m@ae|=|[ (8@-Si@)ae 
c TJo C 
where / is the length of C. 


<e, 


Coro.tiary. If the initial and final points of C are 2, and 2, 
| S@as fe w,(z)dz, \ W,(Z)Az, ..., 


ao 4 
are functions of z, and W,(z)dz converges uniformly in A, 
g Ne 


n=1/% 
since a maximum value can be assigned tol. Accordingly, if a 
uniformly convergent series be integrated term by term, the 
resultant series is also uniformly convergent. 


THEOREM 3. If w,(z), w,(Z), w,(Z), ..., are holomorphic in A, 
S(z) is holomorphic at all interior points of A, and 
@S(z) <,d*w,(2) a 
re Si eae Pia tars)! 


1 
Let ¢ be any interior point of A, and let C be the boundary of 
a simply-connected portion of A of which € is an interior point. 


n+p 
Then if, for all points of C, | >)wn(z)|<e, 
n+l 
n+p np 
>) wal2)(2— #3] =| D)aen(2)||@— Ob Sed, 
n+1 eel 


where d is the shortest distance from ¢ to C, and k+1>0. Thus 
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>| moe — ¢)-*-ldz converges to the sum | S@e- 6)-F-Idz ; 


and therefore, since 


WZ) 4 Qari dtwa(€) S 
| argeae= ki dg® ” (c= O71 Zee); 


In particular, if k=0, 


_I-f S@)dz 

SO=555| 3s 
Now, this integral is holomorphic (§35, Corollary 2) at € 
Accordingly S(¢) is holomorphic at ¢ and has derivatives given by 
dS(é) k} S(z)dz — ©, d*w,(§) 
dg Bari Joe= 97 Uh 
Corottary. If C (Fig. 47) is the boundary of a simply- 
connected portion of A, and if C’ is the boundary of a region A’ 

interior to C, the series of functions of €, 


Si [ eonlate= é)-#-1dz, 


will be uniformly convergent in A’, provided d>0, where d is 
the shortest distance between C’ and C. 


CAO) 


Fra, 47. 


Example. If the terms of the series S(z)= Sw,(2) are holomorphic in the 
1 


region contained by a closed contour CG, and if the series converges uniformly 
on C, prove that S(z) is holomorphic within C. 


Weierstrass’s M Test. The series >)w,(z) will be absolutely 
1 


and uniformly convergent in the region A, provided that a con- 
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vergent series of positive constants . M,,, can be found such that, 


for all points z in A, |w,(z)|=M,, Ge ee oars). 
For, if Misi tMiyot-.. + Mnin< e, 
| WnzitWezet..-+Watp |=] Wry |+| wWase| +... +] Wntp|<e. 
Note. Since the moduli of the terms of the series 
\(Z-A\™ G/E—a\" 
; ci) > (Sey, 
employed in the proof of Laurent’s Theorem ($ 40), are less than 


the corresponding terms of the series >)(r/R,)” and >)(R,/r)”, 
D 0 


the series integrated are uniformly convergent on the paths of 
integration. Thus the consideration of the remainder can be 
omitted from the proof, provided that the M Test has been 
previously proved. The proof of Taylor’s Theorem (§ 39) can 


then be contracted in a similar manner. 


ao 
Example 1. Shew that the circle of convergence of the series )2"/n? is a 
region of uniform convergence. ; 


Example 2. Shew that the series >)1/(z?— 7?) represents a meromorphic 
1 


function with poles at the points t7, 427, £37, .... 
Let z be any point of the region bounded by |z|=R, where 


mm <R<(m-+1)r. 
Then |ztnq|=xr—R, where n=m-+1, m+2, ...; and therefore 
ee eet 
2 rt|=(ae— Ry” (n=m+1, m+2Q, ...). 


Accordingly, since the series 1/(m7—R)? is convergent, > 1/(z?—n*1*) 
m+1 
converges uniformly at all points of the region. 
Now the function 5 1/(z?—n’r?) is holomorphic at all points of the region 
1 


except the poles +7, +27,..., +m. Hence the given series is holomorphic 
in the circle except at these points. But R can be chosen so large that any 
assigned point lies in the circle; therefore the series is holomorphic at all 
points except +7, +27, +37, ... 


44, Power Series. Let R be the radius of convergence of the 
power series >) €n(z—a)". Then if R,<R, the area of the circle 
1 


|z—a|=R, is a region of uniform convergence. 
For, corresponding to any e, an m can be found such that 
ieee wn; 


eee EE ae oe Ruane eae lCpep |? <oe p= 1) 253.) 
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Therefore, if |z—a|=R,, 
|ents(@— a)" Cy 4g(2— a). tony (2a)? 
lea — Oy i Oo [+..- +] entr(e—a)y"*? | 
Z| cn41|Byt?+ |e, 49| Byer... +] Cnty | Ryt? 
<ANG; 

Since any point ¢ within the circle of convergence can be 
enclosed in a region of uniform convergence bounded by 
|z—a|=R,, where |f-a|<R,<R, it follows that the series 
gives a holomorphic function at all interior points of the circle of 
convergence. 
; CoroLuarRy 1. If the series s Cn(z—a)” converges for 
R,<|z-a|< R,, it will be uniformly convergent for 

R,<R/=|2-—a¢|ER, < R,. 


Example. If f(z) is defined by the series Sc,(z—a)”, convergent for 
0<|z—a|<R, shew that the residue of f(z) at @ is c_,. 


COROLLARY 2. If f(z) is holomorphic and has the Laurent 
Expansion Ie 2” in the region R,=|z|=R,, and if infinity 


is the only alas exterior to |z|=R,, the residue of f(z) 
at infinity is — A_, (see p. 58). 


Example 1. Prove that the residues of e'/ at the origin and at infinity are 
+1 and —1 respectively. 


Example2. Tf n is integral and = 1, prove that the residue at infinity of 
that branch of FBS which is positive when z is real and >1 is 
C+) JET) s 
1.3.5,..(2n-3) 1.3.5... (Q7=5) rt 
ie 4.6...(20=2) 2 4.6 .n=4)* he aa 


Undetermined Coefficvents. Let f(z) and ¢(2) denote the series 


ive) fea) 
> An(z = a)", >> Cn(Z a a)", 
SES aa 


which converge in the region R,<|z—a|<R,, and let the 
coefficients ¢,, (n=0, +1, +2, ...) be unknown. Then if 
¢(z)=f(z) for all points of this region, 

Ca=An, (n=0, +1, +2, ...). 


§§ 44, 45] UNDETERMINED COEFFICIENTS o7 


For, if C is the circle|z—-a|=R (R, << R<R,), 
coagiyf POR 1 LOE 
rt o(€—a)™tt  Qar4 o(€—a)"+} id 
In particular, if f(z)=0 for all points in the region, 
n=O (= 07-2. ). 


Corotiary. If f(z) is odd, all the coefficients of even powers 
of z in the Laurent Series f(z)= $)en2" are zero; while if f(z) 


a) 
1s even, all the coefficients of odd powers of z are zero. 


For, if f(z) is odd, 
He) f(—2)=0= 23.2% 
while, if f(z) is eyen, : 


F@) =f) =0= 29 eta 


Example. Consider the function 1/(e?—1): it has simple poles of residue 


+1 at the points 0, +277, +477,.... Hence, if 0<|z|<2z, 
lee! 
Fe te ns a dasaisccoceanteeeneeener (1) 
where the coefficients Cy, ¢,, Co, ---» are to be determined. 
If the sign of z be changed, 
1 


Bate, = 2+ C92 — 
Se po ete — 


Adding these two equations, we have 
— 1=2¢ + 2eg2* + Qoyz*+... ; 
so that Co= —1/2, eg=cy=cg=...=0. 
Next, multiply both sides of equation (1) by e’—1: then 
ou 
les C - gt ere Hcg? + ce? + *) (@—1) 
til ee 
=(E-Steet ont toy + a) (s+ 545+...) 
Hence, equating coefficients, we obtain the equations 
1 1 
BD aaa 


Gor ee ee 
ion Ge” 


as) 
5! 
sle\slelefolere(n slelsiaele efala\e(elarnsarereroerew 


which the coefficients ¢,, c3, ¢;, ..., can be found. 


45. Additional Contour Integrals. The calculation of resi- 
dues by means of expansions in series is found helpful in the 
evaluation of many definite integrals. 


M.F. & 
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“sinma dx 1 e-™4(m + 2/a) 
Example 1. Prove i; zPbae oat Se 


where m and a ay real and positive. 


Integrate ay over the contour of Fig. 37 ($30). When R tends to 
infinity, the integral along the large semi-circle tends to zero. When r 
tends to zero, the teen | along the small semi-circle tends to —7z/a'. 

To calculate the residue of the integrand at 7a put z=ia+¢: then 

ema ee e-matimg 
peg Coe a 


=a (1+ime+...)1+ila+...)\+iGa+...) 


Hie 
Hence the residue at (=0 is —e~"*(m +2/a)/(4a°) ; 
© Qi sin me we doe , eome(m + 2/a) . 
0 x(a*+a2)P aime a. 4a3 
from which the required result follows. (See also App. I., Note 3.) 


Example 2. Evaluate iB go ee ah 
o(1 +21 — x 


{1+7((m+2/a)+...}. 


and therefore 


, where 7 is a positive integer. 


Consider that branch of eee which is real and positive when z 
is real and > 1. (1+2%)V2?—1 
This function is uniform in the region between the great circle C (Fig. 48) 


Fia, 48. 


4 


and the closed contour y consisting of small circles about —1 and 1, and the 
real axis between these circles. There are simple poles at +7 and —7. 
At z=7, amp (z—1)=37/4 and amp(z+1)=7/4: therefore 
N2-1= A267? 0/23. 
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Hence the residue at z=7 is (—1)""1/(2N2). Similarly the residue at z= —7 
is (—1)""1/(2/2). Thus 
2" dg [ 2" de 
Ten 09) — |! n—l 2 
(le +-22)/22— 1 ¥(1 +22) 22 — tus) 2, 


where the integrals along © and y are taken in the directions indicated by 
the arrows. 


But (§ 44, Corollary 2, Example 2) 


2" dz os Doe(CN=B) 158), Biasi( Opi oe 
ee - 2mi{ cee =, ‘} 
and 
ii 2" az lf Gah 1 il J Cag 
yAt2)V2=1 ett? 4021 - a? e-imP2_1 +02)J1—2? 

Ge i a da ee ade 
(1 +2") /1 22 (142%), JT — a? 
Therefore 
He OU ie 3355)... (22—3) 
(1+22)V1—2? 2 2.4.6... (n—2) 
1.3.5...(2n-5 
~ eet H-}. 


1 dx Qa 
aa +2" —2)} V3 


Example 3. Prove 


46. Legendre Polynomials. Consider that branch of 
(1 —2¢%+27)-1? 
in the domain of z=0 which has the value +1 when z=0. Since 
the function has singularities at €+./(€?—1), it can (§ 39), for 
values of z such that |z| is less than the smaller of the two 
quantities |¢+V¢?—1], be expanded in a series 
Po(Q)+2P (C+ APC) +. 
in which the coefficients are polynomials in ¢ The coefficient 
P,(¢) is called Legendre’s Polynomial of degree n. 
Example. Shew that 
Po@=1, Pi@=4 P(2)=432—1). 
If we expand both sides of the equation 
= -3 
{1-2(—Qete"} 4 = (1-2¢(-2)+(—2)} 
and equate the corresponding coefficients, we obtain 


Pr(—¢) =(—1)"Palg). 


100 FUNCTIONS OF A COMPLEX VARIABLE (CH. VI 
Again, from the expansion for (1— ett", it follows that 


F(¢)= al AE - _ spay 
where c is a small circle about the origin. 
Now ¢ can be replaced by the contour of Fig. 49, described in 
the direction indicated by the arrows, where A and B are the 


Fic, 49. 


points ¢+./@—1, C is a large circle, and y and y’ are small 
circles about Aand B. (Assume ¢ + 1, or Aand B will coincide.) 

The only case in which this cannot be done is when AB passes 
through O. But in order that this may be so, 

(C4 VP =TyE-VE=1) 
must be real and negative. Therefore, since 
C4VC=DIC VG = Ds (Cv C=) (Can Ga 
the two quantities ¢+/@—1 and ¢<—/@—1 must be purely 
imaginary. 

Hence, by addition, it follows that ¢€ is either zero or 
purely imaginary. We therefore exclude the case in which € 
lies on the imaginary axis. 

The integrals along the circles C, y, and y’ vanish in the limit, 
while the integrals along DB and BD cancel each other ; thus 


1 dz 1 dz 
P,(Q= +3 =aIH 262 +2?) es oe 


= +’ —/@—1sin odd 
((+VG—1 locos g)"*(+V1 — sin ¢)’ 
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where z=¢+/@—1 cos ¢, 


= a1" dd 
o(€+V@—1 cos "+? 


The branch of /€?—1 considered does not matter, since 
cos (7 —)=—cos¢. The integral is continuous at (= +1. 

The integrand has a singularity if ¢//¢?—1 is real and 
numerically less than 1. In that case €?/(¢?—1) must be real 
and less than 1, and therefore ¢? is negative. Hence ¢ is purely 
imaginary. The imaginary axis is therefore a line of singu- 
larities for the integral. 

If ¢=1, P,(¢)=1, so that the + sign must be taken: if 
¢=—1, P,(¢)=(—1)”, and therefore the — sign must be taken. 
Hence, for points to the right of the imaginary axis, 


PAO==[ a 
: (€+VF—1 cos pyr 
while, for points to the left of the imaginary axis, 
dp 
PACS) = al (€+/@2—1 1 cos gy 


Again, in the equation 
dz 
Pra(Q)= = gnth (1 —2€2+2%)’ 
put 1/z for z: then 


adz 1 2dz 
EMOe sa Jacoeae = | ae 


since the integrand is holomorphic between C and the contour 
made up of y, y’, and AB described twice. 


Thus P,(0)= 2 | HVE I cos ¢)"d¢. 
0 
Since P,,(1)=1, we take the + sign: thus 
PAO=2 | (¢+V@—1 cos g)"d¢. 


Again, let €=cos 0, (0<0<7), so that A and B become the 
points (Fig. 50) e® and e~®. Then if, in replacing the path c 
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by the contour of Fig. 49, the arc AB of the unit circle is taken 
instead of the straight line AB, we obtain 
1 dz 
UI AS Far Ti | 0 —2zc0s 0+27) 
Thus, if z=e’, 


e- O+Dibdd 
P,,(cos 0) =— al o/(2 cos p—2c0s 0), 0 O<z, 


_ 2? cos(n+3)pd¢ i 
== | stone Seo by Heh 


Fic. 50. 


In this equation let @ and ¢ be replaced by 7—6 and 7—¢; 


then *™ sin(n+t)¢d¢ 2 
Ee Oo eee 2cos @)’ Cee 


Example 1, Prove 
(2+ 1)Pnsa(C) -(2n+1)CPr(C) +2 Pna(C) =O. 
Differentiate (1 —2¢+2?)1?=>'2"P,,(¢) with regard to z: then 
0 


(-2 


(1-2@4+272— ae P,(¢). 
Now multiply both sides by (1 -2¢+2): then 
Fa see POtH2PAO- APO} 

+ 3 2"{(W4+1)Pnai(Q) - 2n¢Pa(C)+ (2 - 1) Pra@}- 
But as 
zeta PMO+HPO- POH SP UCPalO -PalO}- 
Hence equating coefficients, we have 


(2+1)Pnsi(C)— (2a +1) CP. (C)+2Pna(Q)=0, (m=0, 1, 2, ...). 


Example 2. Prove Py(Q=F(n41, —n, 1, =) (Cf. § 36, Ex. 1.) 


(126+ 28) {(1 —2)t426(1— OP PaT {1g A 


oC a Gre 19-0 [ de iy 


a= be 1-2 
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Therefore, equating the coefficients of 2", we have 


Pat ee 2) ee ee 


+ EtG 16), (n+1)(2+2)( —n)(— met) (Ns 


NGA olkg? 
=F(n+1, ~n, 1,124), 
Example 3. From Example 2 deduce 
P,(Q)=(—1F ( 


47. Expansion of cotz in a Series of Fractions. The 
function cotz/(¢—z), where ¢=(n7z, has simple poles at € and 
nm, (n=0, +1, +2,...): the residues at these points are —cot € 
and 1/(¢—7r) respectively. 


os) 


Now consider the integral |x dz taken round the rectangle 


ABCD (Fig. 51) of sides a= +(n+1/2)z, y= +b, where 1 and 
b are chosen so that € lies within the rectangle. 


X=(nt+%)w 


-(n+\)m | -a7 


t3-(n+"h)w 


Y 
Fia. 51. 


To each point z on AB or BC there corresponds a point —z on 
CD or DA: therefore 
| cot zdz__ 


aBopa $—% 


z d = t eed dz 
where I,= Vo eee z, I= mace comer: ; 
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On AB, z=a+7b; therefore 

eo ee? e+e” fae 

eb _¢ eae? Les 
(n+1/2)7 Tte-% Idea 

Henee |T,|=| a 
Corre fee 

To avoid discontinuous values of the integrand, we choose 


b>r; then 


(cotz| =|4 ee |= 


>, where r=|¢|. 


eee te Or dx 1+e-% Wr 
r= T—e-2 J. e+e le pa” 

Therefore Lim I, =0. 

ba 
Again, on BC, z= —(n+1/2) r+7y, so that 

ley—e 
[cot 2|=|—tan ty|=|— | ea 
2r dy 


b 
Hence WE) sea 1/2)? — 7’ 


where 7 is chosen so great that (n+ 3)7 >r. Thus 


|1:|S ie a = - 7 
l=) FF r@ripye—r ot lpr} 
Therefore Lim I, =0. 
n—>o 


But | cote de _ oni(—cot 6+ >) 


ascpa $—2% << (a) 
= 2ni(—cob 645+ Date) 


Sl 1 : 
and a mere tends to a definite value as tends to infinity 


(§ 43, Example 2). Accordingly, when » and b tend to infinity, 


we have ss 
saeel seas a: 26 a 


n? 7? 


and therefore cote= z+ 2 @ 


—n? 7 


Example 1. Shew that cosec?¢= ae 
=((-n 


Example 2. Integrate Ge oe round the contour of Fig. 51, and prove 
—z)sinz 
cosec ous > (=1)"2¢ 


nai @ — p27? 
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48. Mittag-Leffler’s Theorem. It is possible to construct a 
function which shall be holomorphic except at isolated simple 
poles a,, 4, 4s, ..., these poles being arranged in order of ascend- 


ing moduli, eee that, for some integer n, the series a fa, 
is absolutely SONI EO 


Consider the series Dyer), where 


gn 2 gr-l 1 


w,(2)=— ores 


Sj =I —e 
Ube Oye 2Z— Cy 


Let C be the circle sane where R<|ap41|; then, for all 
Sat z in the region bounded by C, 


|z1- é == rae] Zi where pol, 
sf r p+1 
and feat ee: .... Therefore 
: _— k-1 1 
|e(2) |S (r=pt+l, p+2, ...). 


Hence, by Weierstrass’s M Test, the series >) w,(z) converges 
pr 


absolutely and uniformly in the region bounded by C. 


Accordingly, the series dyenle) represents a function of the 


required type in this soit But R can always be chosen so 
large that any assigned point lies in the region: hence the series 
represents a function of the required type. 


Corotuary 1. If f(z) and ¢(z) are two functions with simple 
poles of residue unity at @,, dy, ds, -.., f(2)— (2) 1s holomorphic 
at all finite points, and is therefore an integral function. Hence 
any function of this ee can be put in the form 


2 g- 2 


SG ae +a 3) +6@), 


where G(z) is an integral function. 


Z— Uy 


CoroLuary 2. If the ee 
2. ] gn- =) 
Ds See ot, ae a ieee 
is differentiated p—1 times, a function is obtained with poles of 
order p at the points @,, Gy, Ws, --. 
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Note. These functions have all essential singularities at in- 
finity, since there is an infinite number of poles exterior to 
every circle | z|=R, (§ 22, Theorein 1, Cor. 2). 


Example 1, Since the series ¥ 1/r? is convergent, the function 


r=1 


is holomorphic at all points except 1, 2, 3,..., where it has simple poles. 
Example 2. Shew that 


cot 7z=— 2+ ( “ +2), [Use § 47.] 


2—2T 


+a 
Weierstrass’s Zeta Function. If >) >)/1/0? is the absolutely 


convergent series of §37, where Q=2mo,+2n,, then, by 
Mittag-Leffler’s Theorem, 


1 xe A 1 
peace tate) 
is a meromorphic function with simple poles at the angular 
points of the network of Fig. 42. This function is Weierstrass’s 
Zeta Function, and is denoted by €(z), (cf. § 75). 
The function is odd. For, if the order of summation is 
reversed ; i.e. 1f m and m are replaced by —m and —n; then 


A 


forse BE Grae) 
Hence (-a=-t! +> (Ss - 4) }=-€@) 


Weierstrass’s Elliptic Function. Differentiating the Zeta Function, 
we have 1 He 1 1 
— = / ee 
&(2) gt Qo (aap af 
This is Weverstrass’s Elliptic Function e(z), (cf. § 72), so that 
p(2)=— £2). 
It is holomorphic except for poles of the second order at the 


points 2mw,+2ne,, where m and n take all integral values. 
Since ¢(—z)=¢(z), e(2) is an even function. 
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49. Infinite Products. Let P,, denote the product I w,, where 


the w’s are complex quantities no one of which is reno: Then if 
the sequence P,, P,, Pj, ... tends to the non-zero limit P as n 
tends to infinity, the infinite product IIw, is said to converge to 
the limit P. If P is zero, the product is defined to be divergent. 
(See App. I., Note 4.) 


Tf Iw, is. convergent, Limw,=1; for w,=P,/P,-,, and P, 
rol : n—>o 


and P,,_, both tend to the limit P. 
THEeorem I. If the series S= S’w, is convergent, the pro- 
(os) u 
duct Ile’» will be convergent and will have the value e§, 


For, since the exponential function is continuous, an y can be 
found such that, if 


Hence IIe”» converges to e°, 
ah 


Unconditional Convergence. If the series Xw, is absolutely 
convergent its value is independent of the order of summation 
of the terms, and therefore the value of the infinite product 
IIe’ is independent of the order of the factors. When this is 
the case the infinite product is said to be Unconditionally 
Convergent. 

Example. Shew that, if the series Sw, is absolutely convergent, the 
product TL(1 +2.) is unconditionally convergent. 

[Use Hzample 3, § 36.] 

THEOREM IJ. If the terms of the series S(z)= d)wn(z) are 

1 
holomorphic in a given region, and if the series converges 
uniformly in that region, the infinite product P(z) = Ile”*© will 
be holomorphic at all interior points of the region. 


For S(z) is holomorphic at all such points; hence P(z)=e is 
also holomorphic ($15, p. 30), and its logarithmic derivative is 


given by PG) as@) IS. 
Banas Save 
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50. Weierstrass’s Theorem. It is possible to construct an 
integral function with zeros of the first order at the isolated 
points a, @,, ds, ..., these points being arranged in order of 
ascending moduli, provided that, for some integer 7, the series 


>) 1/a,” is absolutely convergent. 
r=1 


1 t—~ a 
Let WG) = ah antag lg ae (= i. my. Sea 


Then the series >)w,(z) converges ($48) absolutely and uni- 
pth 

formly in the region bounded by the circle |z|=R, where 
R <|ap4,|. Now let 


— : e\de= o — fe ee : ae 4 
W@)=| w,(2z)dzZ = {log (—: =) +2 als a g+-. | BE oe a,r1f? 


(r=p+1,p+2,...), where the path of integration lies in the circle. 
Then the function >)W,(z) is holomorphic in that region and 


pti 
therefore (§ 49, Theorem II) so is the infinite product II eW,@, 
Hence the function p+ 


o Zz en-1 
IL {(1 —2)¢ +5 ote +554 1 a,nr-d 
1 Cy 


is holomorphic in the circle, and has simple zeros at the points 
Can nsncre et lige 

Now R can be chosen so large that the circle includes 
any assigned point; hence the theorem holds for all finite 
points. 

Again, let f(z) be any function of the required type. Then 
if (2) denotes the infinite product above, f(z)/¢(z) will be an 
integral function without zeros, and will therefore (§ 42) be 
expressible in the form e¢@, where G(z) is integral. 

Accordingly, the most general function of the required type is 


2 ee leas 
eF@TT {(1 fast =) Pau aft ty Tonal 
1 Cy 
oo Belle led 
or e&@zJI (a =) nee er es eS | 
1 Cy 


if there is a zero at the origin, 
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Example. From Example 2, § 48, we have 


+00 
cotz—+= al ! = = 


2-NT Ni 


z +0 2 
Hence [ (cot2—1)ae— 3h (. L tin) 
/0 Zz =o) 2—NT NT 
oP ie sine pad a ( ee 
re » log : nT +i}. 
Therefore sin z=z i’ {(1 = 2) eel il ae a — 
ie nr i) 1 nx 


Note. Wecannot put sinz=zII'(1 —z/nz): for, since the series {1/(z—n7)} 


is not convergent, the infinite product is not convergent. 


The Gamma Function. We define the Gamma Function I'(z) 
by means of the equation 


ror {(1 +2) emt, 


where y is Euler’s Constant. The expression on the right-hand 
side of the equation is integral, and has simple zeros at the 
points 0, —1, —2, —3,...: thus I'(z) is holomorphic except at 
the isolated simple poles 0, —1, —2, —3, ..., and has no zeros in 
the finite part of the plane, (cf. § 61). 

The Sigma Function. The method employed in the proof of 
Weierstrass’s Theorem, when applied to Weierstrass’s Zeta 
Function (§ 48), leads to the integral function 


z TI’ 10 — 5) an a , 


with simple zeros at the points 2mw,+2nw,, where m and n 
take all integral values. This is Weierstrass’s Sigma Function, 
denoted by o(z). By logarithmic differentiation, it follows that 
o’(z)/o(z)=€(2). As in the case of the zeta function, it can 
be shewn that o(—2)= —a(z), so that o(z) is odd, (cf §76). 


EXAMPLES VI. 


1. Shew that the series 
hw a ol i call 
2 Ile+l 21242 3l2+3 
represents a meromorphic function with poles at the points 
Ome tye Oe 


4 Pa6e 
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2. Shew that the series Se"/n! represents a holomorphic function at all 
0 
finite points of the plane, and deduce that 
ad 
aos? (2) =exp (2). 


2 dz Ze 
3. If|z|<1, prove Riper alae 


4, If z, lies within the circle of convergence of the series c,(z—a)”, 
oO 0 
shew that the Taylor’s Series for the function at z is Dc,/(z— 2)”, where 
0 


< N+P - 
Cy = case SE} (z;— a)". 
5. Prove that the residues of e? at the origin and at infinity are both zero. 
6. Shew that, if A and Bare the residues of e'/?z"/(1+z) at z=Oandz=a 
(i) A+B+(-—1)"e!=0 


(ii) A=(-1)""? oe Ge a 


Late H(- Igy 


7. Shew that the residue of e*log (2 4) at infinity is (e* — e*). 
ae 


8. Shew that 


F (a4 +3x?+1) cos x =2( 2 ) -G x 

(i) iP (Apart iP dx= 5 1+75 cos (4) ; 

wy [ar(x2-+1) sine = (14 aN -Y 

(ii) if (Atal +1? Ope +73 ? sin (3). 
[Integrate e#/(2?+2z+1) round the contour of Fig. 33.] 

T 
9. If a>0, prove [" 4 Gia Fas" 
dé Qa, 


10. Ifa>1 fe _ ora 
eee 0 (4+cos0)? (a?—1)%? 


ll. Ifa>6>0, shew that 


** sin?@d0 QI 
pe es- Be (a- Va? — 6), 
12. P a dar 2, re wdx x 
rove +1) = 13. Prove Geri 


14, If a@and 6 are positive, shew that 
ie en) 
—0 (wv? + 6?) (2? +02)? 2a%b(a+ by” 
15. Shew that, if m=0, 
“cosmada ar sip 
Cs pel +m)e™. 


16, Shew that i cos! x da =7 (143%, 


+222 — 
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17. Shew that, if @ and m are positive, 
* sin? maz dx moe 
[ P(t atP Bas” 2ma(Qma+3)+4ma—3}. 
18, If —24r<e< 2r, prove 
iS cosh cx ae c 
0 cosh?ar ~  Qxrsin (c/2) 


oer round the contour of Fig. 33, and shew that 
(aten ede (xsintedr 
| ays a =§ (V2 -1). 


19. Integrate 


(1+222) ~ Jo (+02) 
2 Log z 
20. Integrate tar? where 0<ampz< 27, round the contour of 
Fig. 38, and shew that 
[Me e8 dean SNeae me 
0 (l+z) > bb A+sy 2 
Sgt wey 
fa | ne . . see 
21. Prove | ca ane . 
Fed-7"| = sno 
ae n=0. 
ge sinh 2a 
ree: oe a : 
gerOre a ole part ba? cosh 2a — cos 2z 
23, Prove coth2="+ 3 ei 
2 1 z 22 22 
d ded =— - Seas 
ee ha G-e* 2 P+mt P44 249087 
=) pound 


24. If 2 is a positive even integer, prove, by integrating TR, 
a suitable contour, that (2+ 1)sinz 


i sinnsz dx e"—1 
= ais 
o sing 2+1 ~ (e?—1)e"— 


whe eS il 1 
25. Prove cosec g=—+ 2(- uy(. ae = | 
iets Zn NT 

26. Construct a function f(z) which is holomorphic except at the poles 
z=+1, +2, +3,..., and is such that f(z)—zcot az ae to zero at each of 
these points. vO 1,1 ye aire ar 

Ch oe 

27. Prove cose=it {1} 

i 1 (22 —1)?zr? 5; 


Ai {(1- 2.) em} 


+o OF eae ‘ 
pas ara eae Ga-De | 
wikt Grysht 3 


28. Shew that tanz= 
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29. Prove that, if |z| <1, 
1+2)(1+2)(1+)(1+2)...=1/(1—2). 
30. Verify that: 


(i) cos2 cos 2 cos See 
a ee 28 Zz 
Us 1 
(ii) stan 2 pion n = +5, tan + =-—cotz 


(n +4 )(%+a9)...(m+ ax) 
(n+ b;)(m + by)...(n + br) 
the product Teo, i is convergent provided k=/ and Za= 2b. 


31. Prove that, if w= 


32. If |z| <7, shew that 


Zz 2 Za 6 
108 (34)-H2 cae Brn a at 
1 1 


Jan + 520 stant. 


where H.,= 


Deduce that, if 0<|z|<z7, 


1 Z 2 a 
cotz=— - 2H — 2H - 2Hea 


[cH. WI 


CH. vit, § 51] 


CHAPTER VII. 
VARIOUS SUMMATIONS AND EXPANSIONS. 


51. Expansions in Series by means of Residues. The theory 
of residues has been applied in § 47 to the expansion of various 
functions in series of fractions. The following theorems enable 
us to shorten this process considerably. 


THEOREM 1. Let z=Re® lie on that are of the circle z|=R 
for which 6,=0=8,, and let zf(z), as R tends to infinity, tend 
uniformly to the limit K, a constant, at all points of the are, with 
the possible exception of the points for which a—e=[O=a+e 
(e arbitrarily small). Also let |zf(z)|=M, where M is finite, at 
all points of the arc. Then 

Then IP Faya7 210. 0) K 
Row 4 0) 


For (Theorem I. § 30), 
2) 


Tae ies ro) de+| HO dz| Cee ie 


Ro 6; ate 


and 


ate 
| f(z) dz | = 2eM. 


62 
Hence | Lim {{ fle) dz} ~i(0,— 6) K |= 2e(|K|+M). 


Ro 0; 
4. 
Therefore Lim | f(z) dz=1(0,—6,) K. 
R—>o 6, 


The theorem also holds if there is a finite number of excep- 
tional values of 6 such as a. 
Example. Integrate f(z)=e#/z round the contour of Fig. 52, consisting 
of the positive w and y axes and quadrants of the circles |z|=R and | Z| 
On the large circle, if «= 0=7/2, zf(2)|Se-®™*; so that 2(z) tends 
M.F. H 
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uniformly to the limit zero as R tends to infinity. Also, for all points on 


the quadrant |ef(c)|=e-Bsi0° <1, 
i 6=n/2 y 
Therefore Lim f(@dz=0 
R->o J@=0 
e —e- 
Hence is - ve = im =0; 


so that, if the real and imaginary parts are equated, 


sc) —x% 
cos 47 —@e sing 7 
| Sear — 0, fi: =~, 
0 2 (i 82 2 


Fia. 52. 


Lemma. The function cot rz has simple poles at the points 
0, +1 +2, .... Let these poles be surrounded by circles of 
radius 7, where r<(1/2; then a positive quantity M can be 
found such that | cot +z |= M for all points exterior to these circles. 

For (Examples III., 11), | cot 7z|=|coth ry|: hence, if 

y=a, (a>0), or S—a, |cot rz|=coth wa. 

Now consider the region (Fig. 53) between the rectangle of 
sides a= +1/2, y=2a,(a> 1), and the circle |z|=r. In this 
region, since | cot 7z|=cosh 7y/,/(sin*7ra@+sinh2ry) 

|cot 7z|=cosh ra/sin(rr//2) if wZr//2 or =—r//2, 
and | cot rz|=cosh ra/sinh(rr//2) if yZr//2 or S—r//2. 

Accordingly, since unity is a period of cot 7z, | cot 7z|=M 

where M is the greatest of the three quantities 
coth 7a, cosh 7a/sin(7r/./2), cosh 7a/sinh (7r/,/2), 


for all points of the z-plane exterior to the given circles. 
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We leave the reader to prove that analogous properties hold 


for the functions: sec 7z, cosec7z, tan 72; 
ev2 er? 
cosrz sinrz cosrz sinrg e%+e-% ¢e%—e-% 
cos7z sin7wz sin7wz’ cosme e%—e-% em —e-m’ 
where —7r7=r=7. 


, where 0Sr=7. 


Fia. 538. 


THEOREM 2. Let f(z) be a meromorphic function, and let 
R,, R., R3, ..., be the radii of a series of circles with the origin 
as centre, no one of which passes through a pole of f(z), and 
such that Lim R,=o. Then if, as m tends to infinity, zf(z) 


n—>o 
tends uniformly to the limit K for all points z=R,e® such that 
6,=0=86,, with the possible exception of a finite number of 
sets of points a—«=O0=a+e, and if |2f(z)|=M for all points 


on the arc, 


n—>on 


2 
leas | Aye OU 
6; 


The proof of this theorem is identical with that of Theorem 1, 


except that Lim is replaced by Lim. 


R—o Aw 


Example 1. Let f(z)=cot7z/((—z) and R,=n+1/2. Then, since 
Lim eot7z= —1, Lim cot rz=7, 
yo Y—>—a 
it follows that Lim zf(z)=7 if e=0=7-€ and Lim z/(z)= --vif 
a m+eSGZ27-«. hs 
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Also, by the Lemma above, |z/(z)|=M at all points of |z[=R,. Hence 


and therefore, as in § 47, 


tee ILE 
a cot r(= et = Gan 
Example 2. If 0<r<1, prove 
Gee ll > 22 cos 2awrr — 4n7 sin 2nar 
iN BG a? + 4n2ar? 


52. Summation of Series by means of Residues. Since the 
residue of 7 cot 72 at each of its poles is unity, 


S io= oe |, a cot (12) f(z) dz— 


where C is a contour enclosing the poles m, m+1,..., ”, of 
cot 7z, and no others, f(z) is meromorphic, and = denotes the sum 
of the residues of z cot (7z)f(z) at the poles of f(z) within C. 

Similarly 

5 soja | Oe wa fede», 
where >’ and >” are the residues of 
Qari f(z)(em™™—1) and 271 f(z)/(1—e-*) 
respectively at the poles of f(z) within C. 
lo eee 

“ (a@+n)? sin®arar 

[Integrate 7 cot rz. (v+z)~ round the circle |z|=R,=2+1/2, and make 2 
tend to infinity. ] 


Example 1. Prove 


Example 2. If a is positive, prove 
e-Tanvt—_—_ BS e-mn®/a, 
* Va *2 


Integrate e-~74"/(e2mz_1) round the rectangle of sides v= +(m+1/2), 
y=+1. Then, when m tends to infinity, 
5 [C e-m7a(xct+iPrdyr it e-ma(x-iP dy 


-Tan?— — i A eel Saas ee eS ee 
ze _ emetj—T "J, em@-)—1 


+2 

= / e- rari sy + e2ni(ati) +4 edmi(xtd)+ ,.bda 
2 

ll e-ma(e-iP fe—Ini(a-i) 4 e-4mi(e-) +. tday 


% +20 

= Se-wrie | e-ma(x+i- nilade+ Se- vain [ e—7a(x—i+nilalr dy 
° —2 
1 


+o 
GC DSe-7/a, (Examples IV., 21.) 
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n—-1 
Example 3. Gauss’s Sum. Let S,= > T,, where T,=e27ir/n, Then 


l= 1,5) 80) that S,=2>,,, where >, stands for 4T)+T,+... + Tea or 
4T)+T,+.. teats aT» n according as 7 is odd or even. 


Now, S,-1T, or S,- 3-3 Typ, as the case may be, is equal to the 
integral of e?n4/n/(e2mz_1) taken round the rectangle ABCD (Fig. 54) of 
sides x=0, x=n/2, y= +R, indented at O and n/2. 


Fic. 54. 
Qriz2/n dz n/2 e—4rRa/n n 
But i Connell’ [ LAS ee 
cp eamiz— 1 [—e-2R°” < ER 
e2ni2|n | Pe e4nRa/n n 
and ——— d; —— —— 
— (ale oem ae 


so that both of these integrals vanish when R tends to infinity. 
Again, when R tends to infinity, the sum of the integrals along the 
straight parts of DA tends to 


2 e-2riy®/n = g—2rriy?/n ; 
ey es SIRS e72riy?, 
if {ot hay=i[ y ln dy 


Fee io} i) 
=% V2{f cos ata — i | sin 2tda} 
2a \Jo 0 


=(1+2)Nn/4. (§ 30, Example 5.) 
Similarly, the integrals along the straight parts of BC give 


(7? etri(n/2+iy)2/n © 92ri(n/2 -iy)??/n : 
2 See SSS = 738241 e2riy?, 
I ( = 1yte-2my = py tty, = Lyrerny — {w= y3n f ariy Indy 
=71"(147)Nn/4. 


Finally, the integrals along the small semi-circles at O and n/2 give —$To 
and —}Tn/2 or —}T) and 0, according as n is even or odd. Hence 


=a 400 +i) 
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Another Summation Formula is 


xe A= | a cosec (772) f(z) dz— 


Q70 
where C is a contour enclosing the poles m, m+l, ..., ”, of 
cosec 72, and no others, and } denotes the sum of the residues 
of 7 cosec(7z)f(z) at the poles of f(z) within C. 


Example. Shew that, if a is any non-zero real quantity, 


1 s n 
2 ( ie eman — enman as 4rra - a? = ( = 1) emma wad enna 


Note. If a is small, the second series converges rapidly, while the first 
converges slowly. 


53. Roots of Equations. The following three theorems lead 
up to the proof of Lagrange’s Expansion. 


THEOREM I. If ¢(z) is meromorphic in a simply-connected 
region of boundary C, then, with the notation of § 31, 
=r— Xs = AP/27, 
where A® denotes the total increment of amp {¢(z)} when z 
describes C positively. 


$ (2) 
For Br-Beage, | 1 de= 5 Alog o@), 


where A Log ¢(z) is the increment of Log ¢(z) when z passes 
round C. Hence, if ¢(z)= Re’, 


1 1 
ir—2s=5 - AlogR+5— Ae. 


But Alog R=0, since log R is uniform on C; therefore 
Lr — Xs = Af/27r. 


THEOREM II. Let f(z) and ¢(z) be holomorphic in a simply- 
connected region of boundary C, and let f(z) be non-zero on O. 
Then, if | $(z)+/(2)|<1 for all points on C, f(z) and f(z)+4(z) 
will have the same number of zeros within C. 

For, let w=1+¢(z)/f(2); then, as z describes CO, w describes a 
closed contour in the w-plane about w=1, not enclosing the 
origin, and amp w returns to its original value. 

Hence the increment of amp {f(z)+¢(z)} is equal to the 
increment of amp {/(z)}; and therefore, by Theorem I. these 
two functions have the same number of zeros within C. 
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TaeoreM III. If f(z) is holomorphic for |z|< 7, and is not 
zero at the origin, a finite quantity p can be found such that, 
if |w| =p, the function ¥(z, w)=z—wf(z), regarded as a func- 
tion of z, has one and only one zero in the cirele 2 ="’<r: and 
_ this zero is itself a holomorphic function of w for |wl=p. 

For, let p be chosen so that, if |z|=7’, 


Ve WW, 0)|=|ufle) <r, 
provided |w|=p. Then 
(2, w)—W2, 0)| 
ae 
so that, by Theorem IL, if |w|=p, W(¢, w) has one and only one 
zero, ¢ say, within |z|=7". 
~ Now, the peu 


ae aes 1 i 1—uf'®) 4, 
oa uD ae ~ Qari)” z— wf Be 

taken round |z|=7’, is a holomorphic function of w (§ 34). But, 

if |w| =p, this ee has the value ¢ (§ 31, Corollary 2). 

Hence ¢ is a holomorphic function of w for |w|=p. 


Corotuary. If F(z) is holomorphic for |z|<vr, F(€é) is a 
holomorphic function of w for | w|S p, and 
= — wf (2) 
FO)=55|F@O pean 
where the integral is taken round |z|=7’, (§31). 


54. Lagrange’s Expansion. The results obtained in Theorem 
III. of the previous section can be stated thus: let f(z) and F(z) 
be holomorphic for |z|<7, and let f(z) be non-zero for z=0; 
then, if z denotes that branch of the function of w given 
by z=w/f(z), which vanishes when w=0, a finite region | w| =p 
of the w-plane can be found in which F(z) is holomorphic. The 
Taylor’s Series for F(z) in this region can be found as follows. 

Let C denote the nee |z|=7'; then 

—w 
FQ)=92,| FO ae” 


=s4). F(e)(1—wf'@)}| 2+ BE ...|ae, 
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since | wf(z)/z]<1, | 
= 55) det >4) re[-E{y ]# 
2. fae si dfn FO 
Sy 


2 
Qrido 2 Q77 
pro Fa 


Zz 


I 


=F) +>] SF OVOM|,, ($35), 


gr 


since all the integrals in the first series have the value zero, 
(§ 26, Cor. 8). 
In particalar, if F(z) =z, 


= >2 | ation | . 


nN 


These are the well-known expansions of Lagrange. 
If the origin be changed to the point —€, and ¢(z) be written 
for f(z—), these expansions become 


FO)=FO+ > Si gem OHO] 


00 n n-1 
and 16+) lOO)" 


where z is that root of z=¢+w¢@(z) which has the value ¢ 
when w=0. 


Example. Shew that the root of 2(1+z)"=w, which is zero when w=0, 
is given by 


ates m ae uae +1) a 4m (4m ee +2) eee 
Rodrigues’ Formula for P,(§. If z is that root of 
2=€+w(2?—1)/2, 
which has the value ¢ (¢ +1) when w=0, 


7 2 wr dr-1 C1 n : 
eS ODD n! ree 2 ) ; ©) 
Before differentiating this series with regard to ¢ we must 


shew that a region can be found in the ¢-plane in which the 
series ig uniformly convergent. 
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Let ¢ be replaced in the expansion by A=ik, where k 
is real and positive; then it follows from the theory of 
Lagrange’s expansion that a value of p, say p=p,, can be 
found such that the series 


wr d™-1 /,2—1 
a, n! ddAn- ae 2 I 
is absolutely convergent if |w|=p,. Accordingly, by Weier- 


strass’s M Test, since 
qn-1 C1 n fe qd7-1 eat 
elo) Shara gf 
provided | ¢|=k, the series of equation (i) is absolutely and uni- 


formly convergent in w and ¢ for |w|=p, and for |€'=k and 
k can always be chosen so that |¢|<k. Hence (§ 43, Th. 3) 


2 ww" ff (Gey 


Cy 
on Fe nt dé” 2 


_1-Y(1—2éw+w?) 
w ? 


Now 


where that branch of ,/(1 —2¢w+w’) is taken which has the value 
1 when w=0; therefore 


a . n 
Ae aay as (§ 46) 


ee equating the coefficients of w” in the two expansions 


for 2, we have Rodrigues’ Formula, 


ae 


dl” 
Oe 


By differentiating the product (¢?—1)"=({-1)"(¢+1)" n times 
it can be shewn that the formula is also true in the exceptional 


eases (= +1, 
CoROLLARY. 
CH ate aaah 
PAO = seen 3a aT}S 


n(n—1)(n—2)(n—8) ne Wicks 
+3 4.an—1)K2n—3) § ae 
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1 
Example 1. If m#n, / (a) ib, (cae; 
=a 


For let m>n: then, by repeated partial integrations, 


| 1 qm ; q*tt 4 l nol 
[Pal @Pa(elde= serena | goer OD" Zoore (#1) 


=i NE qn 2 
=p f Sey Be yae 


==) 


Example 2. Shew that i P,2(a) dx = 2/(2n +1). 
=i 


As in Example 1 we have 


[ P2@de=§ oT [ety Se ya 


mn)! 
=gir(uip | 1-2 
n)! 4 
ae is é"(1-)"dé, where w=2€-1 
2(27) ! 


2 
= (n 1 Biat+ its M+ l= sal i 
Example 3. Shew that 
Go A,P,,(2) + An-2 P,,-2(z) + (As 1 ore ? 
where An=2"(n!)?/(2n)!. 
Example 4. Shew that : 
1 
(i) i, z™P,,(z)dz=0, where m<n3 
= 


gn+l(n 1)? 
Qn+1)! 


(ii) ie Zea (2)\da— 


55. Analytical Continuation. If f(z) is holomorphic in a 
region S, if ¢(z) is holomorphic in a region S’, which includes S, 
and if #(z)=/(z) for all points of S, ¢{z) is said to give the 
Analytical Continuation of f(z) in the region 8’, 


For example, the function JO= > 2 is holomorphic at all 


0 

points within the circle |z|=1, the function ¢(z)=1/(1--z) is 
holomorphic except at z=1, and ¢(z)=/(z) within|z =1. Thus 
(z) gives the continuation of f(z) over the rest of the plane. 


Example. If f(2)= 31/2", over what region is f(z) holomorphic, and what 
1 
function gives its analytical continuation ? Ans, Outside |z|=1; 1/(2—1). 
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The following theorems are useful in determining the ana- 
lytical continuations of functions. 


THEOREM I. If a holomorphic function f(z) and all its deriva- 
tives vanish at a point a, f(z) and all its derivatives will vanish 
at all points in the domain of a. 


For f@)=Serle—ay", where ¢,—=7 (a avn = 0) 1,°2,”..:)s 
0 


thus ¢,=c;=¢,=...=0, and therefore f(z), f(z), f’(2),..., all 
vanish at all points of the domain. 

CoroLuary. If two functions and all their derivatives are 
equal at a point a, and if they are both holomorphic in a circle 
of centre a, they are equal at all points of the circle. 

For the differences of the two functions and of all their deriva- 
tives vanish at a. 


THeEorEM II. If f(z) and all its derivatives vanish at a point 
of a connected region E in which f(z) is holomorphic, f(z) will 
vanish at all points of EK. 

Let A (Fig. 55) be the given point, and P any other point of 
EK. Leta path AP in E join A and P, and let d be the shortest 


| | 


4 


| 


Fia. 55. 


distance from any point on AP to the nearest singularity of 
f(z); so that the domain of any point on AP must be at least 
of radius d. On AP take successive points A, P,, P,, P3,..., - 
such that each lies within the domain of the preceding point. 
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They can be selected so that, after a finite number of steps, a 
domain is reached which contains P (e.g., take 3d as distance 
between consecutive points). Then (Theorem I.) f(z) and all its 
derivatives vanish at P,, P,, P3, ..., and therefore at P. 


CoroLiary. If two functions and all their derivatives are 
equal at a point of a connected region in which they are holo- 
morphic, they are equal at all points of the region. 


TuHeoreM III. If two functions f(z) and ¢(z) are equal at all 
points of a line L in a region E in which they are both holo- 
morphic, the functions are equal at all points of E. 

For, if the points z, and z, lie on L, 


iS I (2) — f(A) Sige p (22)— o(% ) 
2g 4_— 2 tq >ky Zo — % 

Thus the first derivatives of f(z) and ¢(z) are equal at all 
points of L. Similarly all the other derivatives of f(z) and ¢(z) 
can be shewn to be equal at all points of L; and therefore the 
functions are equal at all points of E. 

This theorem is particularly important, as it enables us to 
extend theorems which have been proved for the real variable 
to complex values of the variable. For example, let 


J(2)=sin?z+cos’z and ¢(z)=1; 
then, if we assume that the equation 
sin’'a+cos*e=1, or f(x)=¢(x), 
has been established for a real, it follows, since f(z) and ¢(z) are 


holomorphic for all finite values of 2, that S(2)=¢(2) for all 
finite values of z; 2. that sin?z+cos?z=1. 


aP,, (2) Gf eo (z) 
dz oo 
Since the zeros of 1 —2¢¢+(? are 7(14/2), the expansion 


Example 1. Prove nP,,(z)=z 


1 ~ nm 
MI= 3H MOS 
is valid if |¢| <2 —1. Hence the series of positive terms >| P,(2) |R, 
where R=0°4</2~—1, is convergent. : 
But, if |/z|==1, |P,(z)|=|P.(2)|, (§ 54, Corollary). 


Thus the series 


1 G3) 
MABE BH THO 


is uniformly convergent with regard to both z and ¢ provided |2|=1,|¢/=R. 
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Now differentiate with regard to z and (in turn; then 
z _— 


wh - "(z) €” = ¢ i = n--1 . 
a — 226+ eae =P n'( )¢ ’ (= 224 Ge TPPol)E 3 


so that ¢-O3P,Otr= CnP, (2 C. 
1 
Accordingly, if the coefficients of ¢” are equated, 
aP,,(z) a@P,-1(z) 
Pe) 
RS alee dz dz 

But the functions on both sides of this equation are holomorphic for all 
values of the variable ; therefore, for all values of z, 
pdbn(2) FP ralz) 

Mie) = Ee eae 


, where |z|<1. 


Example 2. If ze’*=w, shew that 
a(a—2b) a(a—3b)? 
ihe a eae a 


e*=1+aw+ Wty 


provided | w|<e—/|6|. 

[Apply Lagrange’s expansion for F(z)=e*. Since the series is convergent 
for w|<e™!/|b|, it follows, by the principle of analytical continuation, that 
the equation holds for that region.] 

56. Abel’s Theorem. A power series represents a continuous 
function at all points within its circle of convergence. If the 
series also converges at points on the circle of convergence, the 
following theorem shews that the region of continuity includes 
these points. 


THEOREM. If the power series Sout = (z) be convergent at 
a point z, on its circle of convergence, and if z be a point within 
the circle, © 

SS Gozo = Lam ¢(2), 
0 zm 

where z tends to z, along a radius.* 

Let z= p(cos 8+ 7sin @): then 

Cnet = ss Cnp"(cos nO +7 sin N60) 


D 0 
2 . 
= S*Cnpya” cos nO+14 > Capa" sin 00, 


where « = p/ po 


Hence it is only necessary to prove that if the series he 
0 


where On =Cn py” COSNO OF Cnpy” sin nO, 
ive} 


« . ei . . 
is convergent, the function ane will be continuous for 0=a=1. 
0 « 


* Of. Bromwich, Infinite Series, § 83. 
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Now let Tn, p =Onpi tage t «+: +Ontp 
Then for any particular value of n finite quantities H and h 
can be found such that H>r,,,>h, where p is any positive 
integer. Hence 
Dn gre” Ogg f+ + gy ptt? 
=i ee = CF 2, in. art + See +(Tn, —Tn, p10” 
=, ay fae gent?) + es PCr -o gente) Ee 
+ Tes (atte- eS nr?) = es ae 
SE (are — gnte + gent? nts 4 — - grtp-l_ ontp at racy 
i-O=7= 1, 
= Ha+!, 
Similarly, @44,2°t4+@y490"t2+...40,,,0°1? jhart, 
But an m can always be found such that | H |< eand|h|< efor 
n=m; so that |a,,,2"t1+0,,.0"+? +...+0,,,0%1? |< ex™t+1BZe. 
Hence the series converges uniformly for 0=a=1  Conse- 
quently the theorem is proved. 
CoroLiaRy. If the series converges at all points of an are 
of the circle of convergence, ¢(z) will be continuous on that are. 


Example 1. Consider the function 
* dz 
rendered uniform by a crosscut along the negative real axis from —1 to —o. 


NV; 


ale 
Ge 
Fie. 56. 


Let A and P be the points —1 and z respectively, and let the circle of 
centre A and radius AP cut OX in R (Fig. 56). Let the integral be taken 
along the path ORP: then fat 

20g AP 
log(1+2)= | 77 =los ato 


=log AR+7p 
where ¢ denotes 2 OAP. 
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Now, if |z| <1, log (1+z)=2-22/24+2/38-—..., 
and this series converges at all points of the circle |z|=1 except A, (Abel’s 
Test, $38). Thus it represents the continuous function log(1+z) in the 
region of Fig. 56, bounded by the circle |z|=1 indented at A. Accord- 
ingly, if P is the point z=e”, where -7 <0 <7, 


a 4) GS Ute reee : 
log (1 +2) =log (2cos Pig BO Soa gests 
so that, if real and imaginary parts be equated, 
cos20 | cos30 ( °) 
cos 6 — 9 ots —...=log 2.cos 5 ; 
: g in 20 , sin30_ a 6 Biches te 
sin 5 5 eo 3 


Note. @=0 in the first equation gives log 2=1—1/2+1/3-.... 


The two series 
c, cos 0+¢, cos 20+..., and c,sin@+c,sin 26+... 
of §38 are uniformly convergent in the interval e<@=27-—e, 
since | S,, | = Cm-+1 =< Cm+1 ; 
»P'= | sin $0 |=sin $e 


They can therefore be integrated term by term. 


Example 2. If —r=6=n, prove 
cos 29, cos 36 _ een 

22 ies Ailey Fae 

Example 3. If A, B, P (Fig. 57) are the points 7, —7, and z respectively, 
shew that, for all points of the region bounded by the circle |z|=1 indented 
at A and B, 


cos § — 


Fic. 57. 

1, AP eee a 
tae ae 9,108 Rpt 2(7 — APB), if -5<amp7<93 
——=4-at+e = 

Rg a ae ine APee © 5 3m 

Se “pp Ar L BPA), if 7 <ampz< 5 
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[cH. vir 


Deduce 14, it a me 
: m/4, if cos @ is positive ; 
(i) cos O— BO Oe 0 Ot cosi6=—O0F 
—7/4, if cos @ is negative : 
ie ON 6 
( rao ane sin 50 _ blog eot (7-8), if 3 <9<5 
ll) 8 5 sact= Ae 


Plog cot (5 — 7), if = 


EXAMPLES VII. 


1. Integrate +(e -«) round the contour of Fig. 52, and shew that: 


1+z 


© [ (rpa-eme)Z- 


2. Prove 


eer a eesOr 


tan z=2 >> 


1 (n— Tae e 
(Q2n—-1)r 


3. = Se ert SS 

3.- Prove sec Z z (-1) @—12yfrt—w 
1 ww 1 22 

Ake rs a gt a . P+ 4n ge 

5, If —7Sr=7, shew that: 


11 cos”  cos27 cos3r 


. Tr e+ e- 
(i) Qz eT — eT 


22 241' 244 249 
11 cosr . cos27 cos3r 


sis 7 COS TZ 
ees 
2 Sin 7Z 


22 2-1' 2-4 2-9 


§ If —7<r<z, shew that: 


72 4—7Z 
(i) 7T é e 


sing 2sin2r 3sin3r 


2 em — ent 


(ii) T SIN 72 


+1 244 ° 249 — 
sing 2sin2r 3sin3r 


2 sin 72 


7. Shew that 


Rea) g—A g2—9 


Bia tan oi? we 


8. If —b<a<b, shew that 


(i) Pf 
(ii) P i y 
ain of 
(iv) P ie 
(v) P i) ; 


sinaz dx _msinha, 
sin bz 1+a® Ysinhb’ 
cosax adx mcosha, 
sin ba ee 2 sinh b’ 
sin az a7 sinha 
cos bar mee ag 2 coshd’ 
cosax dx  mcosha, 
cos bv 1+22 2 cosh 6’ 
sinax xdx 
cos bx 1442 


= sinh a 
2 cosh b 
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9. If m>0, prove 


[ cos 4x tanh x a leg(coth mz). 


10. If a and bare real, and —-7<b<z, prove 
ie cosh bx __cosh(a/2)cos(b/2) 


cos ax da 
0 coshaer cosh a@+ cos & 


= 1 eel 


n=0% 


12. Shew that, if m is a positive integer, the root of z= ¢+wz"*! which has 
the value ¢ when w=0 is given by 


ez C+uemer4 AEE we Crmtloe 
provided |w|<m™(m+1)-™—| ¢|-™. 


(nm+2)(nm+3) ...(nm+n) 
n! 


wnrmtd gs 


13. Prove that the coefficient of 2’-! in the expansion of {z/(e*—1)}" is 
(—1)""". [Use Lagrange’s Expansion for w=e*—1.] 


14. Prove that the coefficient of z’—’ in the expansion of (1+2)?"—1(2+2)- 
is 1/2. [Use Lagrange’s Expansion for w=2(2+2)/(1+z)*, F(@)=log(1+2).] 


15, If mand 7 are distinct positive integers, shew that 
iL de 2 TPm TEES) ime 0. 


16. Prove pac im le one 


1 2n(n+1) 
2 . . 
Bie rove fe st Sa eNO ada (2n —1)(2n+1)(2n+3) 


1 1 3 1 
2P 20, ; 
18. Prove ike P,? (x) dx 8@Qn—1)* 4@nt1)* 8Qn+3) 


eLO een =(2n—1)P,-a(2). 


19. Shew that 


20. If |2w|<1/4, shew that 
(1—z)/§¥=1-—kw+ 


(k-3) , #b=4)(k—-5 
— ee ( a ae 


where w=2(1 —2). 
21. If |w|<e7, shew that 
2=1 404355 442 4 58 4 he 
where z is that root of logz=wz a has the value +1 when w=0. 
[In Ex. 2, § 55, put a=1, b= —1, z=log ¢] 
22. If n is a positive integer, shew that 
(cta="+na(z+by +... +°C,a(a—1b) (2470) +... Fala nb)" 
[In Ex. 2, §55, multiply by eS”, and equate the coefficients of 2”.] 


M.F i 
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23. If 0 is real and | 6| <e7!, shew that : 


2 3 
(i) cos 9=1—@sin O43, @? cos 20+2, 6 sin 30-5 6 cos 40-—... 5 


e 33 : 
(ii) sin 6= 6 cos O45; @? sin 20-5 6 cos 30-7 6 sin 40+.... 


{In Ex. 2, §55, put a=b=7.] 

24, Prove that, for all points within and on the circle |z|=1, 
ey B zt 

ye aoa ed eee 


(1+2) log (1+z)-z= 
and deduce that 


(i cos2@ _cos3@ , cos4 _ 
) 2 33 one ane 


=(1+cos 0) log (2¢0s 8) ~cos g—2sin 6; 


eee ce 
(ii) sin2@ sin36, sin46 _ oe Via 
eG ES I POET 
=sin 0 log o se 6+ 2 (1 +008 6). 
-p (oe 
ld he Qa = oa bra oe 
1 
ese (it eck round the contour of Fig. 33, and use Ex. 1, 
26. If —1/2<m<1/2, shew that 
20 2 2 
i) Sin me ato =} log see mr. 
27. Shew that, if O0<ampz<2z, 
ene 
log (1 —z)=log (1 +e7*"z)= oh ape 
Deduce : 
(i) cos Yee RE so —log (2 sin) : 
0<0<2r. 
(ii) sin 94228 ogee “> 6 ; 


Graph the functions represented by these two series for all values of 6. 
28. Shew that 
a ey 7/4, if sin O>0. 
sin 94+ +...=4 0, if sind=0. 
—7/4, if sin@<0. 


29. Shew that 


e See =p 
sin3@. sin5@ uy a = = = 


sin 0— —,— +5. = 


vir] EXAMPLES VIT 131 


30. Shew that, if —7/3<0<7/3, 


cos5@  cos76 cos116 Ta 
cos 0 — a a a +...= 33. 
31. Shew that the locus represented by 
sate el ieae 
»y sin nx sin ny=0 


n2 


n=1 
consists of two orthogonal systems of straight lines dividing the («, y) plane 
into squares of area zr”. 


32. Shew that the equation 


— sin ny cos nx =0 
represents the lines y=mz, (m=0, +1, +2, ...), together with a series of 
ares of ellipses whose axes are of lengths 7 and 7/43, placed in squares of 
area 7”. Draw a diagram of the locus. 


33. If (OA D= > S Wes sin nz sin ny sin nz, 
n=1 n 


shew that, within the octahedron bounded by the planes +v+y+2=7, 
L(Y; 2) = ry2/2. 
2,6(-1)"1+3V3 


rr = 


shew that, for 0<6<~7/6, r=2a cos(6+77/8). 
Graph the curve for values of 6 between 0 and 27. 


cos 6n6, 


35. If w=z(1+2), and the principal value of tan~!z is taken, prove that 


4 v3 6.7w® 8.9.10 uv" 
it Cy Peace ae 


tan-!z=w— 
provided | w|< 23. 


36. Shew that the two functions 42+tanz each possess only one zero 
within the unit circle. 


(CH. VIII 


CHAPTER VIII. 
GAMMA FUNCTIONS. 


57. The Bernoulli Numbers. The Bernoulli Numbers B,, 
B,, B,, ..., are defined by the expansion 
uate = - a ae Ba 2: 
Bot an 2a aro 
considered in §44. Their numerical values can be found by the 
method established there; thus 
B, =% B, =s0 B, = . 
From the expansion it follows that (—1)""!B,/(22)! is the 
residue of 1/{2?"(e7—1)} at z=0. But (Theorem II, $51) 
dz 
Lim ie 
ES As 2" (er — 2n(e— 1) 


where c, denotes the circle |z|=(2v+1)z. Therefore 


A 1By, pi ; 1 Oy oe 2 
(“Gay 2 Genie 6" 2 Gre 


(2n)) So) 
ae Bn 5 (2a)-% 2 2n" 
Example. Shew that Lips lel _@ 
ple. ee 


The Bernouwllt Numbers as Definite Integrals. If x is positive, 
Spmen tte M4. pe -Mme pa mw cot (mz).e-“% dz, (§ 52) 
ae Cc 


where C denotes the rectangle ABCD (Fig. 58) of sides «=0, 
x=b=n+1/2, y=+R, indented at O. 

The integral of (1/27) cot (7z).e-* along the small semi-circle 
tends to —4, ($30, Th. 2). On the contours ECDF and GABE 
replace (1/22) cot (7z) by 
1 


a 2 a i | and 2 ae Gay e272 
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respectively. The integrals arising from the terms —} and +4 


tend to 
- af e-*dz and 1 e~% dz 
ECDO OABE 


respectively. But, since e~” is holomorphic in the rectangle, 
each of these integrals is equal to 


b 
if eo a. 


0 


Fic. 58. 
Thus we find 
Sy=[ emde—3+] — ) idy—I,+l,, 
where = ie See i dy, 
Now L=- 2eracrsii | ae sat dy ; 


R 
so that IT, <2e-aerrf o-2rv dy = Le-aemtip (1 —e-?78) 
0 Tv 
ae 
<= a(n+1/2) 
ae 


Hence Lim I, =0. 


n>o 
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: y) a Ea OA 2 Ny 
Again, Li<aer | ¢ Bere en =" > 
2 

<KGEO) 

Hence Lim I,=0. 
R~>o 
age aed rae et 
Accordingly 2H ~ 5+], | db 
e = NOs 1 ae. 1 = n-1 Bn 2n-1 

But a arom in ee Pa nee, (Qn)! 


Hence, expanding sinay in powers of « (cf. Bromwich, Inf. 
Ser., § 176, B), and equating coefficients, we have 


2 ymldy IWn(2n—-1)(~ o,- 1 ; 
B= 4av if a — : = = ) ib y? 2 log (=) dy. 
° «dx 1 
Example. Prove i ae 


58. The Asymptotic Expansion of Euler’s Constant. Let 
1 lot ee 
n=l +a l=—, ==, Soe 
Sa rao ar Fs vei | moot S (§ 52) 
where C is the rectangle ABCD (Fig. 59) of sides ~=1, x=n, 


y= +R, with small semi-circles at 1 and n. 


A B 
Fic. 59, 


The integrals of (1/27) cot (7z).z-1 along the small semi-circles 
at z=1 and z=n tend to 4 and 1/(2n) respectively ($30, Th. 2). 
On the remaining portions of C replace (1/27) cot (7z) by 

1 


pre Gains, ethene St eee ee 
2 ~ g-2niz J] or a 
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according as z lies above or below the a-axis. The integrals 


arising from the terms —4 and +4 each tend to 


"de 
i 
Thus we find 
han dz  [{® 2y dy | 2y dy 
es stant. “y \ oa d- ov+y* erry — ae 
where 1=| d ae i : Le 
~ Se) —] oF iR "J, e"@-_] e—iR 
2 oar 2(n—1) 
Now, [Ll< seq iE Tae RY) SRD’ 
so that Lim I=0. 
R—->o 
Hence 
Sn slognth+n+| 1+y? ae -\ whose soy 
os 2y dy ik 2y dy . 
ae ee ory — 1" 


therefore, as 7 tends to infinity, S,—log 7 tends to the limit 


155 (oa ee 
+) oa 


2°), 1+yev—1 
This limit is Huler’s Constant, and is denoted by y. Thus 
y=S8,—logn— st) ate — 7 
=8,-logn i+), (ete Oe 
goat: cate 3 Ee 
=§S,—logn— eS ee —— pit =a, 


eee 
+(=1)' 5 + (—1)FRe, 


where 
SD Beit 


2) 9 9,)2k+1 dt 1 ‘i 
2y uf es 
R=|, v*(n? +") eal era Y = OE 2) ner 
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2k+2 
Bei _ (2k-+1)(2k-+2) ye a 
. bp Ava? Saye | 


but S1pts r= 2/6 and Dy Ur? >I, so that 
r=) p= r=1 


Now, 


3 


oe 


oe > (2h-+1)(2k-+ 2). 


a =, 18 divergent. 

Nevertheless, if sufficiently large values of 7 are taken, the 
sum of a few (say k) terms will give the value of y to any 
approximation required. For R, can be made arbitrarily small 
by increasing . An expansion such as this, consisting of 
a finite number of terms and a remainder which can be made 
arbitrarily small by sufficiently increasing the variable, is called 
an Asymptotic Expansion. 


Thus the infinite series 3 (—1)*-} 
1 


Example. Ifn=10 and k=2, shew that R,< 000000004. 


59. Convergent Integrals. In our definition of an integral 
we assumed that the path of integration did not pass through 
a singularity of the integrand f(z). It is sometimes possible, 
however, to extend the definition to include cases in which 
an extremity z, of the path is a singularity of f(z). 

Let 2 be a point on the path of integration; then, if the 


integral ie J(z)dz tends to a definite value as z’ tends to 2,, this 
limit is taken as the value of ie J(z)dz, and the integral is said 
to be convergent. The necessary and sufficient condition for 
this is that ie f(z)dz should tend to zero as 2’ and 2” tend to z,. 


The following two rules are useful for determining the con- 
vergency of integrals. 


Rue I. Let z, be a finite point; then if a number n <1 can 
be found such that (z—z,)"f(z) tends to a definite limit L as z 


tends to z,, the integral Ir J(z) dz will be convergent. 
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For if 2 be chosen so that |(z—z,)"f(z)—L|<e, provided 
|z—z,|=k, where k=] 2’—z,], 


Wrox < [leap where p=|z—2, 


es FE p-n. 


l-—n 


and this quantity can be made arbitrarily small by decreasing k. 


: 2 dz 

Example. Shew that the integral i ESN OAT 

Rute II. Let the point z, be at infinity; then if a number 
m > 1 can be found such that z”f(z) tends to a definite limit L 
as z tends to infinity along the path of integration, the integral 
will be convergent. 

For if 2’ be chosen so that, for points z on the path of integra- 
tion between 2 and infinity, |2"/(z)-—L|<e, 


IL weae|< 


is convergent. 


Lea, where p=|z|, K=|2’] 


| L|+e 
<@a)K= 


and this quantity can be made arbitrarily small by increasing K. 
Hxample. Shew that the integral [ ; ez" dz, taken along a straight Iine 
~0 
making an angle ¢ with the z-axis, converges if —7/2<@<7/2,and 2>—1. 
60. Uniformly Convergent Integrals. Consider the integral 
| T(z, dz, where f(z, §) is holomorphic with regard to both z 
0 


and ¢ at all points of a region A in the z-plane which contains 
the curve C and at all points of a region A’in the ¢-plane, 
except for a singularity at the (upper) extremity z, of C.* 
Let 2 be a point on C, and let C, be that part of C which 
has 2 as its (upper) extremity. Then if, for all points ¢ of A’, 


i T(z &)dz tends uniformly to the limit #(¢) as 2 tends to %, 
the integral is said to be uniformly convergent in A’. 


*It is assumed that the path C is independent of ¢. 
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Tueorem. If | S(% dz is uniformly convergent in A’, it is a 
¢ 


holomorphic function of € at all interior points of A’, and 


d” on 
sal fe Ode=| salle €)dz, C= 192) 3, eh 
Let 2’ be chosen so that, for all points ¢ in A’, |4|<.e, where 


d(G)=W(G)+n and v(f)= {f@ o)dz. 


Then ¢(€) is continuous in A’, since ¥(¢) is continuous ($34) 
and |7|<e. 

Again, let ¢’ be any interior point of A’, and let K be the 
boundary of a simply-connected portion of A’ of which ¢’ is an 
interior point. Then 


$(6dé W(Ed€ nd 
lee cyt -|.@ pr gaem Cyr? 


(gag 2rrt (n) Saas — 

so that | Co- me OG) (n=0, 1,2 «..), 
where d is the shortest distance from ¢ to K, and L is the length 
of K. 


Hence I. ao 2, )dz or wWé) 


qQrt+v 


mf _o@d¢ , 
converges to the limit 5 x C- ey as 2’ tends to z,; and 
therefore 


! d 
| Ze fae joo, 


In particular, if n=0, | Se, €)dz converges to the limit 
C, 


d 
al, Ee, so that $(¢’)= Tiler Now this integral 


is holomorphic ($35, Corollary 2) at €’. Hence ¢(€) is holo- 
morphic at ¢’, and has the derivatives 


Py ! d n 
p(é j= a {i n= \, - mee ¢’)dz. 


Example 1. Integration under the Integral Sign. 
If C’ is any path in A’, [ b(Oat= il [ te Odede. 
Cc c YC’ 
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F = 
e [ e@a=[ wou [ na 
={ [f% ()dédz +f ndé, (§34, example). 


Now 


iE n dt| <eL, where L is the length of OC’. Hence il if S( OCdedz 
¢, Je’ 


tends to the limit i, p(C)d¢; so that 
[ ec@at=[ [1 Oacae 


The following two rules, the proofs of which are similar to 
those of § 59, are useful for determining the uniform convergency 
of integrals. 


Rute I. Let the extremity z, be a finite point; then if, for 
all values of ¢ in A’,a number 7 <1 can be found such that 
(2—z,)"f(z, ¢) tends uniformly to the limit L(¢) as z tends to 2,, 


the integral | /(z, €)dz will be uniformly convergent. 
C 


Rue II. Let the extremity considered be at infinity; then 
if, for all values of ¢ in A’,a number n > 1 can be found such 
that 2"f(z, €) tends uniformly to the limit L(¢) as z tends to 


infinity along C, the integral | T(z, dz will be uniformly 
convergent. ‘ 


Example 2. Consider the integral $(z)= ‘) et’ dt, where R(z) >0. 
0 


Let a=r#=R(z)=), where a>0; then, if ¢>1, 
tet} | = et yrttn—1l = g—tzdtn—l 
But Lime-‘t?+""=0; hence the integral converges uniformly at its 


t—> 0 
upper limit. 
Again, if ¢<1, Remitce | SSence tre 
Now choose a and 7 so that a<1 and (l-a)<nu<1. Then 
ining 40 
t—>0 
hence the integral converges uniformly at its lower limit. 


Now, if R(z)>0, a and 6 can be chosen so that a= R(z)=b; hence ¢(z) 
is holomorphic for R(z)>0 and has the derivative i, et’ log t dt. 
0 « 
It is easy to verify, by partial integration, that: (i) A(¢+1)=2(2); 
(ii) $(1)=1 ; (iii) if m is a positive integer, d(m+1)=ml. 
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Example 3. Consider the integral 
0=[ wh alogeds, 


taken along a straight line which makes an angle y with the w-axis. If ¢ 
satisfies the inequalities 
W-7/2+eLamp(=yp4+7/2-6 rS\ClSR, 
where ¢ is positive, all the values of ¢ are excluded which make ¢?+2?=0. 
Now, if |z|=p>R, 
a” Rp"(llogp|+|¥1). 
Aralogs ae Bo 5 ; 
which tends to zero as p tends to infinity if 1<n<2; hence the integral 


converges uniformly at its upper limit. 
Again, if |z|=p<r, 


1, ,| —RevMlogpl+i¥l), 
C42 7? — p? ? 
which tends to zero as p tends to zero if 1>n>0; hence the integral 
converges uniformly at its lower limit. 
Accordingly, $(¢) is holomorphic, provided \—7/2<amp(<y+7/2, 
\{|>0. 


log z 


Example 4. Consider the integral 


#0=[ ehgles (he) 


taken along the path of Example 3, where —7/2<W<z/2. 
Let ¢ be confined to the region defined by 


y-a/2+¢Zamp(Sy+r2-6 rS| SR 
Then, if |z|=p>R, 


fae (pm) 
| Seales l—e2™ 


where x (=pcosy) tends to infinity with p. 


Rp” 1 
< a Raleg (=), (§ 39, Example 1), 


Now Lim oslo (5 )=0; 


po P — ae 


hence the integral converges uniformly at its upper limit. 


Again, log (1) = —logz+log f(2), 


where f(z) is holomorphic at z=0. Therefore, by Example 3, the integral 
converges uniformly at its lower limit. 
Accordingly, ¢(() is holomorphic, provided 


W-7/2<amp(<p+7/2, ¢#0. 
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61. The Gamma Function. Gauss’s Definition. Let T(z) 
denote the function ; 
Tin nin? 
no %(Z+1)...(2+n) 
Then 


1 Zz 
Te) Lim {2(147)...(1+ aa 
= Lim {2(1+2)e-*(143)e°%...(1 | 
n—>n a nN 
=ereII{(1 +2)ea ; 
1 ” 


so that this definition is equivalent to that of § 50. 
The following properties can easily be deduced from the 
latter definition : 


G) D(i@+1)=2I'(2); 


Gi) [(m+1)=m!, where m is a positive integer ; 


Gi) Tila —z)= 


sin TZ 


(iv) the residue at z=—m, where m is zero or a positive 
integer, is (—1)™/m!. 


The Function y(z). Similarly, if y(z) =< log T'(z+1), we have: 
(i) Verm=V¥@)+ >a (ii) Y(0)=— 


es 1 1 
(iii) BVA) ea NG ot oko arta 


(iv) Y(—z—1)=(z) +7 cot 72. 


 VO= > -aag)-¥ 


Gauss’s Function II(z). The notation II(z) is frequently used 
instead of I\(z+1): thus 
II(z)=2II(z—1), I(m)=m!, and II(z—1)II(—2)=7/sin rz. 


Euler’s Definition. The Gamma Function may also be defined 
as the integral | e-t?-1dt, provided R(z)>0. We shall now 


prove that the two definitions agree for values of z which satisfy 
this condition. 
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If R(z)>0, and n is a positive integer, then, by partial 


integration, 


1 n 1 
| y? "(1—ydy= al y(l—yy*dy 
0 Z Jo 
= n(n—1).. \y ztn-1 
~ 2(@+1).. ee dy 
= n! 
~ a(z+1)...(z2+n) 


Thus, writing y=u/n, we have 


n\n? BA Wie ee ae é 
ea ew 7h = OSG 


ee n - w n ie 
so that T@)= ae { @ ~ u?—1du. 
Now lot fuy=1—er(1—¥)", 


where 0O=u=7; then 
3 Uy 

f(u)=e @ —)" - 20. 

Thus /(w) is an increasing function; so that 
1=e(1-*)" =o, or eve (1-2), 

n 
Again, 

U ; coe u ‘ _v v Oy us ww 
fu)=| fe)dv=["e (1 ) Wea vdu=e. 


Accordingly, if O=uw=n, 
0se"-(1-%)'= a 


Now we can write 


-{ {e*—(1 = 2)" ue-tdut fe ‘w-tdu—| (1 me rat 
0 nN a a nN 


Let a be chosen so large that, for all values of n greater than a, 


nr 
| CU da ee 
a 


Ke =) uetdu| < €} 


and therefore 
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then 


Jitet—(1— 5)" uta <| {ee (1-2) burt + Qe 
<|saaaa|t2" 


Hence, if R(z) > 0, 
j ss w\” - ¥ —U_,Z- 
P(@)=Lim |*(1 —*) w ‘du =| e-“u?-1 da. 


The Gamma Function expressed as a Contour Integral. 
Kuler’s expression for I'(z) can be replaced by the following, 
which holds for all values of z. 


Consider the integral | e~s€?-l d& where C is the contour of 
© 
Fig. 60, with its initial and final points at infinity on the posi- 


z eee 
Gs i i ae 
SS 


Fia. 60. Fic. 61. 


tive €-axis. The initial and final values of amp é are taken to 
be 0 and 27 respectively. 

Now replace C by the contour of Fig. 61, consisting of the 
é-axis from +cc to e, the circle |¢|=«, and the €¢-axis from e 
to +o. Then, if R(z)>0, we have, when e¢ tends to zero, 


| e-$@e-1 dg=(eri—1) [ete dé 
© 0 
= (e?" —1)T (2). 


Now the functions on both sides of this equation are holo- 
morphic for all values of z. Hence the equation holds for 
all values of z, and 


1 
EQ) =a] eae dé. 


Example 1. Prove that = | &(*d(= ae 


where © denotes a path which starts from — on the £-axis, passes round 
the origin in the positive direction, and ends at — on the g-axis. The 
initial and final values of amp ¢ are taken to be —7z and x respectively. 
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Example 2. Gauss’s Theorem. If R(y)>0, R(y—a—-8)>0 
Cyl y-«-B) 
Pl Br D=1G~ SEG =P) 
For (§ 36, Lxample 2) 
Fu, B, Y 1) 
_(y-@)(y-a+1)... (y-4+2)(y—- By —-B+1)..-¥- B+”) 
y (yt)... y+ny(y-4- B)y-4- B+)... (y-a-B+n) 
x F(a, B, y+2+1, 1). 
But LPG = «-8) 
P(y-«) PG —B) 
— iy 1G = 1) (ya my — BMY — B+) (Y= B44), 
nao Y(¥+1)...(ytn)(y-4- By -4-B+1)...y-4—-B+n) 
and Lim F(a, B, y+n+1, 1)=1. 


Hence F(a, B, =r er) (Cf. p. 275, Ex. 1.] 


Example 3. If R(y)>0, R(y—«—)>0, shew that 
IM =e — B, yar, 1)=F(@, B, Y 1). 
62. The Beta Function. Consider the integral of 
f@Q=2? (1-2)? 
taken round a closed contour which starts from a point A 
(Fig. 62) on the w-axis between 0 and 1, and is composed of : 


Fic. 62. 


(i) a circuit APA round z=1 in the positive direction ; 
(i) a circuit AQA round z=0 in the positive direction ; 
(iii) a circuit ARA round z=1 in the negative direction ; 
(iv) a circuit ASA round z=0 in the negative direction. 
After describing this contour f(z) returns to A with its initial 
amplitude, which we assume to be zero. The integrand is a 
multiform function; but since, at every point of the path, the 
branch integrated is uniform and continuous, the definition of 
§ 26 holds for the integral. The notation 


(i+, 64,1-,0—) 
| f(z) dz 


is used to denote this integral. 
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The path APA can be deformed into the contour consisting 
of: the z-axis from A to 1—e, the small circle | z—1|=e described 
positively, and the w-axis from 1—e to A. Such a contour is 
called a (positive) Loop. If it had been described in the opposite 
direction, the loop would have been negative. Similarly the 
circuit AQA can be replaced by a positive loop about the origin, 
and the circuits ARA and ASA by negative loops about z=1 and 
z= respectively. As 2 describes the circular part of the first 
loop, the value of f(z) changes from f(x) to f(x)e”; similarly, 
the descriptions of the circular parts of the other three loops 
give f(z) the values f(a)e’@+9™, f(a@)e™, and f(x) respectively. 

We now make the radii of the circular parts of the loops tend 
to zero; then, if p and q are real and positive, 


(1+, 0+, 1-, 0—) 
| w-1(1—z)i-1dz 
={1 — ear eet — oto} | gp -1(1—a)1-1 da 


=(1—e?")(1—e"') B(p, g) 
: PP) a) 
a hes 2prri 1 — eam Ree NL ONE 
eT Se Gea) 
Now the functions on both sides of this equation are holo- 
morphic in p and q; hence the relation holds for all values of p 
and g. Accordingly, if we define B(p, g) by the equation 


rp) L@, 
SDT @+9) 


we have, for all values of » and q, 
(1+, 0+,1-, 0-) 
| zZP-*(1 gi dg = (1 —e")(1 —e%"") B(p, @). 
Example 1. With the same initial conditions, shew that 


(14+, 0-, 1—, 0+) 
| 211 —2)t-Vdz= (1 — e-™)(1 — e%™) B(p, q). 


Example 2. By means of the transformation «=(2£—1)’, shew that, 
R(p)>0, 


a go] — apt d= 2°?) As gP11 ae £)Pt dg. 
0 0 
Deduce that, for all values of p, 
OB) = 2 Epp) (i) Ep) =e —T(p) T(p+3). 


The latter equation gives the Duplication pee for the Gamma 
Function. 
M.F. K 
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63. The Asymptotic Expansion of the Gamma Function. 
From the expression 


we = orl {(1 +2) en 


we derive the equation 


d? o 
qn log '() S276 nye 


Now let C be a closed contour (Fig. 63) consisting of a semi- 


Y 


Fia. 63. 


circle of radius p+1/2, where p is an integer, part of the y-axis, 
and a small semi-circle at O; then, if R(z)>0, 


P 1 1 a cot 7 
=~ dé. 

Par 2a ib (2+ ¢é) s 

The integral of (1/22) cot (7€). (2+¢)-? round the small semi- 
circle tends to 1/(22?), (§30, Th. 2). On the remaining part of C 
replace (1/22) cot (7¢) by 
1 1 
~27 pe] OT Phe oy 


according as I(¢)=0. The integrals arising from the terms —4 
and +4 each tend to 
; le dé 


Co oe 
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Thus we find 


3 1 1 ie dé 
ee (Z+nyP 22° (2+éP 
Pea G 4 4 dn 
+f \eeny-eap teeth 
where LinI=0. Thus 

po 

ad? 42n dn 

dz 3 log T(z) = ae +. (2+ 9y a 


Hence © tog D(2)=K-+log2—3-— 2 ib 49 ah 
(§ 60, Ex. 1), 
where the constant K must be real, since all the other terms are 
real when zis real. Therefore 
log T(z) = K’+ Kz+ (z—}) log z—z+4+ J(2), 


where K’ is a real constant, and 


eee - Z+in dy =1(" z i 
he) ij ee pp 8 (Taga) 
($ 60, Ex. 4), 


Now, since I'(a+1)=aI'(a), 
log (w+ 1)=K/+K (wt 1) +(e +4) log (@ +1) —(@ +1) +I (w41) 
= K’+ Kx+(a+4) logx—x+J(x); 


sothat K=-—(x#2+4)log (a +2)+14+5(@)-I(e+)) 


: late 1 
But, if «>0, J(@v)< +I log eee ; 
hence Lim J(a)=0, and therefore K=0. 


zo 
Again, since I'\(z) (1 —2)=z/sin 7z, 


TGt+iu)TG-w)= 


nme. 
Therefore : 
Rlog T(44+2u)= log /2a — 5+ 1 log (, x2 —) 
=K’—wtan-}(2w)—1+4+RJ(4+ ww), 
where tun~1(2w) denotes the acute angle whose tangent is 2u. 


- frre —e-2rn)dn= -x[ log (1 -2)%, where x=e-27y 
< ; 


Le logis = met 
A 4 RSE ges DX 
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Now, if w and y are positive, 


a(x? + y?+n") il! 
Retina, HPP + Byer OM | *6 (Taa-m5) 


a y/2 1 1 I x dy 
S|, log (=m) dn-+los (=a) ye? + (y—nP 


<i), 6 Geom) oto Gee) | ae 


Thus Lim RJ(4+%4u)=0; so that ($40, Ex. 2), K’=logJ/2z. 


Ua 
Therefore log I'\(z)=log V27+(z—}) log z—z+J(2). 
Again, let J,(z) denote the integral ($60, Example 4), 


Lio i 
=, P+ Es (==) % 


taken along a straight line making an angle WY with the €-axis, 
where —7/2<W<7/2 and z+0. Then, since, for values of 
amp ¢ between 0 and vy, 


me 1 
e+e fe log ( ape m=) 
tends uniformly to zero as € tends to infinity, Jy(~)=J(a), 
(§ 30, Th. 1). 
Now J,(z) is holomorphic for the region Ry, defined by 
—7/2<ampz<wW+/2, 240. 


Also, corresponding to any point z for which -7 << ampz<7 


Fia, 64. 


and 240, a value of y can be found (Fig. 64) such that the 
positive z-axis and the point z both lie in Ry. Accordingly, by 
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the principle of analytical continuation, since I'(z) and logz 
are holomorphic provided —7 < ampz< 7 and z+0, 
log I'(z) =log /2a+(z—24) log z—z4+Jy(z) 

=log J27+(z—4) log z—z 


1 “i il C C io 2n-2 it 
s Int Ts ae a 1S flog (p=) ae 


Tv Z 
+Jn(2), 
(—1) 1 ie) 2n l 
where Jn(2)= “Gay = at alog (az) a6. (App. L, 5.) 


But; (§ 30, Th. 1), 
1 
7,679 (aga) ab 
Bz 


=2 |e ‘log (5 i) dé= eka 1) 


Hence log I'\(z)=log /27+(z—1) log z—z 
Brice Bel St RAR ae 
tea a Ok n= on ee 
+Jn(2). 

Also the least value of |z+7¢| is the perpendicular distance 
of z from the line wOw’ (Fig. 64). Thus, |z+i¢|=A|z|, where 
A=cos(P—y), (ampz=¢); so that O0<A=1; hence 

il 
a+ 


se | 


=)2| 2) 


Therefore 


IIn(2)1< saan =|, 1éllog (gra) IA, (889, Ex. 1) 


<— 22 Sie Wer a an £*" log (5 os) ue 


u Bo a 
< Ue PPAGns DAnpay A012) 


The infinite series 
5B; 1 os, Lp. dened 
[O27 2 4 ig © 1a 6 2 


is divergent (cf. §58); but J,(z) can be made arbitrarily small - 
by increasing 2, so that, for sufficiently large values of jz], 
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a finite number of terms gives the value of the function to 
any approximation required, provided —7<ampz< 7. The 
series is therefore asymptotic. 

CoroLuary 1. For all values of amp z such that 

—7+d=ampz=7+6, 

T(2)/(/ 27 27 1e-7) tends uniformly to the limit unity as 2 tends 
to infinity. 

Coro.tiary 2. If z is real and positive, we can take y=0. 
Then \=1, and B 1 

IJn(2)< we 
‘ (2n+1)(2n+2) zat? 

so that the remainder after any term in the series for log (2) 
is numerically less than the succeeding term. 


m 9 
COROLLARY 8. m!=A/ am (™) el’, where 0< 0 <1: this is 
known as Stirling’s Formula. The expression Sem (™)" is 


usually spoken of as the approximation to m! when m is large. 
= 


e2mrt — 


=3(1 = log N27), 


where the principal value of tan~!¢ is ee 
Let C denote the rectangle of Fig. 59; then 


Example 1. Prove | tan! ¢ 
0 


los (ie Sie n=a | 7 cot 12 log zdz. 
c 


Hence, by the process employed in § 58, we obtain 


log (1.2.3...m)=dlogn+ [logrde—2[” in a PIE 
0 


e2ry —] 0 e27y — ] 
Again; log (1.2.3.6 ee n a OO za 
* tan! (y/2) 
But [ gary — 1 dy <- Paes 1; > 
so that Lim us W ee ay = 


n—>o J0 e2ry — 


Hence, if m tends to infinity, we have 


ih: sae hee —log Vr). 


e2ry — 
Example 2. Shew that, if -r<ampz<z, 


enemas Wed ha wy rs D(a+z)0(B+2) 
Nae Tigyes: he DET ey Da ieee) 


z-a-Bt+y+1—1, 
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Example 3. Shew that, if —7/2<amp(<7/2 and (#0, 


1 —at+nt 1 —atoi ¢? a 
5 T(-a¢*de= —-— eee eee 
D7 eee oe 2mtJ—a—0i V(2+1) sin wz oe 


where a> 0 and the ian of integration is a straight line. 
If z=Re’®, where -7 <0 <7, 


: 1 1 
Lim eae = Lim |= Lim | ——— e?-zlogz 
ae OY aaa zV'() z—>n Jam ale ; 
= Lin 1 ek cos 6(1—log R)+Rsind.6 


Powe /2r Ri/2 
Hence, if (= pe’? and 6+0, 


(om 


Tet pain: =/%r Lim al ek cos 0(1+log p - log R)+Rsin 0(0- pm) 


erty) 11/4 
inte as sin @ is positive or negative. 
Accordingly, if 7/2= 0=«, or if —7/2=0= —«, or if -a=Reos 00, 


z. 


bene 
D(z+1) sin rz 


LES 


tends uniformly to zero as z tends to infinity. Thus ($60, Rule II.) the 
given integral is uniformly convergent. 

Next, if -e=0=«, let z=R,,e®, where R,,=m-+1/2 and m is an integer ; 
then 


Cr 


<= Rm} — 08 e(log Ry» - 1 -log p)+sine}6-¢| 
Lim eal) sine |= = 27M ue ee one {- p i, 
ae 2M =| cosec rz| (§ 51, Hes Hence 
Cr 
"TG 1) sin 7z 


tends uniformly to zero as m tends to infinity. 

It follows (§ 30, Th. I.) that the given contour can be replaced by a closed 
contour consisting of the line = —a@ and that part of the cirele |z|=m+1/2, 
where m may be increased indefinitely, which lies to the right of this line. 

Now the only poles within this contour are those of 1/sin zz; hence 


tha ease ae Ge we’ (eae 
= =l]- eens, 
QriJ_a—oi L'(2+1) sin wz ae : 


Example 4.* Shew that the integral 
Data) l(b +2) _¢y 
sei| Te Oe 
where —r<amp(-—()<7, and the integral is taken upwards along a 
straight line (Fig. 65) parallel to the y-axis, with loops, if necessary, to 
ensure that the poles 0, 1, 2, 3, ..., are to the right of the contour, while the 
poles —a, —a-1, -a-2,..., —B, —B—1, —B-2,..., are to the left of 
the contour, is uniformly convergent. Negative integral and zero values 


*Cf. E. W. Barnes, Proc. Lond. Math. Soc., Ser. 2, Vol. 6, Parts 2 and 3, 
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of wand P are excluded, since the curve could not, under such conditions, be 
drawn. Also shew that, if |¢|< 1, the integral has the value 


DDB) wi, 
TQ) F(a, £; 9f5 ¢)3 


while, if | ¢|>1, it is equal to 


(-9re F(a, l-y+o,1-B+t+a, ‘) 
(ARE PLD 9p, =740, 1-048} 


Ye 


° . 
-a-3 -a-2 


° 
~a-4 


Fie. 65. 


Firstly, let — (= pe'?, where p< 1; also, let z= Re. Then, if e=0=7/2, 
or if —7/2=0=~—«, where tane Ze log (1/p), 
rr 


ey 


= Lim Qe7 208 8 log (1/p)- Rsin 0(p+7) 
sin 1z ¢ 


R—>o 


Lim 
Z—>o 


according as sin @ is positive or negative. Accordingly, since -r<d<z7, 
nl (a+z2)I(B+2) ‘ nl(a+z)(B+2) (~ Or 
PW y-tay TO Oe ae a ree 


tends uniformly to zero as z tends to infinity. Thus the given integral is 
uniformly convergent. 


Again, if -e=0S«, 


1 
Lim |(- ¢¥|] < Lim e~ Rrrcose{ Zlog(1/p)-tane } 
zon Ryo 


so that, if R=m+1/2, where m is integral, 


T(a+z0(B+z " 
ee (--0 
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tends uniformly to zero as m tends to infinity. Hence it follows, as in 
Example 3, that the integral has the value 


To) E(B) 
? eh ) F(a, B, Y ). 
Secondly, let p >1. Then, since 
Tia+a0(B+2) T1-y-aI'(-2) aw sin 7 (y+2) 


T(y+z) halen ar —a—z) (1-8-2) sinr(a+z)sinz(B+z)’ 
it can be shewn as before that the integral is uniformly convergent, and that 
the path can be replaced by a closed contour consisting of the given line and 
an infinite semi-circle to the left of the y-axis. The required expression for the 
integral is then obtained by taking the sum of the residues within this contour. 

An exceptional case occurs when « and £ are equal or differ by a 
positiveinteger. Letoa= (+m, where mis zero or a positive integer ; then 
the integrand has poles of the second order at the points —a, —a—1, 
—a—2,.... Now the integrand can be written 

(=I)? T(-2(-0F 
{sin r(a+z)}? TA -a—aTU-B-2) Py +2)’ 
so that the residue at the point —a—m is 
(ryt T(-2)(~¢) 
dz \A—-a-z) Pd -a+m—z)l(y+2)Jz=-a-n 


Hence the integral is equal to 


B(B+1)...(B+n—-1) 
(- Gee ee ee 1)" x(B-y+1)(B-y+2)...(B—-—y+n) 1 


—B) so na! (m—n)(m—n+1)... (m—1) (ee 
+(-0- Aes ae “Pw ¢ Se el ey a yt 2) ey) 
Tyo) 2 ni (m+n)! 


x {log(—Q—Wlatn Dav n+p (mtn) — Wy —a—n= I) beg 


Let amp (=y; then, since —7<amp(-—() <7, it follows that, if 
0<yx=7, amp(-—(Q)=x-7; while, if 0O> x=-7, amp(-()=x+7. 
Accordingly, the analytical continuation of F(a, 6, y, €) when | ¢|> 1 is 


etani (-o al (y)P(B=«) ©) (o. 1-y+a,1—B+a, *) 


TB) y-«) ¢ 
rie-pl (YI (2-8) p is ee ot 
+ etPri¢ eTaTGaa). (8,1 y+B, 1-«+8, z) 


according as O<amp(=7 or -r=amp(<0. If a and £ differ by an 
integer, the corresponding changes must be made in the expression. 

If a cross-cut is taken along the real axis from 1 to +, the function is 
then uniform in the whole ¢-plane. 


Example 5. Prove 
[regi @}ae= log V2r+2 log z—z. 
If w is real and poe 
log I'(x)=log V2r +(#—-}) log wx—2+ 
where 0<0<1. 


ous 
122’ 
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Hence is log {I\(a) }da 


ae. I\ 8 ow 1 
=logV2r+elog a+” us DEED Dr g(1 42)-8¢—b4 7 tog(1+2), 
where 0<6’<1, 
=logV2r+a log w—x+e(x), 
where «(x) tends to zero as x tends to infinity. 


. d ‘2-+1 
Again, af log {I'\(z)}dr=log x ; 


so that log {I (a) }dv=K+-zlogx—-xz, 


where K isaconstant. 
Thus K must be log V2z, and therefore 


ie log {T'(x)}dx=log N27r+x log x—«. 


Now the functions on both sides of this equation are holomorphic for all 
values of the variable, provided that a cross-cut is taken along the negative 
real axis from 0 to —o. Hence (§ 55) 


ee log {I'\(2)}dz= log J 27 +z log z—z. 


EXAMPLES VIII. 
1. Shew that 
ees 2(z+1)...(2+2n—1) 


Biagio Sor US a 2 eed ot gh ees Be Se) Se ee z—1 
n>o 1.3.5...(2n—1)22(2z242)...(22 +20 — 7) ii : 


2. If Sa=>b (Examples VI. 31), shew that 
Td+8)00+ 2%)... + b) 
C+a,)lQ+a,)... 0d +ax) 

_(nta,)(n ey 

"(n+ b,)(m+ bg)... (+ by) 
n(n+a+b) T(l+a)T(1+6) 
n+a)(n+b) T(l+a+b) ~ 


=Thw Wn, 


where 


3. Prove that TL ( 
4. Prove that 
(1-0-4403) +8)..= py ptqc 


5. If m is an integer, shew that 


me T@T(2+2)...T(24%= *) 


Eas eS (2m) > Hae 


6. If a and d are real and >0, and R(n)>0, shew that 


Lf s eee de. a 
(i) ae G+ai~A- Tn’ 


ss 4 dx 
—a(b+<xi) ae 
(H) [oe Grain o 
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[In (i) integrate e¥z" along «=b, and shew that this path can be 
deformed into that of Example 1, §61; in (ii) integrate e~*z-" round 
the contour consisting of z=6 and an infinite semi-circle. ] 


7. If p is a positive integer and R(n)>—1, shew that 
(-1+, +1-) : 
i P(e —1)"'dz=21 sin(nm)[ 2(1—-2)"dz, 
=—1 


where O is the initial point, and the initial value of amp(z?—1) is —7. - 
Deduce that, for all values of », the integral vanishes when p is odd, and 
that its value when p is even is 


27 sin (n)B(n-+1, 24), 
8. Shew that, for all values of z, 

Be, z)B(e+1/2, 2+1/2)=712!-*/z, 
PURO (= p= {T(1+2z2)}2 ( € i COS 172 
T(1/2—2) {Td +2}! \sin zz 2 
10. If» is a positive integer, shew that 
oB(p, )B(p + 1/2, 9)... Bip +(n—=1)/n, gy 

By, 7) BQ2q, 9)... B{(n—1)¢, 9} 
11. If R@)>0 and ampz=y, shew that 


Tede_1_ 21 At is Ges -2)! 
i 1+2 2 2B oa (= 


9. Prove 


B(np, nq)=n-" 


(Qn)! 1 
yer [Bal <7 pat Gost 

Deduce that the expansion is asymptotic if —7/2<<7/2. 

[Replace the path of integration by a straight line from O to infinity 
which makes an angle —wW with the positive real axis, and shew that, for 
points on this line, |7?+1]=cos?y.] 

12. If —7/2<amp ones prove the asymptotic expansion 

1.3.5...(2n—-3 
vob (a ty BEN (1 Ras 
fo 1.3.5.,.(n— | 
(22) 
13. If s<1 and —7/2<amp a a/2, prove the asymptotic expansion 


er Sef -$ +e e 


where | R,|< 


iT 
where | Bnl<| =) 


14. If R(y—«—£)>0, prove 


sina = EC, 1-y+a, 1—f6+a, 1) 


+sinn BE PRB, 1-y+f,1-—a«+ 8, 1)=0. 
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15. If R(y—«—f)>0, prove 


TTB) pra = i 5 DGG) gee ee 
TG) cL » By 21) 8 T(y-«) F( yl aK yl fee. 1) 


+008 HOVE Pe(p,1—y+B,1-a+B 1). 
16. If R(qg)>1, prove 2 
B(p, g)+B(p tl, g)+B(p+2, g)+.-.=Bp, q—1). 
17. If R(p—a)>0, prove 


B(p-a, g)_,, 29 ,  a(a+lgqtl) 
BOY, 9) ptq 1.2(p+q)(pt+qt+1) 


18. If R(~+s)>0, prove 
_B(p, Be. P) f s(s—1) , 8(s—1)(s—2)(s—38) i 
SN oe 1+ o(op+1)*2.4.(2p+))(Qp+3) 5” 
19. If z=a+zy, where a is a positive constant, shew that the limiting 
value of | '(1+z)] when y tends to +0 is 
NQar | z|et'2 e— 7H, 


20. Shew that the analytical continuation of F(a, B, y, 1/z) for |z|<1 is 


Curt DQpT(b =) 2) i Oo z 
et “TOT Ga a) E(t Ly +a 1 B+a, 2) 


+eFeripT LEB, 1—y+, 1-o+8, 2), 


according as O0<ampz=a7 or —rZampz<0. 
21. Shew that 


guy [Petal (B+) (y-aT 0-2) de 


_Patyl(at+dlb+yl(b+8) 
DP(at+B+y+68) 
where the integral is taken along a contour similar to that of Example 4, 
§ 63. Values of o, 8, y, 5, which would make it impossible to draw the 
contour, are excluded. 


22. If R(p)>0, shew that 
"Ss Lap) Gp) 
A0G+) ~~ pT @)’ 
23. Prove T(2)=Lim n’B(z, n). 


24. If R(z)>0, shew that 

i zl o CO 

(i) T@)= i (log 4 ) dt; (ii) T= [ _evtetedt, 
25. Shew that, if R(z)> -1, 


1 : —ty2 a 
VO=rEzn | et log ¢dt ; 


and deduce that = =f log { —— 
ve 


a EXAMPLES VIII 
26. Shew that, if R(c)>0, R(0)>0, 
TQ=¢ [ "ee dt, 
Dednes [ese log tat PO Pe-1)- log {}. 
27, Shew that 
) TE=4/{Be pL} ; 


Gi) Te) VES Ti BGs, Hy; 


nr 
gnz—1+2— pa 


(iii) [(2)=22e—* Il */ {B(2"z, 4)}. 
y=) 
28. Shew that 


TON Oe. {(a HU No wee 


Petry T(B=7) a= 
29. If R(y-—a—-)>0, prove 


arn 


Fo Bn Df (83) taste 


30. If wand # are real, shew that 


Te 2 
a =I Us! 
31. Shew that, if z+ —1, —2, —3, 
Ve)+y= $(, bess 
m+1l z2e+n+1 
deduce that W(d) + y=2-—2 log 2. 
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32. If 0<R(z)<1, shew that [ e-*¢ dt is holomorphic in z, and that 
0 


T@=e?* | e~* et dt. 
0 


[Integrate e-$(?? round the contour of Fig. 52, $51, and apply the 


sin 0 2 
eile 


inequality = to the circular part of the contour.] 
eT, 


33, If 0< R(z)< 1, shew that 
Tiae 3 i tele, 
34. If O< R(z)< 1, shew that ; 
[eos t.t= alt= IZ). cos (#2). 
35. If —1< R(z)< 1, shew that 
[osin toto ot— WG sid (=). 
36. If O< R(z)< 1, shew that 


if Sa 
wat 2T'(z) cos (2) 
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87. If 0< R(z)< 2, shew that 
sin ¢ 7 
[age eee 
Ommeds - (Iz 
2T(z)sin (#) 
38. bf R(z) >0, a that 
(i) 3 = =| als Ot. 
oe = | e-t—e-% 
= = d 
(ii) log z ae leet dt ie : t 5 
are ! oe 
(iii) ois (- uf flog prat= | e-#¢" dt, 
39. Ifr >0, —7/2< 0< 7/2, shew that 
Oleg = | ee 
sn |) (GRP Enin( (sin) 
(i) = SEE: 
40. If -7< 6<z7, shew that 


(i) log (2 cos 8) =} —e-*es9 cos (¢ sin 6)} dt ; 
0 


(ii) cal o7* -teor8 gin (¢ sin 0) dé. 


[Put z=1+e in Example 38, (ii).] 
41. Prove slog 2= =| Paes IGE 


42. If R(z) >—1, shew that 
_ Pl-#3,_ [Peter 
Ve+y= satat= | Riel SSB 


l-e-? 


grt 
Us 1Fa=[a-o(ster.te = je 


“hen =ea}t i 
Ba n+1 SI 


Also, if M is the maximum value of | — ale fon —=7 ae 
1 ¢_ 72 
t—7tl dt |= M 
o l-¢ n+l 


Now make n tend to infinity, and use Zvample 31.] 
43. Ifz40, -1, -2,.. a BLO 


deduce that =I = ysl fe oC 
W(2)— log z 5 log (144+. ETT 


44, If R(@)>-1, shew that 


vom [Ee a 


(CR. 
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—t  g—t(z+1) 
ee 
ea ) (22 ee a) (22 —e-tle+n+}) entlz+n+1) 
0 


e-tle+n+2) 


dt 


— e-t(@+1) _ g—t(z-+2) _ wee — ET eeEn-+1) _ 
Nog 


n 1 ) 1 \ ie cata 
log z+ 3 log (1+ SEE No) ; — 


Now make » tend to infinity, and use Example 43.] 


45. Prove y= Nees at 


46. If 0< R(z)<1, prove 


2—1_ me 
(i) weotae= [Fg ; 
. P14 t+ 27-18 
(ii) log (sin n2)= | Siena 


47. If R(z)>-1, prove 
Ve=[ jet-ato-enl 
i 0 t 


a (hee) 


-. dt ° fe-t e-te+l) 
CI Sees aaNet 


z ox eS —(z+1) _ -1 
+f {2 Bees anes +47" 4 
0 


+f fer e-é sae 


Apply the transformation 1+¢=e7 to the third of these integrals, and 
use Ex. 44.] 


48. If R(z) >0, shew that 
EF —tz — p—t 
(i) log P@= | aide es 


Gi) og @=[ {4 -@-v} Ses 
a a (1+2)*-(14+2)7 ws 
(iii) log P= fore (g-1)+—?_—__—— eae ae 
49, If R@)>—-1, R@®)>-1, R@+2,)>—-1, shew that 
log 2 at2+1) aie —h)\1-#) dt 
TGtol@s). bs T=%. loge 
50. If Ri) >—-1, R@+4)>—-1, R&+4)>-1, R@+4+2) >-1, 
shew that 


1 TQ +2t+2g+1) (+1) _ -[ n(1—e)(1-#) dt 
ST +%+I G++] 0 1-¢ log t 


[CH. 1X 


CHAPTER IX. 


INTEGRALS OF MEROMORPHIC AND MULTIFORM 
FUNCTIONS: ELLIPTIC INTEGRALS. 


64. Integrals of Meromorphic Functions. If /(z) is holo- 
morphic in a simply-connected region C, F(@)=[ f(2)dz is 


holomorphic in that region, provided that the path of integration 
lies entirely within C. If, however, the region C contains one or 
more poles of f(z), the value of F(z) will not necessarily be 
independent of the path of integration, and F(z) may be a multi- 
form function. Each branch of F(z) will be holomorphic in a 
simply-connected region containing no singularity of f(z). The 
path of integration, of course, must not pass through a singularity 


of f(z). 


For example, consider the integral i z-1dz taken along the 
a 


Fia. 6c. 


path C of Fig. 66 from 1 to z. This path can be replaced by a 
positive loop from 1 round O and the straight line L from 1 to 2 


§§ 64, 65] THE LOGARITHMIC FUNCTION 161 


The integrals along the straight parts of the loop cancel, while 
the circular part gives the value 277; hence 
| % ( Ue 
Cc 2 i 
Now any path from 1 to z can be replaced by a number of 
positive or negative loops from 1 about O and the line L. Hence 


the most general value of Log z=| z2-1dz is 
1 


| ig +2n71=log z+2n71, 
i 


where 7 is an integer. This agrees with the results of § 18. 
Similarly, if a uniform function f(z) has poles w,, a, ..., of 
residues R,, R,, ..., in C, the path from z, to z can be replaced 
by a series of loops from z, about a,, dy, ..., and a straight line L 
from z, to z. The most general value of the integral will then be 


| fae +27i(m,R,+m,R,+...), 


where m,, m,, ..., are integers. If, however, the residue at the 
pole is zero, the integral round the corresponding loop is zero, so 
that the integral is uniform in the domain of the pole. Thus 


co 
| 2~*dz=z~-1 is a meromorphic function throughout the plane. 
& 

Example. Verify, by integrating round suitable loops, that 

A Gh A 1+%z 
~Jolte2 oF 7 ge 


tan—lz 
where m is an integer. 

65. Integrals of Multiform Functions. If the path of inte- 
gration of a multiform function f(z) does not pass through any 
singularity of f(z), f(z) will vary continuously along the path, 
and the definition of § 26 still holds for the integral. As in the 


previous section, the values of F @=| J(2)dz may differ with 


the path; and the path can be replaced by a series of loops about 
the singular points, followed by a straight line from 2, to z. 


Example 1. Let F(z)= a Wede, where the initial value of 2? is unity ; 


the integrand has branch-points at the origin and infinity. 
M.F. L 
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The loop about z= consists of the line AB (Fig. 67), where A and B are 
the points z=1 and z=R (R large) respectively, the circle BCD or |z|=R 


VY 
oe 
Byex 
Cc 


Fig. 67. 


described negatively, and the line BA, But this path can be deformed into 
a negative loop from A round O. Hence we need only consider the effect of 
the loops about O. 

Let L denote the positive loop from 1 about O ; then, since Lim z x z-1/#=0, 


z—>0 
the integral round the circular part of L tends to zero with the radius (§ 30, 
Th. I1.). Also, as z describes the circle, amp z increases by 27; so that 
amp 2-1/2 decreases by 7. Thus 2-1/2 changes from 1/Vx to —1/Vx; hence 
dz a 1 dx Sones 
uVz ji V2 Jo -Nax i 
A description of L-!, by which we denote the loop L described negatively, 
gives the same result. 
Since z-1? returns to A with the value —1, a second description of L or 
L-! will give the value 4, and bring z-!/? back to A with the value +1. 
Thus an even number of loops gives the value 0, and brings z-/? back 
to A with the value +1; while an odd number of loops gives the value —4, 
and brings z-1 back to A with the value —1. Hence the general value 


of F(z) is 2{-14(-1)™+(-1)™», 


where w denotes the integral i “2-2 dz along a straight line from A to z, with 


+1 as the initial value of z-1/2, 


Example 2. Let F(z)= [‘Fe)dz, where f(z) =1/+/(1 —z?) and f(z) =1 initially. 


Also let A and B denote positive loops round the branch points +1 and —1 


respectively. 
Since Lim (z- [see ey 


z—>1 V(1 — 2) 


the value of the integral round A or A-! is C, where 


1 dx 
c=2[ Vay 
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and f(z) returns to O with the value —1. Two successive integrals round 
A or A~! give the value zero, and bring f(z) back to O with the value +1. 
Similarly B or B~! gives the integral —C, and two successive descriptions 
give the integral zero. Successive descriptions of A and B or of Band A 
give 2C or —2C, while f(z) regains its initial value +1 at O. 


Accordingly, if w denotes it f(z)dz taken along a straight line from O to z, 


with initial value +1, the general value of F(z) is mC+(—1)"w, where m is 
an integer. 

To evaluate C we proceed as follows: make f(z) uniform by a cross-cut 
from —1 to +1, and choose the branch of f(z) which has the value +1 at the 
origin on the lower side of the cross-cut. Then, at a point on the z-axis to 
the right of z=1, amp./(1—2*)=7/2; so that 

1 1 
UA crag le? ia =i) 


where ,/(«?—1) is positive. Hence 


Ries oes 
a) J — 2”) a 


so that [roa taken positively round an infinite circle, has the value 2r. 


But the great circle can be deformed into the loops A and B taken suc- 
cessively, and the value of the integral is then 2C ; hence C=7. 
Thus the general value of sin~!z is given by 
"de 
n—lo— fae Sone mm . 
sin =| ya (-1)"w+mr 
It follows that the inverse function z=sin w has the property 
sin {m7 +(—1)"w}=sin w. 


Again, since [ fou- —w, it follows that —z=sin(—w). But z=sinw; 
0 


thus sin(—w)= —sin w, so that sin w is an odd function. Many of the other 
properties of the sine function could also be deduced from those of the integral 
2 Gf 
oV(l—#) 


66. Legendre’s First Normal Elliptic Integral. Let 
F=| (z)dz, 
0 


where f(z) ={(—2)(1— heey} 3, and k is a positive proper 

fraction. The initial value of f(z) at z=0 is taken to be +1. 

The integrand has four branch-points, +1, —1, +1/k, —1/k. 
The loop A from O about 1 gives the integral 2K, where 


; da 
k=) Fidaayl aay 9 f(z) returns to O with the value 


—1. Two successive integrations round A give the value 0, and 
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bring f(z) back to O with the value 1. Similarly the loop B 
about —1 gives the integral — 2K, and two successive integrations 
round B give the value 0. Successive integrations round A and 
B or round B and A give the values 4K and —4K respectively, 
and f(z) regains the value +1 at O. 

Since a straight line cannot be drawn from O to 1/k without 
passing through the singularity +1, the loop L, about 1/k is 
formed by means of a curved line (Fig. 68) above the w-axis and 


Fria. 68. 


a small circle about 1/k. This loop can be deformed into the 
contour (Fig. 69) consisting of : 
(i) the z-axis from O to 1—e; 
(ii) a small semi-circle ¢ of centre 1 and radius ¢ above the 
x-axis, described negatively ; 
(iii) the z-axis from 1+e to 1/k—e; 
(iv) a small circle C of centre 1/k and radius e, described 
positively ; 
(v) the w-axis from 1/k—e to 1+e; 
(vi) the semi-circle c described positively ; 


(vii) the w-axis from 1—e to O. 


Fia. 69. 


Since Lim (z—1)f(z)=0 and Lim (z—1/k)f(z)=0, the integrals 
z—>l z—>1/k 


along (ii), (iv), and (vi) tend to zero with e. 
The integral along (i) gives K. As z passes round ¢, amp (z—1) 
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decreases by 7, and (1—«) changes to (w—l)e-'*; hence the 
integral along (iii) is 


1 Ie dx me 

eR J, H{(®—Dd ha» ’ 
where K’= | == See ; 
1 J {(@*— 1)(1—/2?)} 


Again, as z passes round C, amp(z—1/k) increases by 27, and 
(1 —ke) becomes (1 —ka)e”*" ; hence (v) gives the integral 


Ke 


1 | dx ; 
oF Sy Jf (a IL)" 
Finally, as z passes round c, amp(z—1) increases by 7, and 
(z—1) becomes (1 —«)e'™; so that (vii) gives the integral 
1 i da 
e* J, /{A — @)(1—22?)} 
Thus the value of the integral round the loop is 2K+27K’ 
and f(z) returns to O with the value —1. 
It can be proved in a similar manner that the integral round 
the loop L, (Fig. 70) is 2K—27K’. This follows more simply, 


K. 


Fia. 70. 


however, from the fact that L, can be replaced by A, L,, A-}, 
taken in succession: the value of the integral along this contour 
is then 2K —(2K + 27K’)+2K =2K — 21K’. 

Similarly the contour C, (Fig. 70) can be replaced by A and L, 
taken in succession; so that the integral round C, has the value 
2K —(2K+27K’)=—2iK’, and f(z) returns to O with the value +1. 

Finally, the integrals round the loop L, and the curve C, have 
the values —(2K + 27K’) and 27K’ respectively. 


Hence, if w denotes the integral | f(2dz taken along a 
0 P 


straight line from O to 2, with the initial value +1 at O, the 
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general value of F(z) is 2mK+2niK’+(—1)™w, where m and n 
are integers. 

The value of the integral when z is infinite can be found 
as follows. Let the integral be taken round the contour (Fig. 71) 


consisting of: (i) the straight line from O to z; (ii) a semi-circle 
of centre O from z to —2; (iii) the line from —z to O. Since 
this contour is equivalent to the contour C, (Fig. 70), the integral 
has the value 27K’. But the integral along (ii) tends to zero 


0 2 

when z tends to infinity (§30, Th. I), and | fle)de={ /(2)dz, 
A 0 

since the final value of f(z) is equal to its initial value. Therefore, 


when z tends to infinity, |. (2)dz tends to the value 7K’; so that 
0 
| f(2)dz=1K’ + 2mK + 2niK’. 
0 


If in the integral 


Aas be da 
K=| N@—1)\(1— Pa} 


we put y=./(). —k’x")/k’, where k’=,/(1 —k?), we obtain 
Roe | ; dy 
oJ{(lL—y?)(l —k?y?)} 
It follows that K’ is the same function of k’ that K is of kh. 


Inversion of the Elliptic Integral. In Example 2 of the 
previous section we deduced from the properties of the integral 


dz ee A : : 
We ja-2) various properties of the inverse function z= sin w, 
rye Ges 
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4 dz 
d= 0 PAy 
function of w, and from the properties of the integral those 
of the function can be deduced. We shall here make two 
assumptions: (i) that the function exists for all real or complex 
values of w; and (ii) that the function is single-valued. These 
assumptions will be justified in Chapter XI. The function is 
denoted by z=snw: from the general value of the integral it 
follows that 


Similarly, if w=| z can be regarded as a 


sn w=sn {2mK + 2niK’+(—1)™w}. 
Accordingly, sn w has two periods, 4K and 27K’, the one purely 
real and the other purely imaginary, and sn(2K —w)=sn w. 


Again, since I, f(2)dz= -| f(@\dz=—w, it follows that 
0 0 

—z=sn(—w)=-—snw; so that snw is odd. The properties of 
the integral also give: 

sn0=0, snK=1, sn(K+7K’)=sn(K—72K’)=1/k, snvK’=00. 

Instead of sn w the notation sn(w, k) is frequently employed, 
k is called the Modulus and k’ the Complementary Modulus 
of sn(w, k). 


Example. Shew that K’=log (4/4)+ (4), where $(4) tends to zero with &. 


We have 
14+ dx Sollee 


1k 
Kb (“) = genase h Tea 
a 
x L/—y*) My? — &) 
where y=kx. 
Hence 


Lim {K’ tog (4 )} = (sag 
=[ -logtt+ya-23] 
=log2; 


from which the required theorem follows. 
67. The Weierstrassian Elliptic Integral. Let 
W— Wy) = | f(2dz, 
20 


where f(z) = (4(2—e,)(2—e,)(2—e)}* : here w=W, corresponds. 
to z=%), and one of the two values of f(2) is selected as initial 
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value. There are four branch-points of f(z) (Fig. 72), e, €, 3, 
and «. The loop Labout «, however, consisting of the line from 


Hig. 72: 


z to ¢ and a large circle described negatively, can be replaced by 
the loops L,, L,, L,, about ¢,, ¢,, ¢,, described negatively in suc- 
cession ; so that it is only necessary to consider the effects of these 


three loops. Let A, -{ ‘fede, A,=["f@de, As=| feds 


then integrals round the loops L,, L,, L;, or Ly’, Ly’, L5', give 
the values 2A, 2A,, 2A,, respectively. Two successive integra- 
tions round a loop give the value zero. Successive integrations 
round loops L, and L, give the value 2A,—2A,. Again, the 
description of an even number of loops brings f(z) back to z, 
with its initial value f(z), while an odd number brings it back 
with the value —/(z,). 


Hence, if I denotes the integral \ /(2)dz taken along a straight 
line from z, to z, the general value of the integral is given by 
W— Wy = 2, A, + 2n,.A,+ 2n,A,+(— latter], 


where 7,, 2, N3 are integers such that n,+7,+7, has the value 
0 or 1 according as the number of loops described is even or 


odd. 
Now let n,=—m,, N3= —™M,, so that either n,=m,+m, or 
N,=M,+mM,+1; then either 


W—W)= —2m,(A,—A,)—2m,(A,—A,)+1 
or W—Wy= —2m,(A,—A,)—2m,(A,—A,)+2A,—1 
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Again, if o=| “f(2)dz and wo, = iP f(2)dz, 
€3 ey 
A,—A;=o0, and A,—A,=ao,; 
hence either = w=w)+2m,o,+2m,0,+1 
or W=Wy + 2M, + 2m, 0,4+2A,—1. 

Thus the inverse function z=@(w) is doubly-periodic, with 
periods 2, and 2w, 

Next, let the integral be taken along the contour consisting of 
the loops L, L,, L,, L,, taken in succession. This curve encloses 
no singular point, so that the value of the integral is zero. But 
the integral round the large circle tends to zero as the radius 
tends to infinity ; hence 


= al f(2)dz—2A,+2A,—2A, ; 
so that | J(z)dz=A,—A,+A,. 


Now take w= [°r@az =—A,+A,—A,; then w= | FS (2)dz. 

Hence, if z=e,, 

w =2m,w, + 2m,w,— A, + A,— A, +A, = 2m, 0, +2m,0, +0, 
or w=2m,0,+2m,o0,—A,+A,—A,+2A,—A, 
= 2M, 0, + 2M. + 20, +. 

Therefore e,;=$(,). Similarly e,=%(w,+,) and e3=¢(@,). 

Again, if W=w +1, w=2m,o,+2m,.0,+W 
or W = 240, -+ 2Myw. + 2A, + 2wWy — W 

= 2m,0, + 2m w,. + 4A,—2A,—2A,—W 
=2(m,+1)o,+2(m2+1)0,—W. 

Thus ¢(w) is an even function of w. It will be shewn in 
Chapter X. that ¢(w) is Weierstrass’s Elliptic Function g(w). 
It should be noticed that the signs of the two periods 2, and 
2w, depend on the initial value selected for (2). 

68. Elliptic Integrals in General. Any integral of the type 
Re J/Z)dz, where R(a, y) is a rational function of # and y and 


Z is a polynomial of the third or fourth degree in z with real. 
coefficients and no repeated factors, is called an Elliptic Integral. 
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When Z is a cubic the integral can be transformed into an 
integral in which Z is a quartic as follows. 

Let Z=(z—)(az*+bz+c), where 8, a, b, c, are real; then, 
if z—B=@, 

[RE JB d= fREB+E, (UB +EP+HB+E) +e} 12 dG 


which is an integral of the required form. 

Again, let R(a, y)=P(a, y)/Q(@, y), where P(a, y) and Q(a, y) 
are polynomials in « and y; then, since (/Z)”, where p is a 
positive integer, is a polynomial in z, we can write 

P(z, VZ)=K(z)+L(2WvZ, Q(z, VZ)=M(z) + N(2)VZ, 
where K(z), L(z), M(z), N(2), are polynomials in z. 

Now multiply numerator and denominator by M(z)—N(z)J/Z; 
then R(z, VZ)=U(z)+ V(2)\/Z, 
where U(z) and V(z) are rational in z. 

But U(z) can be integrated by elementary methods. Hence 
we need only consider integrals of the type 


\Ve@vz dz or (ee Se dz, 


where S(z) is rational in z. 
Again, by the method of partial fractions, S(z) can be put 
in the form 


BS B, Bs 
ze n 
Ap tA, z+ Ag2z?+...$A,2 +2{e Sar aa Fame ‘TGray gp}: 


Hence the integral ee S(z)//Z}dz can be expressed linearly 
in terms of integrals of the types 


d d —— 

|5jaz ona [—. 

" eee __ Ce te Le gett. be gmat | 
Now dg /Z)= : TZ 4 ; 


so that \5 dz can be expressed in terms of the four integrals 
2 a dz 
= dz, \> d ’ \5 d ea . 
Iie RAEN Ae Ay, 


o i= ui 4az° + 3622+ 2ez+d 
IZ, ‘ 


But 
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where Z=az*+ bz?+cz?+dz+e; therefore ie can be expressed 
in terms of the three integrals NZ 


| Zdz | Zaz J dz 
VA AA Is 
Similarly, since 


d NZ _dj(z—a)t+d,(z—a+d,(z—a?+d,(z— —a)+dy 
dz(z—a)" (z—a)mt1/Z 


| = can be expressed in terms of 


2—aJ/Z 
| dz Ie [a2 = aye 
CAVA RV A NZ JZ 
Thus every Elliptic Integral can be expressed in terms of © 
integrals of the types 


Ve Nan ae Necasv 


Again, since imaginary factors of Z always occur in conjugate 
pairs, Z can always be written a(z?+pz+q)(z22+rz+8), where 
Pp, 4,7, 8, are real. Now in the transformation z=(f +g¢)/(1+ 6), 
let f and g be chosen so that the coefficient of € in each quad- 
ratic is zero ; then Z will take the form 

a bmg) +g) 
(1+¢)% 
It is always possible to find real values for m and n. For 
as bod Lge 
Fg s2- = Ul ere 
so that f and g are the two roots of the quadratic equation 
(r7—p)fP+2(s—q)f+(ps—9r)=0. 


Accordingly, if the roots are real, we must have 


(s—q)—(r—p)(ps—qr) > 0. (Ay 
Now let the two equations 
x+pe+q=0, #+ra+s=0, (B) 
have roots «,, %, and #,, #,, respectively ; so that 
L+Xe=—p, 14%, =, LztU=—T, UX, =8. 


Then inequality (a) can be written 
Wy — Hg) (© — 4) (Wa — Lg) (Wy — 4) > 0. 
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This inequality holds if one at least of equations (B) has 
imaginary roots; for then the four factors consist of two pairs 
of conjugate complex quantities. Also, if both equations have 
real roots, the factors of Z can always be chosen so that 

Ly > hy > Ug Uy. 

Thus the inequality holds in this case also. It follows that 
real values of f and g, and therefore of m and n, can always be 
found. 

Accordingly, every Elliptic Integral can be expressed in 
terms of integrals of the types 

i Ie dg | dg 
JQ? ISO? INQ? J(E-B)VQ" 
where Q=(1+mé€?)(1+ 7€?). 
Bee eS: dg? 
VQ 2S {1 +mg?) (1 +067)} 
and this integral can be evaluated by elementary methods. 
dg — (¢+B)a¢ 
Alo Fe Byan lela Jo 
de 


Es ¢ 1 | 
(epee 
and the last integral can be evaluated by elementary methods. 
Hence we need only consider the integrals 


(8.19: tl 
JQ" JV? HE B)/O 
There are four cases to be considered (we assume a?> 6”): 
(i) Q=( a?) — 596"); (ai). O= (1 —a*¢*)(1 + 6%); 
Gi) OQ=(1+e?)(1—876); (iv) Q=(14+ 42 6)(1 +076). 
In case (i) put (=a/a, k=b/a; then the integrals are trans- 
formed into integrals of the forms 


| a? dee | dic 
V{U—2) 1 —hat®)}? SY {(L—m)(1 — a?))’ 


| da 
CPT A= Fay 
In cases (ii), (iii), and (iv), make the substitutions 
1—-@GC=2%, 1—0?C=a and 1-676? = 1/27, 
respectively ; then all these cases reduce to case (i). 
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ada i da 
a Riera teresa ely —®)(1—Fx)} 


-p\\G=>)&. 


Hence all Elliptic Integrals can be expressed in terms of Elliptic 
Integrals of the three types, 


\7ra =n —k2a?)y’ —— dx, 


| da 
@o)J{0- ey Py 
The three definite integrals, 


\, ike aN — k?a))’ ric da, 


| 3 dx 

=) J{1— a) — Pa) 

are called Legendre’s Normal Integrals of the First, Second, and 
Third Kinds. (See also App. I., Note 6.) 


Example. Prove 
1 4409 Q [v3 
a +22? ian é : 
ge 3 Ju Fda 
Bat +2r?+1 


a lass 


1 Bat4+22? Ae [ da 
0 Mata® 1) Jo (att a?+1) 
But 
i da =| dic 
0 atte2+1) Jo J/{(2?+24+1)(2?-2+1)} 


y—1 
where += 


=2[” ay y-l 
N(3y* ee +y)}? y+l 


_2 e 3 
ale via a ID where ¥Y +3= 5 


Hence the required equation follows. 
69. Complete Elliptic Integrals. If in the First and Second 


of Legendre’s Normal Integrals the substitution z=sin ¢ is made, 
they become 


¢ d ¢ en 
F(k, =| Srey K(k, o=\a — sin’ )d¢, 
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respectively. In particular, if «=1, then ¢=7/2, and these 
integrals become 


/2 dd 
K =F(k, 1/2)= ie an aarpy 
E=K(k, 7/2)= ie Bape ey ns 
0 


which are known as Legendre’s Complete Elliptic Integrals of 
the First and Second kinds. Similarly we write 
=F(k, 7/2), E=E(K, 7/2). 
These functions can be expressed as hypergeometric series in 
k and k’: for, since k < 1, 


K=|" ees Msin’ p+ 5 sak sin'g +. Jag 


=F{1+ ) a+ SS a ; 4 LEP, Pre): 


Similarly K’=FF(s, Polk), E=5F(-3, 4,1, 2), 


and E’=5F(-}, 4,1, k). 


The numerical values of K, E, K’, and E’ can be easily evaluated 
by means of these series, except when the value of k or k’, as the 
case may be, is nearly unity, in which case the convergence is 
slow. 

Landen’s Transformation. If in the integral F(k, ¢) we 
make the substitution 


tan(¢,—¢)=k' tang or tan ¢,=sin 24/(k,+ cos 2¢), 


where k, = =p ney <k, we obtain 

db, = ike ba pk tab J (142k, cos 26+k,2) = a 
aoe rt ee aee eres )? 

po that F(k, $)="TO FC, gy) 


Thus the integral is expressed in terms of an integral of 
smaller modulus. In particular, if ¢=7/2, then ¢,=7, so that 


v(t ie A aia 5 pecroue ee 
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Accordingly, if the modulus & is nearly unity, the value of 
F(k, 7/2) can be deduced from that of F(k,, 7/2) by means of 
this transformation. 


Example. Prove if pean Oe 28 8 (1 d@ : 
0 JA—Ssin?d) 4Jo J —}sin?6)’ 
and deduce from the example of § 68 that 
1(3244+22%)\de — 1 (3 T 
0 Me +ate1) V8 a Pp 5) 


70. Legendre’s Relation. A relation can be _ established 
between the four quantities K, K’, E, FE’, as follows. 
We have 
dK -{" k sin’ dp i aM dp K 
dk G—isin?¢)? (1—ksin?g)? k* 
d sing¢cos¢d —k? 


; 2 
put i dp JA-k* sin’) (1—k? sin? ge tv Sete 
Spe dep 
Therefore Oris ie een gyn t B 
u OK tae 
ence HE = kk? PASH 


Accordingly, since k?+k?=1, 
dK | ey AS 
dk’ ~~ Tek + TE 
Therefore, interchanging i and k’, we have 
NCE i Ss dK’ KB’ OkK’ 


dk’ ~ ke 8° “ae et 


ee 
=| _—ksin’¢ dg 
oh Jd — sin?) 
1 ale do E-K 
= Se a oe ll Ce = 
dE —k(E-K). 


Thus 


a = ie 
dk -k(h’—®’) 
so that ee aay al 
Accordingly, if W=KE’+ KEOKEK or = 0; therefore W is _ 


constant. 
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_ Now consider the value of (E—K)K’ when k tends to zero. 
Since c= ke ) ke » 
Sl ie aot 
p=2(1 ate and K= af Poke 
E—K= Get... 


[Pde cl 
nee KJ JA =k? sin? 76) Jo JAE) 2k 


Hence |(E— K)K'|< (4 jen 


i) ee ee 


so that Lim {(E—K)K’} =0. 
k—>0 
But, when k=0, K=7/2, and E’=1; therefore 
W =KE’+K’E—KK’=— 
CoroLtuary. K and K’ satisfy the equation 
d? d 
w(@—1) 54+ (20-1) 52+ hy =0, 


where «=k?. This equation is known as the differential equation 
of the Quarter Periods of the Jacobian Elliptic Functions. 


EXAMPLES IX. 


Ih, ee w= | i and if wy is any value of w corresponding to z=, 
0 


shew that the general value of w for z=z is w+mN27/4+nN2 7/4, where 
mand n are integers, such that m+ is even. 


“1422 , 
74, Mie ir ads shew that, with the notation of the previous example, 
0 
the general value of w is wy+mmi/3 +n ae where m+w~ is even. 


3. Find the most general value of {a Tes for any path of integration, 


= 1) 
where the initial value of the integrand is unity. 
Ans. nri+(—1)"log(1+NV2), (n=0, +1, +2, ...). 


1 dx 1 r(J a) 
bade ee NE —yfay? 
ty PIONS fy ws Wa A 


5. Prove that, for the ellipse x?/a?+y?/b?=1, the length of an arc 
measured from the point (0, 6) in the clockwise direction is aE(e, ¢), where 
e is the eccentricity and ¢=$7— 0, @ being the eccentric angle. 

. ; ~ -—— = L = 1 
6. Prove that | Noose de=2v3K(—., $)-sar(3e, b), 


where cos 7=cos?¢. 
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7. If a >b?>c?, shew that 
i dx i, 
» S(@+A(EFA(ELA)) eH 2) F(k, $), 


GAP f re) 
where k= 4/(4—*) and sin p= /(S—*), 


8. Shew that [ ae ae Fee) 
1 J(#-1) V314+k \1+k 2 


where £=sin 15°. 
[Shew that the integral is equal to 
dy 
V3(1 vph NA+ AWPIATP)E 
where A=(1—k)/(1+&).] 


Of chew that ik dit tel ges) 
-o (1-2) Y31+k \1+h 2 


where k=cos 15°. 


10. Prove 
f ap" ayP (sin ily eS) he 7 F F(cos 15°, ane 


11. By means of the substitution 7=(4—7°)/37?, shew that 


g da Pd leeks aeee 
Logan een 
deduce that K’=/3K, where k=sin 15°. 
74 3tan?9+8 tan?6—2 tan 6+4 
—n/12 /(1+2 sin 20) 
B= | ada 
ory s/(vt+ 403 + 20" 4+ 4a +1) 


i 1B A= tan 6d@ 


and 


Bee ad 2K (2 
prove that Ab af is ae 


13. Prove that the length of the lemniscate 7= an/cos 26 is avian, z). 


14, If s denotes the length of an are of the hyperbola 2?/a?—y?/b?=1 
measured from the point where it crosses the w-axis, shew that 


eye dé * [Oa #e) geo VIG £90 — BE} 
|, Ta=aPe) Iv ( rag) é 
where £=)/,/(b?+y"), k=a/e, and c=Va?+b* 


15. Shew that, if k=/? and «’=k?, 
dK E-*’K dE E- K 
de. Inn’ © dk 2k 
Prove that (E — x’K) satisfies the differential equation 


0 
4kk a= 


M.F. M 
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16. Shew that, if »>1, 
(i) nf eK dk=(n- yf kB dk 5 
0 0 


(ii) (n +2) if k"Edk=(n +1) i) "eK dh, 
0 0 


17. If P is any point on that branch of the hyperbola 2?/a?—y?/b?=1 
which crosses the #-axis at A, shew that the difference between the arc AP 
and the portion of the asymptote cut off by a perpendicular on it from 


c c z) (¢ ) 
( cK 9 9 


as P tends to infinity. [Cf. Example 14.] 


18. Shew that 
1 daz y dy 
I V{(1 — 2") (42 + kx") } Jo MU —y*) — ey) 
where y=,/(1—2”). 


19. Shew that 


1 dx _ fy dy 
i Mi(1 - 2?)(a?—h)} Jo MAC) — Ry’ 
where ky=V1— 2", 


a So dg. Pal x 

ae assem na" Gs) 
dx 1 Lc 

gt er es SU eed a (We) 
di 

22, shew tha [Soa ayeraia ea) 


1 1502 — Qa 16,,/1 
23, Prove = ES 
i ial=aGrrae es F (53): 


cH. x.§ 71] 


CHAPTER X. 
WEIERSTRASSIAN ELLIPTIC FUNCTIONS. 


71. Doubly-Periodic Functions. A uniform function F(z) 
which has two primitive periods Q and (Y is said to be Dowbly- 
Pervodic. For all values of z, 

F(z+Q)=F(z), F(z+0’)=F (2), 
so that F(z+m0Q +0’) = F(z), 
where m and m’ can have any integral values. 

THEOREM. The two primitive periods Q and (’ cannot have 
the same amplitude. 

For, if they have the same amplitude, let Q = pe, O/=p’ew, 
and assume p>p. Then, if Q”=Q—O/=(p—p’)e®, Q” is a 
period of modulus less than p. Let this process be repeated 
with the two periods Q’ and (”; and so on. After a sufficient 
number of steps a period is obtained either of modulus zero 
or of modulus less than any assigned quantity. 

The first case cannot occur, however; for if w denote the 
value of the two equal periods subtracted in the last step of 
the process, »=Q/p=Q'/q, where p and q are integers [In the 
last step » must have been subtracted from 2m; in the preced- 
ing step w or 2m from 3w; and so on.]; but this is impossible, 
since Q and ()’ are primitive periods. 

In the second case, if w denote the period, the function 
{F(z)—F(z,)} has zeros at z and z+. Accordingly, F(z) has 
essential singularities at all points of the plane (§ 22, Theorem I. 
Corollary 1). Such functions are excluded from consideration. 

Congruent Points. The points z+mQ+m'Q’, where m and 
m’ may have any integral values, are said to be congruent to 
the point z. 

Period-Parallelograms. <A parallelogram of vertices a, a+Q, 
at, a+Q+,, is called a period-parallelogram. It is sufficient 
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to study the behaviour of the function in one period-parallelo- 
gram in order to know its properties for the entire z-plane. If 
the whole plane be divided up by two sets of equi-distant 
parallel lines into a net-work of period-parallelograms, corre- 
sponding points of the parallelograms form a set of congruent 
points. An example of such a net-work was given in § 37. 


72. Elliptic Functions. A doubly-periodic function with no 
singularities in the period-parallelogram except isolated poles is 
called an Elliptic Function. It is convenient to choose the 
periods 2w, and 2w, so that, as in § 37, I(w,/w,) 1s positive. 

Weierstrass’s Elliptic Function. If we differentiate the series 


eee 1 
)=St+ SS (mn a} 649) 


: ; i 

we obtain Q(z) = a0 

From this series the equations 

P'(Z+20,)=9'(zZ),  O'(Z+ 20) = 9"(Z), 

follow immediately ; so that g’(z) is an Elliptic Function. 

Again, integrating, we have 

Q(2+2w,)=e(z)+C. 
Now let z= —,; then 
9(@,)=9(—@,) +C=e(w,)+C, 

so that C=0. Thus  (z+2w,)=¢(z). 

Similarly (2+ 2,) = 9(z). 

Accordingly, g(z) is an Elliptic Function. 

Corottary. If wis any integer, {g(z)}” is an elliptic function. 

Note. The notation g(z; w,, ,) is sometimes used instead of 
9 (2). ; 

THEOREM I. The derivatives of an elliptic function are 
elliptic functions. 

For, if S(Z+20,)=f(z),  f(e+2,)=f(2), 
it follows that 

f@+20)=f'(@), fet 2) =f (Zz). 

THEOREM II. An elliptic function must have at least one 

pole in a period-parallelogram. 
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For if not, the function would be finite at every point of the 
plane, and would therefore, by Liouville’s Theorem, be a constant. 

Thus the function g(z) has poles of the second order at the origin 
and congruent points; while at all other points it is holomorphic. 
The principal part at the origin is 1/2. Similarly g’(z) has a 
pole of the third order at the origin, with principal part —2/z’. 

Corouuary. If two elliptic functions have the same periods 
and the same poles, and if their principal parts at the poles are 
equal, they can only differ by a constant. 

Note. An elliptic function has an essential singularity at 
infinity : for it has an infinite number of poles in any neighbour- 
hood of infinity (cf. §48, Note). This holds true for all periodic 


functions; e.g. cot z. 

THEOREM III. An elliptic function can have only a finite 
number of poles in a period-parallelogram (§ 22, Theorem 2). 

THEOREM IV. The sum of the residues of an elliptic function 
f(2) at points in a period-parallelogram is zero. 

Let y denote the parallelogram ABCD (Fig. 73) of vertices 


2+20,4+2W, 


at 20, 


at20), 


Fic. 73. 


a, d+ 2m,, A+ 20, +20,, G+ 20, drawn so that none of its sides 
passes through a singularity of f(z). Then the sum of the 
residues of f(z) in y is given by 
iste Ieee < . 
Fei) fda) OF + 2h de 
, 1 fetten 
toe;| FG +20) —/)} de 
= 0: 
For example, the residues of g(z) and g’(z) at z=0 are zero. 


CoroLuArRy. An elliptic function cannot have a single semple 
pole in a period-parallelogram. 


Order of an Elliptic Function. The number of poles of an 
elliptic function in a period-parallelogram, a pole of order s 
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being counted as s poles, is called the Order of the function. 
It follows from Theorem IV. Corollary, that the order of an 
elliptic function must be not less than 2. 

The two simplest types of elliptic functions are: 

(i) functions with a single pole of order 2, at which the 
principal part is of the form A/(z—«)?’, in each period-parallelo- 
gram; (2) is a function of this type: 

(ii) functions with two simple poles of principal parts 
A/(z—«) and — A/(z—3) in each period-parallelogram ; it will be 
shewn in Chapter XI. that the Jacobian functions sn w, cn wu, 
dn w, are of this type. 


THreorEM V. The number of zeros of an elliptic function f(z) 
in a period-parallelogram, where a zero of order r is counted 
as 7 zeros, is equal to the order N of f(z). 

For (§31, Corollary 1) 

F (2) 
ee = Ir—Xs, 
where y denotes a period-parallelogram. But, since /(z)/f(z) is 
an elliptic function, this integral is zero (Theorem IV.). Hence 
“r= Ds=N. 

Thus, since ¢(z) has one pole of order 8 in the period- 
parallelogram, it must have three and only three zeros in 
the parallelogram. Now, substituting z= —, in the equation 
9'(z+ 2w,)=¢'(z), we obtain e'(@,)=¢(—,). But from the series 
for g(z) it follows that @(z) is odd: hence g(w,)=0. Similarly 
9'(w.)=0, e'(w,;+,)=0. Thus the only non-congruent zeros of 
9(Z) are w,, w,, and w,+e,. 


CoRoLLaRY. Since the elliptic function {/(z)—C} has the same 
poles as f(z), the number of its zeros in a period-parallelogram 
willbe N. Hence the number of points in a period-parallelogram 
at which f(z)=C is N. 

THEOREM VI. If the elliptic function f(z) has p zeros ay, 
Gps oxen Gp, OL Orders: 1), 75). ...5 Tp), 80s g) poles Ue, Dy, aos, Ogre 
(0) 46 (<u ee SP period-parallelogram, 


s Tmm — » Spr On = 2d, + 2UW., 


m= =] 


where A and yu are integers. 
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For, if y denote a period-parallelogram (§ 31, Corollary 2), 
ami > Timm — 2 Sn On \- | as 
a+ 2w, 
=[ "(£2 (o4 enh tien a 


a F@) 2) Fa+ 2w») 
OL ET e) F(e@+20,) 
a omin Feta) 
20, ) ‘(a 4- 2w,) 
Soi {pat ee uv 20, L {Het eew at 
ie One ola ha) 
= —2w, Log 1+ 2, Log 1 
=2w, . Qui +2, . 277. 
Hence Sirti = Ss Snbp = = 2rw, + 2u0,. 
n=l 
Example. Prove that w= —v—w is a simple zero of 


97'(w)i P(r) — P(w)} + '(){P(~) — P(u)} + Pw) { E(u) — P(v)}. 
This is an elliptic function in wv of order 3, its only pole being at w=0. 
Two zeros are w=v and w=, so that the third must be congruent to —v—w 
(Theorem VI.). Also (Theorem V.) each zero must be of the first order. 


73. Relation between g(z) and g’(z). We shall now prove 
that ¢@(z) satisfies the differential equation 
9°(z) = 49°(Z) — Jo (Z) — o> 
where g, and g, are constants. 
Near z=0 we have 
i 1 22 32 42 
C20 eno 


Accordingly 
1 ~ 327 428 
COs et Dela at ot gt } 


But if 1 is odd, ere therefore 
pant Bert Bat Aare..., 
where = 60> qi=4 3. ae 
+n 1 . +n ; 1 
gs=140>/>) orn: D.. Dap?) oF 
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From this equation we derive the following equations : 
952 


2 Go? 9 5 
Q(z) = 508 oe 7 +6A2+.. 


; 4 2 4, 5 
9 i 


1s 3 
pl 2)=ataeit Get Cr+... 


Hence, if ¢(z) denotes the function 
9°? (2) —49°(Z) + 9.9(Z) + Is; 
near 2=0, o(Z)=D2-+- Ez... 
Thus the elliptic function ¢(z) has no pole at the origin. But 


the origin is its only possible pole. It is therefore a constant 
(Theorem II. $72); and since ¢(0)=0, the constant is zero. Thus 
9'?(z)=49°(z) —9.0(z)—9s- (A) 
The quantities g, and g, are called the invariants of g(z). It 
is sometimes found useful to use the notation (2; g2,g3) for e(z). 
CoroLtLaRy. By differentiating equation (A) we obtain: 
0"(2) = 69"(z) — 395 
°'(z) = 12e(z) ez); 
'"(2) = 12e(z)e"(z) + 1292) 
= 729° (z)— 69,.0(z) + 12e(z) ; 
Thus every derivative of g(z) can be expressed as a polynomial 
in e(z) and ¢(z). 
Example. Prove that the function {((u)@(w)+@?(uv)—1} has five zeros, 
U1) Ug, Uz, U4, U5, IN a period-parallelogram, such that Suaone Fone 
r=) 


where A and mare integers. Verify that, if z= (wu), these values of w give 
the five roots of the equation 


425 — 24 — goz3 4+ (2 —g5)22-1=0. 
If g(z)=0, equation (A) becomes 
40°(2) — 9,0(2) —93=0. 
Now we know (Theorem V. §72) that 9’(,), @(,), '(@,+,), 
are all zero. Hence the three roots of this cubic in ¢(z) are e,, 
2, &, Where €,=0(); = 9(, +42), €:=P(w,). 
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It follows that equation (A) can be written 
9°°(z) = 4{ (2) — e}{ (2) — e} {@(z)— es}. (8) 
If the coefficients in equations (A) and (B) are equated, the 
following important relations are obtained: 
é, +é,+¢6,=0, 
Cyl Coly+ C30 = — 492, %€x3 = 19s. 
The Weierstrassian Elluptic Integral. Let z= ¢(w): then, since 
p(w) = 49°(w)—9,9(w) — gs, 
dz 
iia (42 — 922 — gs). 
Now when w=0, z=; therefore 
ge? | A dz 
wo V(4z* — 922 — 9) 
The two branches of the integrand give equal and opposite 
values of w, which correspond to the same value of z, since 
g(w) 1s even. 


74. The Addition Theorem. Consider the elliptic function 


flu)=9(u+e)+9(w+9(e) |S —EOY 


The functions g(w+v), @(w), and gw) have poles at w= —v, 
w=0, and w=0 respectively; while {g(w)—g(v)} has zeros at 
w=-+v. Hence the only possible non-congruent infinities of 
{(u) are u=0, w= +0. 

Near w=0, 


1 
S(u)=9)+up +... + Gtawt . £e(v) 
4 
1 — ip POT2AUt...] 


: J o(v)+Aur+... | 
1 / 
=~, +29(v) + up(e) +... {1+ 2u49(v) +u8p @yr et 


=Bu?+.... 
Accordingly, when w=0, f(w) is finite and has the value 
Zero. 
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Again, let w=v+e; then 
f(u)=(2v) + 9'(2v) +... FEC) Fev) +... FE(v) 


[e+e +5 e"@+--8@| 


- (0) +e9"(0) +5 @’(v)+...—@(v) | 
= 9(2v)+20(v) +e{e(2v)+9(v)} +... 


€ at 


2 
(fe Orse"O+-| 


Cie77 


= ie 
@W)+$ 9") +--+ 
Hence f(w) is finite when w=v. 
Finally, let w= —v+e; then 
1 , 
Sua at det... +e(v)—ep (v)+...+(v) 
2 
1{ 8 @)+ee"()-F er) +... - 9) 


4 , e ” Ae Wy 
(vr) —e9'(v) +70") — GR") +--- —() 


-! So) 1j,,¢9 @ \ 
=a t 20(¥) @(v) +... 5145 go) 07 ‘ 


Hence f(w) is finite at w= —v. 
Thus f(w) is constant (Theorem II. §72). But when w=0, 
{(u) has the value zero; therefore 
1 es sh ee 
p(u+e)=—9(u)—9(0)+7{ Se 
This is the Addition Theorem for the Weierstrassian Elliptic 


Function. 
Via / 2 
CoROLLARY. ¢(w—v)= —e(u)—e(v)+ (ete) , 


Example. Prove P(u+)=9W)—5 Sr Smo : 


Duplication Formula. If w=v-+e, the addition theorem gives 


€" why / 4 
POH +5") +----— 9) 
p(2v+e)=—e(v+e)-e(Y) +7 


e f 
P(r) Fev) +5 (rv) +...—e(r) 


2 
ev) +$ 9") +. 


fat 


=-9(0-+6)-9(v) +3 


aN 


€ Mt 


PW) +S e"W)t... 
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Therefore, if «=0, 


9(2v)= —2(0) +5 {oy - 


Example. Shew that 
1 d@ ; 
9(2x)=(u) — 7 Fa itlog @(u)}. 
The following three formulae can be deduced from the 


addition theorem: 
(€; = &)(@ — es) . 


PUR Bile ace e(u)—e,  ” 

— €,)(€,—e 
Ae 4h) ep ane sys . 
_(¢5— &)(€3 =p) 
OAD a acres 


The proof is left as an exercise to the reader. 


Example. Prove 
§9'(U) 0 + 4) 9'(U+ wy + Wy) M(t + Wo) = 16 (6; — €2)? (C2 — €3)”(€3 — €4)”. 
75. Properties of the Zeta Function. Integrating the equa- 
pon (w+ 20.) =9(u), 
we have (p. 106) €(w+ 2w,) = €(w)+ 2n,, 
where 27, 1s a constant. 
Now, let w= —w,; then €(w,)=¢(—@,) +2, 


so that fy = 6 (0)). 
Similarly €(W+ 2w.) = C(W) + 2p, 
where Ng = § (we): 


It follows that 
(w+ 2mm, +: 2nrw,) = (U) + 2m, + 2p, 
and that €(Mw, + Nw,) = Mn, + Np. 

The Zeta function is not an elliptic function. It possesses, 
however, a sort of periodicity, and is called a Periodic Function 
of the Second Kind. In each period-parallelogram it has a 
simple pole congruent to w=0. The residue at this pole is 
unity ; for, if we integrate 


Lg 
P(U)= at ogu t+. ; 


iL 
we obtain f(u)=C+5—-Bwt.... 
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But, since ¢(w) is odd, C=0; therefore 
=1_ hays Cf 948 
((w)=7 BON te (CE. § 48.) 


Example. Shew that ((2uv)=2¢(w) +5 oH : 


Again, let €(w) be integrated round the period-parallelogram y 
(Fig. 73); then 
a+20, a+2wo 
J Gepaden= [FEC — E(w + 2ogd}du— [TG(w)— (w+ 20)} du 
y a a 
= — 4, + 4, 
= 271, 


since there is only one pole in y. Thus 
Tv 
LE eal ead Bese 


This is Legendre’s Relation for the Weierstrassian Elliptic 
Functions. 


THEOREM. Any elliptic function can be expressed linearly in 
terms of zeta functions and the derivatives of zeta functions. 
Let f(w) be an elliptic function of periods 2w, and 2,, and 


let a, b, ¢, ..., & be its poles in a period-parallelogram. Also let 
the principal parts of f(w) at these poles be 

wate at +Gohe 

gostmhy bet +a he byr” 

a, ge Sao ten ee a 


— ie (w— z ye Ba oan ga geST AN (w—k)r’ 
Then consider the function 
gry 
o(u)= —j(u)+{A,eu—a)—4 Tis (w—a)+... 


= du-1 
—1)! du- 7S(u— —a)} 


ee 
Lannie 
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This function is finite at all points of the period-parallelogram. 


Also p(w+ 2o,) = p(u)+ 2, (A, +B,+...+K,) 
= (uw). | (Theorem IV. $72.) 
Similarly p(u+ 2u,) = p(u). 


Accordingly, @(w) is a constant (Theorem II. § 72); therefore 
Ags, 
f(wy=C+ B{Ac(u—a) _ Tis (w—w)+... 


: - An, te 
(= by ac pigern fe} (A) 
Example. Shew that 
2¢ (Qu) + 2m, + 2z=C(w) + C(w + 1) + (w+ w, + wo) + C(u + ws). 
76. Properties of the Sigma Function. Integrating 
C(w+ 20) = C(w)+ 2m, 


we have log {(w + 2e,)} =log {o(w)} +2n,w+C; (ef. § 50) 
or o(w+2w,)= Co(wye’n", 

Now let w= —,; then o(,)=C’o(—a@,)e7 2, 
so that ; C’ = — 21, 

Therefore (1+ 2w,) = —EnUtvg (aw), 

Similarly o (w+ 20.) = — Ee?“ +) o (aw), 


By the method of induction it can be deduced that 
a(w ak 2mo, ae 2nw.) — ( ra | Jerre re ee teen Pn nat tes) (95), 
The Sigma function is called a Periodic Function of the 


Third Kind. 


Near 7=0 we have 


Hence log {c(w) =logw+C— sR i 
But Lim {29} =1, so that C=0; therefore 
pecan | 
log {c(w)} =log w— on wit... 
Thus o(w)= eee 
; ae we... 


240 
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Tueorem. Any elliptic function can be expressed in terms of 
sigma functions. 

Let f(w) denote an elliptic function of periods 2u,, 2,, having 
in a particular period-parallelogram zeros a. Gg, ..., Ap, of orders 
M,, My, +++ My, and poles b,, by, ..., bg, of orders n,, Ng, .-., Ng: 
Then consider the function 

{o(w—b,)}"{o(w—b,)}™...{o(w—by)}" 
ply =7(%) {o(w—a,)}™{r(w—d)}...{o(u—dp)}™ 

We choose the a’s and 0’s so that Sma—Xnb=0, replacing, if 
necessary, some of them by congruent points (Theorem VI. §72). 

Now ¢(w)is finite at all points of the period-parallelogram. But 

ty(o+ Bey) = f (u)(— 1) Smead EHC d4ap anced} 
= (wu), (Theorem V. §72.) 
Similarly p(w+2o,) = p(w). 
Thus (Theorem ITI., § 72), @(2) is a constant; so that 
_ clr(w— ay} {ow —ag))".-{o(w— ay) 
LES {r(w—b,)}™{o(w—b,)}...{e(w—by)}r ” 

For example, the function {g(w)—g(v)} has two simple zeros 

+v, and a pole of order 2 at w=0; therefore 


Oy ICC a(w+ con _ v) 


In this equation let w be small; then 
] 1 
a Oly raw + vee =C-,[—o(v)+ Butt ek 


: : i 
Hence, equating the coefficients of —, we have 
w 


1= —Co*(v); 
so that e(w)—e(v)= — ay v) (A) 


Coro.iary, If in equation (A) we put v=u-+e, and make e 
tend to zero, we obtain 
Oh eth) 
g(w)= o(w) 


Example 1. Shew that 
’ T(U— 0) (U = w.)7(U+ 01 + 0s) 
W= —2, Ll \ 2 1 2 
#(m) 7 (1) 0 (2) (w, + @2)0%(u) 
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Again, if equation (a) be differentiated logarithmically, 
a Mutv) + oun) =26(w) 


9(u)—(v) 
Tn this equation interchange w and v; then 


@'(v) ¢ 
ae e(w) ee e(v) C(w+v)— Cu v)— 2¢(v). 
1 g(u)—e(v) 
Hence 5 eee SS) (B) 


Corotiary. If in formula (4) of §75 we make the substitution 
1 e(u)+ (4) 
u—a)= (wv) — 4+ 6 
G(u—a)= Glu) — (a) +5 EE, 
and similar substitutions for ¢(w—b), ..., €(w—k); then, since 
2A,=0, it follows that f(w) can be expressed as a rational 
function of e(u) and g’(u). 


Example 2. From equation (B) deduce oe addition theorem 


fae a l{e~m—9@)\! 
P(u+2)= ~ 9(W)- 90) +51 Gayo) 


EXAMPLES X. 
1. Find the zeros of 
2? (UL (2) — P(W)} + PE) P(e) — P(U)} + P"(w)iP(u)— PC)I, 
and shew that they are all simple zeros, Ans, +¥, +. 


2. Find the poles and zeros of 
@(u)— Or) _ Ou) - Pw)» 
PG) Pr) (u~)-—E(w) 


Ans. Simple poles, —v, —w; simple zeros, 0, —v—w. 


3. If @(z) is constructed with 2w,, 2w,, as primitive periods, while ¢,(z) 
is similarly constructed with 2w,/n, 2w., as primitive periods, prove that 


1(2)=9()+{o(24 221) —o( 7") | +... 
efefeeoo82} -ofenie}] 
4, Shew that 


(i) 49(2z)=EZ)+ (2+ 0) + EE +0; + 2) + E+ 2) 5 
(ii) P(o,) + (Se, + w2) = 24). 
5, Shew that = 
(i) P(utv) + E(w — v7) =20(v) — 5 log {e(u) — P(t 5 


(ii) @(u-+2)—e(u-0)= — 2 log {@(u)-P()}. 
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9 (w)- Ov) _ _O (utv7)+ Hr) 
9(u) — P(r) (a+ v)— P(r) 


6. Prove 


7. Shew that 

g”"(u—v), @"(v—w), @" (w—u) 

g’(u—v), OP" (v—w), 9" (w—u) 
P(u—v), P(w—w), P(w—u) 


9" (uv), 9" (v—w), 99" (w —w) 
P(u—v), P(v—w), —(w—w) 
[ee Tee Ta 


my 
=392 


Pees gS Sy cee ner 


9, Shew that 

Pe POPs plot ata) (9) -p+0)} 
u)-P(V+o, +0 = wat s 
(i) @(2u) — (20) 9'?(u) 


Sou) -e( 2) \*Locu)-e(2140,) 1” 

Gi) @(2u) - e(w,)=4 ()} i - c )} 
move 27(8) PU), O"(U+ a, +0s) , (Ute) _ 
RT” Gia) Pawo) Ceara Cla aE 


9 (w+) $B) — P(1)) 2 
9 (u) L e(@)-P(a) J 


11. Prove 


12. Shew that 
{P(U) +P (Ut w+ ,)} {P(U+ 01) + E(U+ws)} 
= —49(w,+ Wp) (Qu) — 4 (w1) (ws). 


13. Tf h(w)=9(u)i P(r) — P(~)} +H?) P(~w) — P(u)} + F?(w){ E(u) — E(2)} 
and —— ¥(#) =P’ (U){P(2) — P()} +E (~)L E(w) — P(u)} +O (w){ E(u) — E(~)}, 
shew that (uv) —Puto+w)=2-0 oa. 

14, Shew that ' 

(wu — 2) P(u— 10) =9(0v— w)1P(u—0) + E(u—w)- (0) —(w)} 
+9'(v— w){ C(u— 0) — E(u) + €(0) = ((w)} + 9(0) (w) 


15. Prove {9(u+0,)—e1}9(u)=9'(ar){ Cw 0,)— €(u) — m}. 


16. Prove 
a(a+b)a(a—b)o(e+d)o(c—d)—o(at+e)o(a—c)o(b+d)a(b—d) 
+o(a+d)o(a—d)c(b+c)o(b—c)=0. 


17, Shew that — 27) —se(uyio(w)}*- Me"? 
18. Shew that o(2u)= go (wa (u ~w)o(%— wy) (w+ a, + 2) 
o()o(w)7(w + wo) 


19. Prove 
1 eu) eu) 
; _ gt(u—vjo(v—w)o(w—uo(ut+vt+w) 
1 glo) ge) \=2 | ; 
ra FH u)o%(o)o%(w) 
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20. Prove 
1 (x) Pe) (x) 
1 e%) #Y 9%) 
1 9@) #2) e(2) 
1 Cw) (wv) ow) 
21. Prove 
'(u)—9'(v) _ (uw) — (wv) _20(wo(utvtv)a(v— w) 
P(%)— Pr) P(u)- E(w) o(u+v)o(u+ w)o(v)o(w) 


22. Shew that 
o*(w,)o (u+%) o (w- 21) o(u+%t + vs) o(u -3 - w2) 


o?(u)o(u+,)o(u—w,)o” (2) a (S'+0,) 


o(a-y)o(a Bie — w)a(y—2z)o(y—w) 
xa(z—w)o(e+y+z+w) ; 


oa)oy)o¥(2)o*(w) 


(u+ 0) -P(u)= 


23. Shew that . 
299'(2u) 0'(u) = {O(u) — (w+ 4)} {P(u) — P(u+ w, + &2)} {P(u) — E(w + wo)}. 
24, If ut+v+w=0, prove 
{C(u) + Cr) + Cw) P = (uw) + (7) + E(w). 
25. Shew that 
2¢(2u)=C() + C(u— 0) + (w+ wy +0) + ((u— wy). 
26. Shew that 


1 e(u) P(u)| {1 e@) e™) 
2)1 lr) Xv) |+]1 OC) Cr) |=Cutot+w)— Cu) — Cr) — Cw). 
1 e(w) (wu)! {1 Cw) ow) 


es (u—2v+w)o(u+v—2w) 
o(u—Qv+w)o(utv—2 
C(u 0) — C(u— w) — C(v — w) + C20 — ar eGs Qv)o(u—v)a(u—w) 


M.F. 


[en xt 


CHAPTER XI. 
JACOBIAN ELLIPTIC FUNCTIONS. 


77. The Values of g(w) when w, is Real and w, is Purely 
Imaginary. Let w,=Q,, o,=1Q,, where Q, and Q, are real and 
positive ; then 


co ra) iL 1 
, 
=4.3.5 >) >) a +270, * BQ, — mati 


n=0 m=-0 

The two terms in this bracket are conjugate complex 
numbers, so that g, is real. Similarly it can be shewn that 
gz is real, and that, if w is real, g(w) and g(w) are real; 
while if w is purely imaginary, g(w) is real and g‘(w) is purely 
imaginary. 

Thus e, = e(Q,) and e,=¢(7Q,) are real ; also, since e, = —¢,—é,, 
€,=(Q,+%70,) is real. Hence the three roots of the equation 
43 — 9,02 —g,=0 are all real. 

Now consider the values of g(w) at points on the rectangle 
OABC (Fig. 74), where A, B, C are the points Q,, Q,+70,, 7Q,, 
respectively. 


Fic. 74, 


(i) If w=w is real, small, and positive, g(w) is large and 
negative ; also, when w=Q,, @’(w) vanishes. Between these points 
on the real axis g(w) is continuous, and has no zero values 
(§72, Th. V.). Accordingly, between 0 and Q,, g’(w) is negative ; 
so that g(w) decreases continuously from + to e,. 
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Now — p(w) =4{ (wu) —e,} {@(v) — e,} (@(u)— 6}. 

Therefore since, as w increases from 0 to Q,, @(w) decreases 
continuously from +2 to 0 and g(u) decreases continuously 
from + to ¢, e, is the greatest root of 4«3—g,0—g,=0. 

Again, (w)= +,/(4¢7(w)—9,0(w)—g,}; but between 0 and 
Q,, ew) is negative and 4{e(w)—e¢,}{e(w)—e}{o(w)—eg} is 
positive. Therefore 


(wu) = —./{49?(u) —9,0(u)—gs}- 
Hence, if c=9(e), 
| - dx 
b= 2 ; 
a J {40° — go — gg} 
provided «=e,. In particular, 


oe | ee OR 
a V (4a? — gow — gg} 
(ii) Let w= 1, where v is real; then 
‘ 1 
—9(iv)= et a G — sae 2miQ,)? (2nQ, Sat 
= (V5; Oy, 12:)=9(Y5 92, —9Gs) 
= $(v), 
where P°(V)=4G°(0) —GoG(V) + 9s- 
As in (i) it can be shewn that e,=¢(Q,) is the greatest root 
of 4z°—g,7-+9,=0, and that 


Q =| de 
ve. « V (423 — go+95) 


Thus —e, or eé, is the least root of 4a°—g,7—g,=0, and 


On | = dx 
2S eg) (40* — got + 9s) 
Also, as v increases from 0 to Q,, @(v) decreases from + to 
e,, 80 that g(iv) increases continuously from — 0 to és. 
Since e, +¢,+¢,=0, and ¢,>e,>e;, it follows that e, must be 
positive and e, negative. 
(iii) Let w=w+iQ,, where w is real; then, since 
(¢, — 3) (€,— es) 
e(u)—és 


(uw +iQ,)—e5= 


? 
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e(w+iQ,) and g(w+7iQ,) are real. As w varies from 0 to Q,, 
g(w+iQ,) increases from e, to €, and ¢(u+7Q,) is positive. 
Therefore, between 0 and Q,, 


o'(w+7Qs5) 
=,/[4{e(u +105) — &} {e (e+ 1Q2) — e2} {e(u + 129) — e5}] 5 
dx 

(dec — goa — 93) 

(iv) Let w=Q,+7%v, where v is real; then, since 


(€,— (4 = 6) 

a(wv)—e, 
g(Q,+iv) is real and g(Q,+7v) is purely imaginary. As v 
varies from 0 to Q,, @(Q,+7v) decreases from e, to e,. Thus, 
if o(v)= —e(Q,+%v), between 0 and Q, ¢(v) varies from —e, 
to —e, and ¢(v) is positive. Therefore, since 


p°(vy=4{( dv) +e} {p(r) +e} { P(e) +e}, 
f(r) =J{4P?(v)— Gob (V) +. 9}- 
dz 
Hence OF S| see Saag) 


Accordingly, as w passes round the rectangle OABC, e(w) 
decreases continuously through all real values as follows: from 
+2 at O toe, at A; from e, at A toe, at B; from e, at B toe, 
at C; and from e, at C to — at O. 

Let p be any real quantity, and let ¢ be the point on the 
rectangle for which g(¢)=p. Then, since g(—¢)=p and e(w) 
is of order 2, every point w such that g(w)=p must be con- 
gruent to ¢ or —¢. Therefore, for every point within OABC, 


g(w) is imaginary or complex. 


so that Q, =|" :; 


e(Q,+tv)—¢,= 


Example. Shew that 
(i) PQQ) — PGQ, + 7y) =2n/{ (Ey = €2) (21 — €3)}5 
(ii) (GQ) = — Wal { (e, — 2) (21 = 3) FE Me — 2) + /(C1 — €3)}- 
78. Geometric Application.* Consider the curve given by 
a=e(w), y=o(w), 
or y? = 423 — 9.2 — Yo. 


* Cf. Appell et Lacour, Fonctions Hlliptiques, $§ 58-63. 
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To each value of « correspond two non-congruent values +w 
of the argument. But g(—w)=—g(w); hence to each point 
(x, y) on the curve there corresponds only one non-congruent 
value of w, and the curve is symmetrical about the a-axis. 

Condition that three points should be collinear. Let M,, M,, 
M,, be the three points in which the line y—ma—c=0 cuts the 
curve. The corresponding values w,, w,, w,, of w are zeros of 


g’(w)—me(w)—e. 

Now the only pole of this function is at the origin, and is 
of order 3; thus Ting Seer mp) eee Tre 
where ) and yu are integers. 

This relation is necessary, and it is also sufficient. For, if 
W,+W.+W;=2rAo,+2u0,, let the line M,M, cut the curve 
again in the point M’ of argument w’; then 

W, + wy, tw’ = 20’, + 2u'w,. : 
Hence w, and w’ are congruent, so that M’ coincides with M,. 
Taungents. If the tangent at ‘w,’ meets the curve again at 
w, w+ 2w, =2rw, + 2u0,. 

Thus W, = —W/2+dw,+ May. 

Accordingly, from any point ‘w’ four tangents can be drawn 
to meet the curve in the four points whose arguments are 

—w/2, —w/2+,, —w/2+to,, —w/2+to,+e,. 

Points of Inflection. Ata point of inflection 3w= 2d, + 202; 
so that w= (2dA@, + 2uwe)/3. 

Thus there are nine points of inflection with arguments 
20, 20. 40, 4w. 20, +20 4m, +2. 20, +40, 40, +40. . 

Ge oo aoe of es Sere 3.2 hee 
and they lie three by three on twelve straight lines. If the 
points are numbered 1, 2, ..., 9, the lines are (1, 2, 4), (1, 3, 5), 
(ine, 0), (1, 7,8), (2, 3, 9), (@,.5, 7), (2, 6,8), (3, 4; 8), 18, 6, 7); 
(2,56), (4,°7, 9), (5, 8, 9): 

Case in which w, ts real and ws is purely imaginary. Let 

y? = 4(x—e,) (x — ey) (x— es), 


0, 


where ¢,, €g, €3, are real, and €;>e€,>€s. 
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As w varies along OA (Fig. 74) from 0 to Q,, the point (2, ¥) 
passes up the right-hand branch of the curve of Fig. 75 from 


Fic. 75. 


y=—« to A(e,,0). For values of w between 2, and 0,+70,, 
y is imaginary. As w varies from (,+7Q, to 7Q,, (a, y) passes 
from B(e,, 0) round BCD to D(e,, 0). For values of w between 
7Q, and 0, y is imaginary. The corresponding negative values 
of w give the other two arcs, 

There are only three real points of inflection, 0, 20,/3, and 
— 20/8, the first being at infinity: they are collinear. 


Example 1. Shew that the necessary and sufficient condition that the 
six points whose arguments are w,, W2,... Ws, Should lie on a conic is 
6 
> wv, =2A0, +20. 
=) 
Example 2. Shew that the necessary and sufficient condition that the 3n 
points w,, Wy, ... W3n, Should lie on a curve of degree n is 
3n 


D wv, =2dw, +20. 
=r 


79. The Jacobian Elliptic Functions, Consider the three 
functions : o(w+e,) . 


(v) — = are: ? 
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o(U+w, +.) 
o(w, + a,)o(u) 
=e mu o(u+oy) of Ws) . 
p3(v) e€ o(w.)a(w) 
They satisfy the equations: 
p(Ut 2,) = $,(u), $(Ut 2,) = — p(w); 
pfU+ 20,1) = — p(w), put 2o,+ 20.) = p(w) 5 
p(U+20)= —G(u), f(U+ 20) = o,(w). 
Again, by formula (A) of § 76, 
e(w)—e= 9 (U), E(U)—H=.(U), e(U)—e3= ,7(w). 
Thus the two values of ,/{@(w)—e,}, /{e(v)—ea}, /{e(w)— es}, 
are the uniform functions +¢4,(w), +¢,(u), +¢,(w), respectively. 
If those values of the three functions are taken which are large 
and positive when wu is small and positive, 
/{e(%) —e} = fi(4), J{P(U)—e} = G(~), J {e(w) — es} = G5). 
Now (0) = 29, (w) gy/(u). 
Also, it is easy to shew that 
e'(w) = —24,(v) b.(u) p3(w). (Cf. § 76, Example 1.) 
Hence fi (WU) = — $2(%) p3(v). 
Similarly $y(u)=—gy(w)or(u), $508) = — by) by(w) 
Next, let w, be purely real and w, purely imaginary, and denote 
them by Q, and 7Q, respectively ; then, since e(u) =e, > e, > és, 
provided 0<w=Q,, 
b(Q)=9,  o(Q)=Me-%)  $3(Q) = 1 — 4s). 
Similarly 
$2(Q y+ 102) =9,  $3(Q4+ IW) =/(Cp— es), $3(t7Q2) = 9. 
Accordingly, if 


g(t) =0-Kntnde 


Je es) p(u) _ p2(%) 
pepe acy aay 
these three functions will satisfy the equations : 
S(w+ 20,)=—S(u), S(w+220,)=S(u); 
C(w+20,)=—C(u), C(wt+21Q,)= —C(u); 
D(w+ 2Q,) = D(w), D(w+21Q,)= —D(u); 
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me an os Aig hs —S(u)D(u), 


—— D'(u) = - as =ZS(WC(u); 


JMe— 4) = 
Su) -+C%(u)=1; an 3°(1)-+D%(u)=1; 
ot 3 
S(H=0, CO=1, DO=1 


fot dy oh een 
SQ)=1 C@Q)=0, DQ)= (G3 = ) 3 
7 Bee Cae te 
S(Q,+ i0,) = af G4), D(Q, +iQ,) =0. 
Also S(w), C(w), D(w), have simple poles at w=7Q,; and S(w) 
is odd, while C(w), D(w), are even. 
Thus S(w), C(w), D(w), are elliptic functions of periods 4Q,, 
200, ; 40,, 20,+220,; 20,, 410,; respectively. 
Now let S(w)=sn(v), C(w)=cn(v), D(u)=dn(v), 
where v=uU/(e,—e3) 3 
and let 


K=0,4(e—6), K’=O,/(e,—¢), b= (A= =| v= (6%), 


so that i and i’ are positive proper fractions such that h?+k?=1. 
Then sn(v), en(v), dn(v), satisfy the equations : 
sn(v+2K)=-—snv, sn(v+ 27K’)=sn(v); 
en(v+2K)=—cnv, en(v+27K’)= —en(v); 
dn(v+2K)=dnv, dn(v+27K’)= —dn(v); 
sn’(v)=cen(v)dn(v); en’ (v)= —sn(v) dn (v); 
dn’(v) = —h? sn (v) en (v); 
sn?(v)+en?(v)=1; h? sn?(v)4+dn2(v)=1; 
sn(0)=0, en(0)=1, dn(0)=1; 
sn(K)=1, en(K)=0, dn(K)=/’; 


sn(K+ikK)= - dn(K 41K’) =0. 


Also sn(v), en(v), dn(v), have simple poles at v=7iK’; and 
sn(v) is odd, while en(v) and dn (v) are even. 

Again, since #,(w) or /(@(w)—e,) decreases continuously from 
+ to ./(¢,—e;) as w increases from 0 to Q,, sn (v) increases 
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continuously from 0 to 1 as v increases from 0 to K; accordingly 
itez =sn (v), 
dz 
dy 


where the positive value of the radical is taken between z=0 
and z=1. Hence 


=cnvdnv=,/{(1—2*)(1—k?2*)}, 


B dz ; 
vel) Jd =2)0 2} ’ 
and therefore sn (v) is the inverse function of § 66. In particular, 
ee | an dz 
ov l—2) 0 —ez)) 


so that K is identical with the K defined there. 
Moreover, since 


(977 
dix ) 


Q, can be obtained from Q, by replacing ¢,, ¢&, ¢3, by —¢s, —e, 


vs dx 
ais. ) J {4a —e)(a—e,)(%—e,)}? | 


—e,, respectively. Thus 5) is the same function of WES 7 


or 17 that, K is of (22 or k; so that K’ is aoa an 
the K’ of § 66. : =a) 

These three functions sn(v), en(v), dn(v), are the Jacobian 
Elliptic Functions; their periods are: 4K, 20K’; 4K, 2K 420K 
2K, 40K’; respectively. 

Since (UW) — e, = ps3"(U), 

p(u)—es =a by 


Cy — e; ; : ; 
where v=,/(e,—e,).u and k= ee = 2) This equation gives 
the relation between the Jacobian and the Weierstrassian elliptic 


functions. 


Example. Invert the function 


=) ee 
Ans. w=cen(K—N3u, V3). 
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Poles of sn(v), cn(v), dn(v). From the equation 
/{e(w) —es} = 3 (v) 


— iy Sse 
Mer es) = $3(Q1) =e o(Q,)¢(2Q,) 


it follows that 


ntodin — 7h F200.) 
and —J(€,— 65) = fy (y+ 42.) =e MOH) Ty TO)’ 
Cu) _ pv) D(w) _ p(U). 

S(u) M(e,—-@) Sw) eres) 
COQ,+U) oni o(Q, +12) 


Again, 


60 that (SO, Fu)" oQ)oGQ,) Je, =e) 
Dr a ee —1, (§ 75) 
sm DUH) _ 5 tg-tnpig __7( 2+ 210) 
and A SGD, Fa) FIM: EM) G4) 


= (2 = ) e724 — 112 — — 4); 
€,— es 


Accordingly, if I is the residue of sn(v) at 1Q,, the residues of 
en(v) and dn(v) at this point are —7I and —7KI. 

The function sn(v) has poles at 7K’ and 2K +7K’, at which the 
residues are I and —I respectively; it is therefore of order 2. 
Similarly en(v) and dn(v) are both of order 2. 

Note. The two periods K and 7K’ are not, like w, and o, 
in the case of the Weierstrassian functions, independent of each 
other: they are connected by the relations 

k-[ dx Lee c= | dex 
» (d=) — Pa)] » (2) Fe) 
where /?+k2=1. 


Example. Prove 


K rK! 
@) B= i; dn2(u, B)du; (ii) B= ["an%(w, Hd. 


80. The Addition Theorems. Consider the functions of u, 
sn(w)sn(w+v) and en(u)en(w+v)—en(v): they both have 
periods 2K and 27K’, and simple poles at 7K’ and —v+7K’. 
Hence they are of order 2, with simple zeros at w=0 and 
w=—v; so that 

en(w) en(w+v)—en(v) 
sn(w)sn(w+v) 


HHO. 


where C is a constant. 
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When w is small, 


cod +Au?+...){en(v)—wsn(v)dn(v)+...} —en(v) 
i wsn(v)+... 
= —dn(v)+Bu-+.... 


Now let w=0; then C= —dn(v); so that 
en(w)en(w+v)+sn(u) dn(v)sn(w+v)—en(v)=0. 
If in this equation w and v are interchanged, it becomes 


en(v) en(w+v)+sn(v) dn(w) sn(w+v)—en(u)=0. 


Hence, solving these two equations for sn(w+v), and writing 
8,, C1, d,, 8, Cy, d,, in place of sn(w), cn(w), dn(w), sn(v), en(v), 
dn(v), respectively, we have 


2 2 2 2 
sn(u 4-0) C= Cy? _ (Sy = 89”) (81 Cg Ay + 890,41) 
2, 27] 2 2,2 2 
8,6, 4, — 8, Cy dy 8,76,°d,?— 8,070, 
0 2 2 
_ (8 — 8g ) (8; Cyd. + 8,¢,d,) 
re 2 2 Danaus 
(8,2 —s,2)(1 —k*s,?s,”) 
Bera, 
1—k’s,?s," 
a C, Cy — 8, 8.0, A 
Similarly ent y= te 


1—k?s,*s,” 


In like manner, by considering the functions sn(w)sn(w+v) 
and dn(w) dn(w+v)—dn(v), it can be shewn that 


d, d, —k?s,s8,c,¢ 
anti y)e eo, 
(u+v) 1—k’s,"8,” 
CoroLuary. If in these formulae —v is written for v, they 
become 8, Cy — 8, ¢, A, 
seer) ey 
eo 1 —k?s,?s,? 
C,Co +8, 8,0, a 
en(w—v)=12— 32 
1—k's,’s, 
2 
She@ese ya rae 818561 Ce 


TEE 
1—k?s,?s, 


Example. Prove 
sn(3u)—sn(w) sn(w)cn(2w) dn (2u) 
sn(3u)+sn(w)  sn(2w)en(u)dn(u)° 
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Duplication Formulae. In the addition formulae make v=4; 
then, if sn(w), en(w), dn(w), be written s, c, d, respectively, 


2scd 
S= sn(2w)= pa 
e—s?d? 1—2s?+k’st 
= Qu) = ges 
C= cn(2u)= 77a er 
= 2. aa eee) — 2h?8? + k?s* 
D=dn(2u)=-—7an ao 


From these formulae the following can be derived: 
sn? ee 11-D_1 D-—C—k?., 
ata hac sean (ap Yaar 5 HG ae De 

a, 4 ._D+CG_ 1D. 
Uae er 

Dz0 jal 

1+C 


dn?(u) = acs 


Example. Shew that 
iS 1 K li AE K ; 
n(F)-V (a2): on(F) = (ree) an (5) =k. 


From the addition formulae it follows, since 


sn(Kjesls ven K)=0, dn(K)=2; 
that 
en(w) ¢ 
dn(w) dn(w)y 


Hence, if w tends to 7K’, 


_yysn (w) 


en(w+K)= Tay 


sn(w+K)= dn(w+K)= 


ah, 


sn(K 41K’) = 1, en(K4iK’)=—“, du(K+ik)=0. 


Now in the addition formulae put v=K-+7K’; then 


sn(w+K+7K’)= fae, cee Law 
dn(u+K+7K’)= uk sn(w) 


en(u) © 
By repeated applications of these formulae the following can 
be derived : 
sn(w+2K)=—sn(u), en(w+2K)=—en(w), 
dn(u+2K)=dn(w); 
sn(w+2K + 27K’) = —sn(u), ° en(w+2K 4 27K’) =en(u), 
dn(w+2K + 27K’) = —dn(u); 
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sn(w+27K’)=sn(uv), en(w+2iK’)= —en(w), 
dn - + 21K’) = —dn(u). 


i (u)=K2 3? (oe) 


Example. Prove pee ed 
dn?(w+K) 


Again, in the addition formulae let v tend to 7K’; then 


sn(wu+7K’)= i 2 a en(u+7K’)= — an 
Kya 7 on™ 
dn(w+7K’)= — Lay, 


Thus the residues of sn(w), en(u), dn(w), at 7K’ are 1/k, —4/k, 
—1i, respectively. 
81. Jacobi’s Imaginary Transformation. Let «=sn(iu, k’/); 
then "e Abe 
- Maa) 0 hay 
Now put «= 1y//(1—y’); then 


iy [eee OU nat 2a, 
ae =i Vi) (l= y?)}? 


so that y= +sn(u, k). 
j ny Gee rien (ne) 
Thus sn(iu, k= + SRO 


To determine the sign let w tend to zero; then, since 
sn(iu, kh’) __ 
hp isn(u, k) 
the + sign must be taken; so that 
sn(u, k) 
en(w, k) 


Again, cn(iu, k’)=,/{1—sn*(tu, k’)}= + atc By 


sn(iu, k’)=4- 


To determine the sign let w=0; thus 


cer, 1 
cn (vu, k ) => cn(u, k)’ 
k 
Similarly dn(iu, k’)= ee a 


1 


1 
Example. Shew that sn2(cu, &’) ¥ sn2(u, &) : 
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EXAMPLES XI. 
kK sndudu _ 1 ; 
0 (1+enu)dn?u £2(1+/’) 
2. Shew that, if sn w=sin ¢, 


i du snudnwu 
» l+enu l+enwu 


1. Prove 


+u—KE(h, ¢). 


3. Prove the following identities, in which D denotes 1 — 4s,’s,": 

(i) sn(w+v)sn(u—v)=(6,2-¢,2)/D=(s,2—8,2)/D 5 
(ii) {lten(ut+v)}{1+en(u—v)}=(c,4e)/D 5 

(iii) {1+dn(w+v)}{1+dn(u—v)}=(d,+d,)*/D ; 

(iv) sn(w+v) cn(u Fv) =(s,¢,dy + S9¢2d,)/D ; 
(v) sn(wtv) dn(u $v) =(sd,c, + s9d,c,)/D ; 

(vi) 1+en(w+v) en(u—v)=(e,?+¢,%)/D ; 

(vii) sn(w+v)cen(u—v)+sn(u—v) cn(u+v)=2s,¢,d,/D. 


(220 SS 
eo NEe ee) _snwdnv+snvdnu 


ED ese ( utov cnu+enyv 
a Nat 


5. Shew that, with the notation of Example 3, 
sn?(u+v) sn(w+v)sn(w—v) sn?(w—v) 
en*(u+v) en(w+v)en(u—v) en?(w—v) 
dn?(u+v) dn(w+v)dn(w—v) dn?(w—v) 
6. Verify the identity 
Rk?S —k?C+D—k?=0, 
where S=sn(w+v)sn(u—v)sn(u+w)sn(u—w), 
C=cn(u+v)en(w—v)en(u+w)en(u—w), 
D=dn(uw+v) dn(u—v) dn(w+w)dn(u—w). 
7. If S=snusn(w+K), verify that : 
. @S 1 
(i) Ta ph dn’u — dn? (w+ K)} 5 
Gi) {dnw+dn(w+K)}?+A8?=(14+F#)?; 
(iii) {dnw—dn(w+K)}?+HS2=(1-£)%. 


ay! 
Deduce that (1+#)S8 =on{u(1 +k), 5 =z] : 


— 8k's,8,c,cod do 
= as ; 


8. Shew that the function of u, 
snucnu dn u(sn?v—sn?w)+snv env dn v(sn?w—sn?x) 
+sn wen w dn w(sn?u—sn?v), 
has periods 2K and 27K’; and prove that w=7K’—v—w is a simple zero, 
9. Prove that the function of x, 
sntz(sn?v—sn?w) +sntv(sn?w—sn?u)+sntw(sn?u—sn?v), 


has periods 2K and 27K’; and shew that it has four simple non-congruent 
zeros, +V, +. 
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10. Verify that 

{1-(1+#)sn uv sn(u+ K)} {1—-(1—£)sn wu sn(u+ K)}={sn(u+K)-—sn wv}? 

11. Prove 1~dn (2) = j2 st? 

1+dn(2u) a? 

12. Prove dn(u, k)=k'sn(K’ —7K —7u, F#’). 

13. Let w=sn?(z, &),and let A, B, C, be the points K, K+ 7K’, 7K’, respec- 
tively, in the z-plane. Shew that, as z passes round the rectangle COAB, 
w passes through all real values from —o to +o. If COAB isa square, 


what is the value of &? Ans. 1/,/2. 
14. The coordinates of two points are connected by the equation 
xy en(a+7y) 
Se ete: 


Shew that, as (x, y) describes the boundary of the rectangle COAB of the 
previous example, (X, Y) describes the complete boundary of a quadrant 
of a circle of unit radius. 


1 1 2d,d 
nep a, = 
oars dn(w+0)* dn (w—v) k? + ke,2e,? 
il 1 Qh ec, 
poe roye en (w+) + on (u—v) dd,?—k? 
ea sn2u ee ee a en ae 
17. Shew that (i) LOS ne 4B} (ii) ae en Gee 


Goo udnu—snu_1~2k? 
» aoa wsnu 6 
18. Establish the expansions 
snw=uU—F(1+h)w+7h5(1+ 14h +M)uo+..., 
enu=1— 3u?+57(1+4h)ut+..., 
dn w=1-—3/*v? +3 (4+ )utt..., 
where |u| < K’. 

19. If the tangents from the point P on the cubic z=((w), y=" (w), meet 
the curve in A, B, C, D, shew that the pairs of lines: AB, CD; AC, BD; 
AD, BC; intersect at points Q, R, 8, on the curve; also shew that the 
tangents at P, Q, R, S, intersect at a point on the curve, 


(cH. xa 


CHAPTER XII. 
LINEAR DIFFERENTIAL EQUATIONS. 


82. Continuation of a Function by Successive Elements. 
Let P(z, «) denote a Taylor Series Sie,(2—a)" with circle of 
convergence C; then, if z, is any sane within C, this function 
can be expanded at z, in a Taylor Series Dewey" which we 


denote by P,(z, z,). The circle of convergence C, of this series 
will either touch C internally or lie partly outside C: in the 
latter case P,(z, z,) gives the continuation of P(z, a) in the part 
of C, outside C ($55, Th. II. Cor.). The two expressions P(z, a) 
and P,(z, z,) are called Elements of the function. The radius of 
C, will be the distance from z, to the nearest singularity of the 
function ; so that, if C, touches C internally, the point of contact 
must be a singular point. 

It may happen that no part of the circumference of C can be 
found, however small, which does not contain singularities of the 
function : in this case the function cannot be continued beyond C. 
If, on the other hand, the function can be continued beyond C, 
the process can be repeated with each new domain so attained. 
The aggregate of the elements thus obtained defines an Analytic 
Function. 

Note 1. If the only singularity of the function is at infinity, 
the original element gives the complete function. 

Note 2. If /(z) is holomorphic at infinity, the corresponding 
element is obtained by continuing /(1/) to a domain of centre 
¢=0, 

A particular point b can usually be approached by different 
continuations from @; and it is possible that the function may 
thus attain different values at b. If the values are always the 
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same, the function is uniform. The case of multiform functions 
requires more particular investigation. 

Join a@ and b by a path L: on L take points a, z,, 2), 2) +++ 
such that each point lies in the domain of the preceding one. 
Then the corresponding elements give a value of the function 
at each point on L. If no singularity lies on L, the points 
21, %, Z3,-.., can be chosen so that, after a finite number of steps, 
a domain is reached which contains b, and thus a value of the 
function at b is obtained. 

This value is independent of the set of points z,, z, Z3,..., 
selected. For, let a set of points 2,,, Zng,---> Zn,, be interpolated 
on that are of L which joins z, and z,,,; then, if the elements 
corresponding to these points are employed in the process of 
continuation, the same value is attained at z,,,,, since the arc lies 
entirely in the domain of z, ($55, Th. II. Cor.). Now, any two 
sets Ol dividing points, z,, 2,, 2,.:.., and Z,', 2, 2, .-+, Cam 
be combined, and other points, if necessary, interpolated between 
them, in order that each point of the new set may lie in the 
domain of the preceding one. Hence it follows that each of the 
original sets gives rise to the same functional value at b. Thus, 
if the function varies along a line which does not pass through 
a singularity, the set of values obtained at points on the line 
is always the same. 

Again, since the points 2, Z,, Z3,..., can be chosen so that each 
not only lies in the domain of the preceding point, but also in the 
domain of the succeeding point, it follows that, if the value at b 
be taken as initial value, and if the path L be retraced from b to 
a, the same set of values will be obtained at all points of the line. 

Finally, if any two paths L and L’ are drawn from « to 6, 
such that no singularity lies between them, they will lead to the 
same value at }; for otherwise the closed contour made up of L 
taken from } to a, and of L’ taken from a to b, would enclose at 
least one branch-point of the function, which contradicts our 


hypothesis. 


83. Homogeneous Linear Differential Equations. A linear 
differential equation 

dw 

da" 


M.F. 16) 


drt d”-2w 
= 72) +P2(Z)qaaet + Pn(Z), 
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which involves no terms independent of w, is said to be Homo- 
geneous. We shall assume that the coefficients are uniform 
functions with no singularities except poles in the region con- 
sidered. A point which is an ordinary point for all the coefficients 
is called an ordinary pownt of the differential equation, while a 
point which is a singularity of any one of the coefficients is 
called a singularity of the equation. If ¢ is an ordinary point, 
and if @ is the singularity of the equation nearest to ¢ the 
interior of the circle |z—¢|=|a—€| is called the domain of € 
If the equation is of the first order, its solution is 


i Ce) 2O# 


where C is an arbitrary constant. Accordingly, it is only 
necessary to consider equations of order higher than the first. 
We shall, indeed, confine our attention to equations of the second 
order; but the methods employed can be applied, with suitable 
Prtinctons to equations of higher order. 


? 


THEOREM. In the domain . an ordinary point ¢ the differ- 

ential equation d2w 

Te =p ge + q(2w (a) 
possesses a unique integral w(z), which is a holomorphic function, 
and which, with its first derivative, acquires arbitrarily assigned 
values (the initial values) when z= €. 

Let M, and M, be greater than or equal to the greatest values 
of |p(z)| and |q(z)| on the circle |z—¢|=R, where R<|a—€| 
and a is the nearest singularity of the equation to & Then 
($35, Cor. 1) the functions 


M, 28 
a Sa aeT 


R R 


satisfy the inequalities 


SpDle(Peay | (yO) a (een |G 
acm ea az Bey dg” te az 2 ra 
where n=0, 1, 2,.... The functions ¢(z) and y(z) are called 
Dominant Functions, and the lenis 
aw 
2 = 42) e+ () 


is called the Dominant Equation. 


§ 83 ] EXISTENCE OF AN INTEGRAL 211 


Now, if a function w(z) is holomorphic in the domain of ¢, it 
can be expressed in that region in the form of a convergent series 


Cote, (2-6) +e,(2— 6)? +..., (I) 
ieee mao, ie AOA 


But if this function w(z) is an integral of equation (a), and 
if arbitrary values have been assigned to w(é) and w(¢), the 
corresponding value of w’(¢) can be obtained by substituting 
¢ for zintheequation. Likewise, if the equation is differentiated 
repeatedly, and ¢ substituted for z, equations 


WO CN = pC) we MC) +n -2Cy pC yw MS) +... 
Fn-2Cn-2 PS) w'(S) + gC )we-9(¢) 
Fn -20y7' (Gwe OL) +. en -2Cn 29" (Fw(E),  (D) 


are obtained for n=3, 4, 5, ...; thus the coefficients ¢), ¢,, ¢,, ..., 
can be found. 

Similarly, if W(z) is a solution of equation (c), holomorphic 
within |z—¢|=R, 


W(z) =e) +0, (2—-f) +02 - FP +... (11) 
where Ch = = “ee ) 


and 
WC) = b(C) WO) Fy-2 rp (CWO OC) +... 
ee ot ae GON aC) We-O(C) 
a2 (GW - 8) Pee ees On eV GV KG): (E) 

Now let | w(€)|{ and | w(¢)| be assigned as initial values to 
W(¢) and W’€); then, from equations (A), (B), (C), (D), and (&), it 
follows that, for all values of n, W™(€) is real and positive, and 

[eee == WSOC). 

Accordingly, if the series (II) can be proved to be convergent, 
the series (1) will also be convergent, and w(z) will be holo- 
morphic in the domain of ¢. 

Let z—€=RZ; then ; 
W(z)=c, +¢,"Z2+e"2+..., (111) 
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where c,” =R"c,’; and equation (c) becomes 


ew. dW 
OR 


+R?M,W, 


qd d-+1w aw. dw 
so that (1-2) ony —n SM RM, Soe tRM, G7 


In this equation put Z=0; then, since 


eau Say 
ig eae 


; y 1+ n+RM, , ee RM, or 
pear ee Ee aay Ome (n+1)(n+2) 
Now let M, be chosen so great that RM,>2; then ¢i4.>¢Chu, 
so that ¢,/¢n4i<1. 
Creo 1 +RM, RM, Co: 


But Ca MED (AIMED Cra’ 


” 


eG: 
therefore Lin “= 1, 
n—>o Cnty 


Thus series (111) converges if |Z|<<1; hence series (11), and 
consequently series (1), converges if |z—¢|<R. 

Now, if z is any point in the domain of €, R can be chosen so 
that |z—¢|<c R<|a—€|. Accordingly an integral w(z) exists, 
which is holomorphic in the domain of ¢, and is such that 
arbitrary values can be assigned to w(¢) and w’(¢). 


CoroLuaRy 1. The integral is unique. For, if any particular 
values are assigned to w(€) and w(¢), only one set of values for 
Cy, Cz, Cy,-.., can be deduced from equations (A) and (D). 


CoroLiary 2. The integral is of the form ¢,w,(z)+¢,w,(2), 
where ¢, ¢,, are arbitrary constants, and w,(z), w,(z), are 
integrals of the equation. For, by means of equations (A) and 
(D), all the constants ¢,, ¢,, c,,..., can be expressed linearly in 
terms of c) and c,. Also, by making c, and ¢, zero in turn, we 
see that w,(z) and w,(z) are integrals of the equation. 

Integrals at Infinity. To determine whether infinity is an 
ordinary point of the equation, the transformation z=1/€ is 
employed. The equation then becomes 
Pu (palo, 2 dw, a0, 
cama Ear Sierate! 
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so that it is necessary that p(z)+2/z and q(z) should have zeros 
of orders 2 and 4 respectively at infinity. If this condition is 
fulfilled, holomorphic integrals w(€) or w(1/z) can be found. 
Analytical Continuation of the Integral. Let ¢’ be any point 
in the domain of € and let P(z, ¢’) be the element of the integral 
w(z) corresponding to the domain of €’. Then, since the function 


ae P(z, ()- po P(z, ¢)—g(z)P(z, &) 


vanishes at all points common to the domains of € and ¢’, it 
vanishes at all points of the domain of ¢’ ($55, Th. IIL); thus 
P(z, ¢’) satisfies the differential equation, and has the initial 
values w(¢’) and w(é’) at ¢. Similarly it can be shewn that 
every element obtained from w(z) by analytical continuation 
satisfies the equation. 


84. Solution by Infinite Series. An integral w(z) can be 
obtained by assigning values to c, and c, and then finding 
Cy, Cz, Cy,--., by means of equations (A) and (D) (§83). In 
practice, however, it is usually simpler to proceed as follows: 

(i) if an integral in the domain of z=0 is required, substitute 
the series Cote +0,22+... 
for w in equation (A), and equate the coefficients of powers of z 
a series of equations is thus obtained which enables us to deter- 
mine cs, €.,.C,,.-., in-terms of c, and ¢c, ; 

(ii) if an integral in the domain of any point @ is required, 
apply the transformation z=a+¢ to the equation, and use 
method (i) ; 

(iii) an integral in the domain of infinity can be obtained by 
applying the transformation z=1/¢ and one method (i); it is, 


however, simpler to substitute the series Syewle 3 in the equation 
and equate coefficients. 

Note. The theorem proved in the previous section, and the 
method of solution just given, apply also to equations of higher 
order than the second. 

Legendre’s Equation. Consider the equation 

d 


d?w w 
— 72 = LeeeS =e 
(1-—z TF 22 ae +n(n+1)w=0 


Here p(z)=2z2/(1—2’) and q(z)= —n(n+1)/(1—2); thus z=0 
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is an ordinary point of the equation, its domain being the 


interior of the circle | z|=1. 
Let W=CoAC Zt Co2*+... 
be substituted in the equation ; then 


(1—2*) v(v—1)e,2”-? — 22 ve,2”"*+n(n+1)>)¢,2”=0 
v=2 v=1 v=0 


so that 2.1.¢e,+n(n+1)ce,=90, 
3.2.c,—2¢c,+n(n+1)c,=9, 
(v+2)(v+1)¢,,2—v(v—1)c,— 2ve, +n(n+1)c,=0, (v= 2, 3, 4, ...). 


Hence C= ae 
(n— I)(m+2), 
emer EC eat 
a AG eee (v=2, oy 4, Bai, 


Cap UiCaars) ee 
Therefore w=c,w,+¢,w,, where 
w,=F(-3, a = z), w,=2E(— —- —_ - 2), 

If ~ is an even positive integer, the first, and if mn is an odd 
positive integer, the second of these series contains only a finite 
number of terms; so that, if is a positive integer, one integral 
is a polynomial. 

Now, if 7 is even, 


“ (2n)i(: ) 
1 n+1 1 o;\en Zz n n(n—1) n—2 
F(-}. Pp a= Ty { 2(2n—1) 
eae 2)(1=3) on 
+974, Qn—DQn—3)* ta} 


“G!) 


=(- 1)? Pt2ys r) (§ 54, Cor.) 


eal a) 


while, if is odd, 


ale ace) 
ZE( — "5 ee 2: 2) = Calva P,,(2). 


Thus, if » is a Ene integer, one nee is the Legendre 
Polynomial P,(z), which is also known as Legendre’s Function 
of the First Kind of degree n. 
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Example. Find integrals for 


CeO 
dz ati 
1 Ugh seca 
Ans. Wy =1— FOr Er e— SB ees 
1 hn Holdin, Deas 
oT eal pee sion? ae 


85. Fundamental System of Integrals. 

THeorREM I. The integral w(z) of equation (A), §83, cannot 
have a zero of the second order at any ordinary point of the 
equation, unless it vanishes identically. 

For if it has a zero of the second order at the point z, w(z)=0 
and w(z)=0; hence the equation gives w(z)=0. Similarly, if 
the equation is differentiated repeatedly, it follows that 

Woe yaeO, au (ZO, 22 WZ) —0, ae 
so that the integral is identically zero. 


THEOREM II. If w,(z), w,(z), w,(2), are integrals v. the differ- 
ential equation holomorphic in the domain of ¢ a relation of 
ore CW (2) + 6,€_(2) +.0505(z) = 0 
exists, where c,, ¢,, c; are constants not all zero. 

For if c,, ¢,, ¢3, be chosen to satisfy the two equations 

CW (F) + .c,9(C) + 65005(¢) = 0, 
CW, (F) + cyt 9/(¢) +es3(f) = 0, 
the integral w(z)=c,w,(z)+¢c,w,(z)+¢,w,(z) and its first deri- 
vative vanish when z=€ MHence, by Theorem I., w(z) is 
identically zero; so that 
CW, (2) + 6,0, (2) +0503(z) = 0. 


DEFINITIONS. Two integrals are said to be linearly inde- 
pendent if their quotient is not a constant. Two linearly 
independent integrals are said to form a Fundamental System 
of Integrals. Such a system c.a always be obtained by making 


w(G)=1, w/(G)=0, w(o)=0, w,/(f)=1. 
From Theorem II. it follows that if the integrals w,(z) and 


w,(z) form a fundamental system, any integral can be expressed 
in the form c,w,(z)+¢,w,(z), where c, and c, are constants. 
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Again, if c,w,(z)+c¢,w,(z)=0, then A(z)=0, where 
wy(z),  wy(2) 
Wy(Z),  W2{Z) 
Conversely, if A(z)=0, a relation cyw,(z)+¢,w,(z)=0 exists: 


for; if A(z)=0. 


5 = 


wy (Z) _ W, (2) 

w(z) w,(z) 
and the integral of this equation gives a relation of the type 
stated. 


THEOREM III. If the integrals w,(z) and w,(z) form a funda- 
mental system in the domain of ¢, A(z) cannot vanish in that 
domain. 

For let W,(z), W,(z), be another fundamental system ; then 


Wy (2) = C4 W(Z) + 61,W2(Z),  Wo(2) = Ca Wy (Z) + Cog Wo(Z) 5 


Wy (2), W,(2) 
=D 
so that W,2), W,(z) A(z), 
where D= Ce 4 
Cio,  Cg9 | 


The determinant D cannot vanish, since W,(z) and W,(z) are 
linearly independent. But W,(z) and W,(z) can always be 
chosen so that, at any assigned point z in the region, 

Wi@=), Wy@=0, W.2)=9, Wy@)=1, 

Hence A(z) is non-zero at every point of the region. 


THEOREM IV. If two linearly independent functions w,(z) 
and w,(z) are holomorphic in the neighbourhood of ¢ and are 
such that A(¢)=£0, a homogeneous linear differential equation of 
the second order can be constructed, of which they are integrals, 
and of which ¢ is an ordinary point. 


For if the functions p(z) and q(z) are defined by the two 
equations wy —P@ wy (2)— g(uy(2)=0, 
Wy" (2) — p(z)we'(z) — q(z)w,(z) = 0, 
then PZ=AZ)/AZ), g2)= —A,(z)/A(2), 


w,"(z),  W,(2) Ax(e)=| Oe Ww, (z) 


nee NE) aut(a), r0,(2) wy'(2), wi(2)|. 


§85] DETERMINANT OF A FUNDAMENTAL SYSTEM 217 


Now the numerators and denominators of these two fractions 
are holomorphic, and A(¢)0; hence p(z) and q(z) are holo- 
morphic near z=¢. Accordingly w,(z) and w,(z) are integrals 
of the equation w" =p(z)w' +.4q(z)w, 


of which ¢ is an ordinary point. 


Example. Find an equation which is satisfied by 


TE Ngee Ne? We yee 
Sita dioo ele Fr 6 | 


Wy=%, Wy=1+ 


Ans. w= ~z2w'+w. 


EXAMPLES XII. 
1. Find integrals w,, w,, for w’+a?w=0, such that, when z=0, w,=1, 
w,/=0, w)=0, w,=1. Ans. W,=cos az, w,=a-". sin az. 
Find integrals in the domain of z=0 for equations 2-10. 


2. (1-2) w" — 220’ +20=0. 
Gon eA coe A Smee 
2.3 05 0-603,0 020 


Ans. W,=2, W,=1- 


8. (227k?) w" +20’ —w=0. Ans, W,=2, Wy=r/(k2 — 2”). 
OLA , 1 z 

4, (14+2+27)w"+2(1+2z)w'+2w=0. Ans. Chak prepress beh peat 

5. (2—1)(z—2) ww" — (22 — 3)’ +2w=0. Ans. wy=2-2, w,=42—32. 

6. (1+2*)w" —zw’+w=0. Ans. W,=Z, W,=F(—4, —4, $, —2) 

7 (-2)w"-2zu'+a?w=0. 


Ans, =F (4, -5. 5 


(1 —2?)w" —(2n+1)zw' + m(m+ 2n)w=0. 


Ans. =F (B42, -5 #), wy =2F ( 


9, (1-2) w’” +2zw'—4w=0. 
Ans. w,=2*, w,.=F(—3, —%, %, 2), w3=2F(-3, -4, 4, 2). 
10. w” — zw” + 2zw' —2w=0. 


1 Lea l-a 3 
= *), w= ak (LES, ae DS A). 


9° 


l+m., l-m 3 
ete coe ). 


923 8 29 
Ans. w=2, W=2', Us=1+73 7 9t9r92.4.5 3157.81 


11. Find integrals in the domain of z=1 for 2(2—z)w"+2w=0. 
Ans. w,=2(2—2), W,=2(2—1)+2(2—z) log {z/((2—a)}, 
12, Find integrals in the domain of z= —1 for w”—(1+z)w'—w=0. 


(isk2)? 1+z), (1+z)? (1+2)5 
Ans. w,=e 2, ne 7 ) 46 I 2 a 
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Find integrals in the domain of infinity for equations 13-15. 
13. 2w” =(1 — 22) 2?’ + Qu. Ans. w,=e, w,=e7%, 
14, Aw’ +23w’+a*w=0. Ans. w,=cos(a/z), w,=sin (a/z). 
15, 2(2—-1)w"+22(2+1)w’-2w=0. Ans. wy=2/(22—-1), w.=2/(2-1). 
16, Find an equation which is satisfied by 
ee Be, 

i, Seow 

Ans. (1+2)w”" —2w=0. 


Wj=14+2, wy=2+ 


17. Find an equation which is satisfied by w,=z, w.=é. 
Ans. (2-1)w"-—zw’+w=0. 
18. Shew that, if m is a positive integer, the equation 
(2-1)w"=n(n+1)w 
has integrals P(z) and P(z)log (2 ) +Q(z), where P(z) and Q(z) are 
polynomials of degrees +1 and x respectively. 


CH. XIII, § 86] 


CHAPTER XIII. 


REGULAR INTEGRALS OF LINEAR DIFFERENTIAL 
EQUATIONS. 


86. Integrals in the Neighbourhood of a Singularity. 
Consider a homogeneous linear differential equation of the 
second order, of which € is a singularity and of which w,, w, 
form a fundamental system of integrals at z. Let z describe 
a closed circuit which encloses ¢ but no other singularity of 
the equation, and let w, and w, be the analytical continua- 
tions of w, and w, obtained when the variable has completed the 
circuit. These two integrals w,, w,, form a fundamental system 
for, if not, a relation c,w,+c,w,=0 would exist. Consequently 
the function ¢,2v,+0¢,w#, would vanish at all points to which it 
can be continued (§55, Th. III.); and therefore, retracing the 
circuit, we would obtain the relation c,w,+c,w,=0, which con- 
tradicts our hypothesis. Accordingly 


Wy HCW HCyQWg, We = CyWy + CoQ, 


Cy, 4 


where iD 
Corr Coe 


Now let W=)w,+uw,, and choose the constants A, , so that 
W, the value attained by W after the description of the closed 
circuit, satisfies the equation W= pW, where p is a constant; then 


AW, + MW, =A(CyW, + yy We) + ue (Cy1W, + CopWs) 


= p(Aw, + uW»). 
Therefore, since w,, w,, form a fundamental system, 
AC — p)+Mly, =9, ACyg t+ M(Co2— p)= 9; (1) 
so that “uP Ca | =0. 


Cyo> Coo p 
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This is known as the Fundamental Equation belonging to the 
singularity € If a root of this equation is substituted for p in 
equations (1), values of A and yu are obtained such that W= pW. 

Neither of the p’s can be zero, since D0. If p=1, the 
corresponding integral W will be uniform in the vicinity of ¢. 

THeorEM. The fundamental equation is independent of the 
original fundamental system selected. 

Let W,, W,, be any other fundamental system, and let 

Ws =b,,W,+5,.We, W, = b.,W,+b2W,, 
so that the new fundamental equation is 
ee — =0. 
12? sy [B 
Now, if Wy ,=4yW,+4,6., W,=d,W, +a... i 2) 
then W = 040, +0450,, We=Gy,W, +d. 
Hence by (GW + yy We) + Bo ( Mg, + boyy) 
= 11 (C1, +.CyyWy) + Oy (Coy, + Copy). 
Accordingly Dyy yy + Oyo = Oy 1641 F200) 5 
B19 + Oy 9Ggg = hy, Cyy + Ay 969. 


Similarly Boy 41 + Da2loy = a 01 + 92001; 
Bay Aya t+ BygGtng = My 0y2 + AoC 99- 

Therefore 

Cir Ore Wi ites Bree Fron 

Cra» Coo — P 

=: by (Cy — PYF Ay:6a1, yyy Ay 9( Co — p) 
Cys (Cy — P) Ay 20q1, — WyyCyg + nq (Con — p) 

(Dy = pay A Oppo, (Oy — p) yg + Py oGoo | 

Doyy, + (0x2 — par, Oxy + (Doz — p) boy 

Ay, Ay 

As,, Age |+ 


As1, Aye 


burp, %p 

boy, Ri 
CP Ca | 
C12» Coo P | 


bi-p, by 
bi, bo — p 


Hence 


Fundamental System associated with the Fundamental Equation. 
There are two cases to consider: (I.) when the roots of the 
fundamental equation are distinct, and (II.) when they are equal. 
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I. Let the roots ,, p,, be distinct ; then there are two integrals 
W,, W,, such that 


eyAuen Rerane, 
Now let r pate Lo = =e Log 
13. SP» To oni ee P2° 
Then, if 6,=(2-§)",  4,=(2-O”, 
0, = p19, 0, = poo 5 


so that W,/0, and W,/ 9, are uniform functions in the vicinity of c 


Accordingly W,=(z2—$)"y,(2), W.=(2—$)"y(2), 
where y,(z) and y,(z) are uniform in the vicinity of € 

The integrals W, and W, are linearly independent. For, if 
not, an equation c,W,+c,W,=0, and consequently an equation 
€,p,W,+¢,p,W,=0 would oe But these equations can only 
exist simultaneously if p,=p,, which contradicts our hypothesis. 

II. Let the roots be equal; then (¢,, —¢,.)?+ 4¢,,¢,, = 0. 

We distinguish between the cases: (i) when ¢,, and c¢,, are 
both zero; and (ii) when they are not both zero, 

(i) In the first case p=c,,=¢,., and w,=pw,, W,= pr. From 
equations (2) it follows that, no matter what system is originally 
selected, these equations hold. Accordingly 


Wy =(2— YW), We=(—-O)Yro(2), 
where v,(z), Y,(z), are uniform in the vicinity of ¢ and 


1 
r= 5; Log p. 


(ii) In the second case, let W be the integral found to satisfy 


the condition W=pW, and let w be any linearly independent 
integral. Then w=c,W+c,w, and the fundamental equation 
becomes 


p=, 9 Ari 


Gs C—O 
where o is the quantity to be determined. 
Accordingly, since the roots are equal, c,=p ; therefore 
w=c,W + pw. 
Now replace W by W,, where pW,=c,W, and write W, for w. 
Then W,, W,, form a fundamental system such that 
AN = pW, ? ME =p(W,+W,). 
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Hence W,=(- OW 
where y,(z) is uniform near ¢. 
1 ie a W, . 
Again, W, =W, ee 
but, if d= ss log(z—€), 0=0+1. Therefore 
W Taya A ro 
——§= W, 0; 
Z 
Wisp 
so that Werle co ¢) 
is uniform near ¢ Consequently 
1 
Wi=(2— 01 yale) +ghjlog 0. n}, 


where y,(z) is uniform near ¢. 


87. Regular Integrals. If the highest negative powers of 
(z—€) in the Laurent Expansions for y,(z) and w,(z) are finite, 
the integrals W, and W, are called Regular Integrals. Now 


the quantities ray Log p are not definite, but have values 


differing by integers. Hence, if the integrals are regular, the 
values of 7, and 7, can be chosen so that 


vy (z) ra S On(Z a On W(2) = > b,(2 = cy”, 


where a, and 6, are non-zero. If a is the nearest singularity to 
¢, these expansions are valid for |z—¢|<|a—€|. Thus 
W,=(2—$)"Y(2); ‘i \ 
W.=@-ONAD)+E-OMA@ glo e-O.f 
where 7,—7, 18 an integer or zero. 
For the first integral 7,, and for the second integral the greater 
of the two quantities 7, and ry, is called the Index at the point € 
It is only possible to carry out the theory completely when 
the integrals are regular; and we shall therefore, in what follows, 
confine our attention to equations whose integrals are regular. 
Condition that the Integrals at a Singularity should be 


Regular. If w, is an integral of equation (4) of §83, a linearly 
independent integral can be found as follows. 
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Let w,= wf dz be substituted in the equation; then 
dv dw 
OU pe {2 Tp eu,\v= 0; 
so that Pk ae Ie See {row 


The integrals w, and w, are linearly independent. For, if not, 
C,W,+¢,w,=0, and therefore 


C+ A dz=0. 


Hence, differentiating, we have c,v=0. But v is not identically 
zero; therefore c,=0, and consequently c, =0. 


Thus w,, w,, form a fundamental system. Also 

w,, Ww 
1? 1 

wy, 9 


A(@®)= 


= — Wid. 

Since every other integral can be expressed linearly in terms 
of w, and w,, it is only necessary to find the condition that w, 
and w, should be regular. 


Now we can always choose w, so that v is free from logarithms. 
For, if w, is free from logarithms, while w, contains them, 


W, = pW, W,z=CW, + pg. 


W, p Wy, ‘ 
a ae, ws) d we) 
and therefore =e = =v 


Hence v is uniform in the vicinity of ¢€ Consequently 
A(z) or —w,’v is also free from logarithms. 


Again, if w, is replaced by W,, where cw, = pW,, then W,=pW,, 
W,=p(W,+,), and 


so that V is free from logarithms. 
Now write w, and v for W, and V; then 
W, = pW,, W,= p(w, +). 


Thus w, and w, can be chosen so as to have the forms of 
formulae (A). 
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In order to determine the index of A(z), three cases have to 
be considered. 
I. Let w, and w, be free from logarithms, and let 7, 7,. 


Then the index of A(z) or —w,2v is 2r,+(7,—7, -1)=7,+7,—-1, 
since ey, /w,) 
ae Ey rae aks 


IJ. Let w, and w, be free from logarithms, and let r,;=7,. 
Then, by subtracting a multiple of w, from w,, we can remove 
the first term of w,, and thus get Case I. 

III. Let w, involve a logarithm. If 7r,=7r,, then , from (a), 


1 
v= periemronn 


Qri(z— 
where ¢(z) is holomorphic near ¢. Hence the index of A(z) is 
27,-l=r,+7,-1. If r,<r,, the index of v is r,—7,—1, so 
that the index of A(z) is 7, +7,-1. Ifr,> 7, then, adding w, 
to w,, we get the case r,=1,. 

Hence in every case the index of A(z) is 7, +7,—-1. 

Now p(z)=A,(z)/A(z), ¢(z) = —A,(z)/A(z) (Theorem IV. § 85). 
But a circuit about € multiplies A(z), A,(z), A(z), by the same 
constant D ($86); hence p(z) and q(z) are uniform in the 
neighbourhood of € 


Again, since A(z) has the index 7, +7,—1, A,(z) or S A(z) must 


have an index =7,+7,—2, and A,(z) or w,w,"v —2w,?0— ww’ 
an index =7,+7,—3. 

Accordingly, in order that the integrals should be regular in 
the vicinity of the singular point € it is necessary that the 
equation should be of the form 


Pw Pz) dw Br 
dz (z— €) dz sa =O 
where P(z) and Q(z) are teenth for |z—€|<|a—€|. In 


the following section we shall prove that these conditions are 
sufficient. 


Corottary. If the integrals at infinity are regular, p(z) 
and g(z) must have zeros at infinity of the first and second 
orders respectively. The proof is left as an exercise to the 
reader. 
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88. The Method of Frobenius. If P(z) and Q(z) are holo- 
morphic for |z—€|<|a—€|, a fundamental system of integrals 
can be found for the equation 

dw P(z)dw, Q(z) 
dé 2—tde | G—-or” ) 
such that both integrals are regular in the neighbourhood of € 

If the origin is transferred to ¢, equation (1) becomes 

2p" = 2p(z)w' + (Zz), (2) 
where ¢(z) and y(z) are holomorphic in the neighbourhood of 
the origin. 

Let WH= 2S ene”; then, if ¢(z)= Shane” and y(z)= Sinz", 

0 0 0 
zw" —zp(z)w' —W(z)w 


= Sour (p+n)(p-+n—=1)—9@)(o+n)-¥)} 
Sa aot, 


where ay=euin(o 1)—ap—y}, 


and An =Cn{(p+2)(p+n—1)—a,(p+n)— bo} 
—Cn-1{4, (p+n—1)+b,} 
—Cn-21e(p +2 —2)+b,} —...—Co(Anp + bn); 


(y= Di 28aan): 
Hence, if all the quantities d,, d,, d,, d3, ..., vanish, and 


ao 
if S)¢n2” is convergent, w is a solution of (2). 
0 


The Indicial Equation. The equation in p, 
p(p—1)—a)p—b)=9, 
is called the Indicial Equation. From it can be obtained, in 
general, two values of p. If one of these values is substituted 
for p in the equations d,=0, d,=0, d,=0, ..., values for 
Crp. ps Cz; ---,. abe found-in the form 
H,(p) a3) 
~ fp +n)(p+n—1)—a(pt+n)— by} {(p+n—I)\(ptn— 2’ 
—ag(p+—1)—b}-..{(p+1)p—ae(p+1)— by} 
where H,(p) is a polynomial in p. 
If the roots of the indicial equation do not differ by an integer, 
none of the coefficients c,, ¢,, ¢3, ..., 18 infinite. If the roots are 
M.F, P 


Cn 
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p, and p,+m, where 1. is a positive integer, then when p=,,, 


Cn Cn41r Cmte) +++» are usually infinite. To avoid this we put 


Cy=C(0—p,), Which makes Cp, ¢, .--, Cm-1, all zero, and Cn, C41, 
Cm42, +++» finite, when p= py. 
Now assume d,=d,=d,=... =0; then 


ou!" —29 (Zw! —(2)w=2ey{p(p—1)—ap—b}, (4) 
Cn-1{4,(p+2—1)+b,} +e, - ees a, | 
He FCo(Gnp +n 

eae (pt+n)(p+n—1)—a(p +7) =i ; e 

for “ral, 23,2 

Let $(z) and y(z) be holomorphic within and on the circle 

|z|=R. Then, if M, and M, are the maximum values of ¢(z) 
and v(z) on this circle, 

| An | = M,/R”, | bn | = M,/R”. 


Thus | on(p +7) + bn |= {M,|p+7]+M,}/R; 
so that, if 
M,|o+n—1|+M, M,|o|+M, 
ya= {lear ile R | Oar -+le ol Milel- | 
. 1 
(p+ 2)(p+2—1)—ay(p+n)— 6,’ 
then eal Vae 


Now yytil(e+2rtl)(pt+n)—a,(p+n+1)—b,| 
—Fl(e+m)(o+n—1)—a(p-+n)—do| 
_), Mle+n|+M, 
jon | alee? 


< M,|p+n|+M, 
MY R . 


== % 


Hence 
Ynt1 <p trp+n—1)— a(p+n)—b,|+M, |p+n|+M, 
Yn I(p+u+1)(p+n)—a(p+n+1)—b,|/R 


Accordingly, if p is finite, and has not any of the values p, —1, 
Pi—2>-+++5, pa— 1, pg—2, «.., where! pi p,, are the roots. of the 


indicial equation, Tear ] 


n>o Yn = Rh: 


wo 


Thus yn and consequently Dene converges if |z|<R. 
0 0 
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But if « is the nearest singularity to the origin, R can always 
be chosen so as to include any point z, such that |z|<|a|, within 


the circle. Thus the series Dice. is convergent for |z|<|«|, 
o 0 
es A 5 . = 
and w=2? DIO: satisfies equation (4), if c,, ¢,, Cg, ..., are given 
0 


by equations (5). 

Uniform Convergence of the Series with regard to p. Con- 
sider a region K in the p-plane bounded by the large circle 
|p|=o and small circles whose centres are those of the points 
pial, p,—2, ..., Pama. p2—2, ..., which are interior to this large 
circle. Then, if n=yv><¢, for all points of K, 

(e+ n)(p+n—1)—ay(p+n)— bo | 
=|pt+n|?—|(4g+1)(p+n)+d,| 
=(n—oc)?—{(M,+1)(o+n)+M,}. 

Now let v be taken so great that the last expression is always 
positive. Also let M denote the maximum value of 
R Re 
for the region K. Then, if 
CG M,(o+n—1)+M, 


24... +) ¢| 


pan 


M(o+y)+M,. M 
=e eC, R2 v ae v 


essa pment i Ree ae 
¢ (n—o)?— {((M,+1)(o+7)+ M,} 
we have yo Oy (=r, yt, y+ 2,...<). 
As in the case of the y’s, we can obtain 
ae Np 
ate on ahs 


so that 30,R" 3 is convergent if R’<R. Thus the series Dew 


n=v 


is uniformly convergent if |z|=R’ and if p lies in K. It is 
therefore holomorphic with regard to both z and p, provided 
that Jess and that p has any finite values except p,—1, 
am 2, 66) po—l, po—2, .... If, however, py=p,+m and if 

C)=¢(p—p,), the point p,—m is not excluded. 

The Fundamental System associated with the Roots of the 
Indicial Equation. There are three cases to consider. 

I. Let p, and p, differ by a quantity which is not an integer, 
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Then, if p is equated in turn to p, and p,, equation (4) becomes 
equation (2), and we obtain two independent solutions, 


ao ao 

Pp 1 — 7P2z 2)on 

wi =o" >) CAD, W,=2 > ent yg”, 
r= n= 


II. Let the indicial equation have two equal roots p= p, ; then 
equation (4) becomes 


200" —2g(2)w' — (2)w=2" op — py) 
If this equation is differentiated with regard to p, it becomes 


2 ial G,) 79) gee) YO Be 


=e ent tent 


If in these two equations p, is substituted for p, it follows 


that w and o~ both satisfy equation (2). Thus a fundamental ” 
p 


system w,, W,, is obtained for equation (2), where 


2 ow Oc 
w,=2"Se,2", w Se =w, log z+2° ( = 2", 
: 2s : Op p=p — > Op/ o=01 
III. Let p,=p,+m, where m is a positive integer. Then, if ¢ 
is replaced by c(p—p,), equation (4) becomes 


Pw” —2p(z)w! —yy(z)w= 2Pe(p — p,)(p— po): 
Thus equation (2) is satisfied by the fundamental system 


w=2" Den =i") gn-m 


m 


eo 


= a) = PL () n 
y= (F =w, logz+2"5) 3p 2”. 


P=P1 0 P=P1 

Solutions free from Logarithms. If H»(p) contains p—p, as 
a factor, c, can be left unaltered, and both solutions will be free 
from logarithms. In that case w, will be of the form zP(z), 
where P(z) is a polynomial of degree =(m—1). 


89. The Gaussian Differential Equation. The equation 
2(1—z)w"+ {y—(a+B+1)z}w’—aBw=0 


is known as Gauss’s Hquation, or the Hypergeometric Equation: 
it has singularities at 0, 1, 0. 
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In the vicinity of z=0 let w= Dg: then 
0 
(1-2) Slen(p+n)(p+n—-1)e0"" 
0 


+ {y—(@4+B4+1)2} Men(p+n)er* —aBYenz?*” =0. 
0 
Thus the indicial equation is 


p(p—1)+yp=p(p—1+y)=0. 
PSO eLOr 1) =2 On Loo. vats 


Cnti(ptnt+1)(p+n)—en(p+n)(ptn—1)+ ye, (pt+n+1) 
—(a+B+1)(p+n)e,—aBe,=0; 
so that 
Cnei(ptN+1)(ptnrt+y)=Cn(pt+n+a)(p+n+B). 

There are four cases to consider. 

I. Let 1—y be not an integer. Then, assigning to p the 
values 0 and 1—y in turn, we obtain the fundamental system, 

w,=F(a, By, 2), w=2-YF(a—yt+l1, B—ytl1, 2-y, 2). 

II. Let l1—y=0. Then the indicial equation has two equal 
roots p=. Hence one solution is w,=c¢,F (a, 6, 1, z). 

Again, 
(ptatn—1)(pt+a+tn—2)...(p+a) | 

x (p+ B+n—1)(pt+B+n—2)...(p+8), . 
(oe (etm lyeet(p-+-1)(p+2)(p+%—1y-. (p41) 


Cn = 


so that 
Comes > if 1 2 
Bp “P4lptatr p+hr ptrtl 
Thus the second solution is 


W, =, {ra 8, 1, 2)logz+ a 
1 


i Ci Ted So e..n)s 


where 
k _a(a+1)...(2+n—-1)6(6+1)...(8+n—1) 
i (n!)? 
ex il il n 2) 
Ap Sieet gees ry 
III. Let 1—y=—m, where m is a positive integer. One 


solution is w,=¢CF (x, 8,m+1,z). Again, putting c»=c(p+m), 
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we have 
(p+a+n—1)(p+atn—2)...(p+a)(p+B+n—-1) 
oo x (pt B40 2). Ape) + me. 
"(ptn\p+n—1)...(p+1)(p+mt+n) 
X(p+tm+n—1)...(p+m+1) 
Hence the second solution is 
(x—m)(x—m-+1).. We oa 


1 -—1 
esteem a aS Ee (a, moe dag 8” 
(a—m)(x—-m+1)...(a-m+n—1) 
Fy ag GS — mF 1) St eed) on 


eho. ve ni(m—n)(m— ce .(m—1) 


(a—m)(a—m+1)...(a—1)(8B—m) 
x(B-—m+1)...(B—-1) 


pias m-1 
se i (m—1)!m! 
coy se ee a eee 
—_, nriy(y+1)...dvy+n—]) 
m+n-1 1 il 1 m—- | n 
x{ >», (— tome ig) t 2, pane en 
If either « or B is one of the numbers 1, 2, 3,..., m, the terms 


involving log z disappear, and the second integral becomes 
c2-YF(a—y+1, B—y+t+1, 2—y, 2), 

in which the hypergeometric factor is a polynomial. Since p+m 

is a factor of H,,(p), this integral could also be obtained by 


putting p=1l—y in De rae 


Let neither « oe 8 have any of the values 1, 2, 3, Fe 
then, if w, is divided by the coefficient of log z, and a multiple of 
w, subtracted from it, the fundamental system can be taken to be 

w,=F(a, B, y, 2), w,z=w,logz+F (a, B, y, 2), 
where 

F(a, B, y, 2) 

=) (y—n—2)! 2 
sa =] y= =n) oat} (y My 
ON Ne Serica yc eee 
(8—2)...(B-y+n+]1) 
(SMOSH oom <8 HN) (BEAD 
0 niy(y+1)...dy+n—1) 


n-1 | n-1 i nr il n-1 
Pea Tug See 
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IV. Let 1—y be a positive integer. This case can be reduced 
to Case III. ; for the substitution w=z!-YW gives 
2(1—z)W" + {y’—(a’+ 8’ +1)z} W’ —a’ BW =0, 
where a =a—y+1, B’=B—-—y-+1, y =2-—y; sothat l-y’=y-1 
is a negative integer. 
Thus, if either « or 6 has any of the values 0, —1, —2, ..., y; 
the two integrals are 
F(a, B, y,2), 2 -YF(a—y+l1, B-—yt+l1, 2-y, z), 
where vanishing factors in the numerators and denominators of 
the coefficients of F(~, 8, y, z) are cancelled; while if neither 
a nor 6 has any of these values, the fundamental system can 
be taken to be 
w,=2\-YF(a—yt+l1, B-—y+1, 2-y, 2), 
WwW, = Ww, log z+21-YF,(a—y+1, B-—y+1, 2—y, 2). 
Solutions Regular near z=1. The substitution z=1—¢ gives 


G1 = 0) Fat (+B +1—7)-(+B-+1)6} Ge—asw=0. 


Hence solutions regular near z=1 are obtained by replacing 
a, By, z by aw B,x+8+1—y, 1—z, respectively in the integrals 
already obtained. 

For example, when y—a—{ is not an integer, the solutions are 
F(a, 8B, «+8+1—y, 1—2), 
(l—z)r*FF(y—B, y—% y-—&—-B+1, 1-2). 

Solutions Regular at Infincty. If we put z=1/G w=C°W, 

2 r 
OE COT + (+a A) Cat A= NITE 
—a(a+1 —y)W=0. 

Hence solutions regular at infinity are obtained from the 
solutions regular near z=0 by replacing &, B, y, 2, by a, l+a—y, 
1+a—8, 1/z, and multiplying by 2-*% When a— 8 is not an 
integer, the two solutions are 

w,=2- "F(a, 1+a—y, 1+a—8, 1/2), 
w,=278F(8,1+B—y, 1+6—«%, 1/2). 

The Differential Equation of the Quarter Periods of the Jacobian 
Elliptic Functions. If «= 8=1/2, y=1, Gauss’s Equation becomes _ 

2(1—z)w"+(1—2z)w’—fw=0. ($70, Cor.) 
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It is left as an exercise to the reader to prove that solutions 
regular near 0, 1,0 , are: 


ae - Lee 2), F(; 5 il v2)log2+4 3) CUS ‘Ven 


oe mE MP 
F(5, - 1,1— 2), lea 1—2) log (12) 
+45) eel oa “\(d—2)"5 


2R(5. Le 1, al 2a (G 1 ie) eae 
Py Zz Z 


z 


4o-1 5) On ($1) 


n=) +1 tf 


For other worked examples on differentral equations, see 
Chapter XIV. §§ 90, 91. 


EXAMPLES XIII. 
Find regular integrals in the domain of z=O0 for equations 1-16: 
1. 222w" + zw’ —(1+27)w=0. 
Ee Be ze 


Ans. m=(+54 454-711 9.4.607 Alb & 


oe 2 7A 26 
eS tie 
” , 1 1 1 
2. 2(1—z)w’+(2-32)w'—w=0. Ans. W,=—, w,=- log : 
z z WZ 
3. 2(1—z)w" —(1+2)w'+w=0. Ans. w,=1/(1—z), w=1+2. 
4. zw" +w'—w=0. . Ans. we Gai 


to, =1ylog 2-2 © capt +5 Low +2). 


5. 2(1+2)w" —2w=0. Ans. wy=2+27, ae ae: +2. 


Ise 
6. zw" +(z-1)w'+w=0. 


IMS, USO? wy=wlogz—1—z4+a—2 S$ (12 (Fai 4.42), 
2 ni\2 n 


3 
Co) n+1 
7. zw"—w=0. Ans. v= > —*~ 
z w 3. W; 2 ely? 


= gz /2 1 lo PX OY Fh 
mamyloget+1—2— (F435) (24342) 


8. 422" + dee’ —(2?+1)w=0. Ans. w= z~sinh(z/2), w,=2-)cosh(z/2). 
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9. zw" +2(1 —z)w’—(14+2z)w=0. 


Ans. wo, = 26, wy =w,log 2— + 1-235 ee cee eh 


10. zw"+w'+mzw=0, Ans. m= E(— 1)" orem 
ae 
10, =", log 2— 3-1)" aniga(1+5 {POKda = *). 
Ll. 2w"+42w'+2w=0. Ans. %,=1/z, w,=1/22. 


ai Ane 
1-2’ * 21-2), 


13, 2(1—z)w"+2(1—2z)w'-w=0. Ans. w,=(1—2)/z, w,.=w,log(1—z)+1. 


14, 2(1 —z)w"+2(1 —3z)w’ —(1+z)w=0. 
Ans. w,=1/2, w.=w,log(1—z)+1/(1 —2). 


12. 2(1 —2z)w"+2(1 —32z)w' —w=0. Ans. Wy= 


15. 92?” — 1dzw' + (8624+ 7)w=0. Ans. w,=2 cosz*, w.=2'* sin 23. 
1+i4/3 1-t1/8 

YZ 
16. 2w’+w=0. LS USE 5, hs Oo 


17. Find regular integrals at infinity for oi eas 


1 Cine il 1 
Ans. ca, wo =w,log 2+ >} al (a tptete) 
18, Find regular integrals at infinity for secre ane + 42w=0. 


7 wo »—2n l 1 
Ans. =e, w= 2a, log e+ 5 ae (1tg+..+3). 
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CHAPTER XIV. 


LEGENDRE’S AND BESSEL’S EQUATIONS: EQUATIONS OF 
FUCHSIAN TYPE. 


90. Legendre Functions. If the substitution z=1/¢ is made 
in Legendre’s ee 84), it becomes 


2( 2 ad = 
CE Gee +26 ae + (n+1)w=0. 
Let w= Sree; then 
0 


(eS Y)S(o+») (pt+y—lc,e+" 


+20S(p-+r)orrt +n (n+ 1) S)orgrr” =0 
and therefore i ‘ 
Co{p(p —1—n(nm+1)} =0, 
e{(p+1)p—n(r+1)} =0, 
era{(p-+r+2)\(p-+y+1)—n(n+1)} 
=¢,{(p+v)(p+v—1)+2(p+yv)}, (v=0, 1, 2, ...). 
The indicial equation has roots p»=—n, py=n+1; and the 
second equation gives c,=0. Also 


Cy4x(p+tyv+1—n)(ptyv+2+n)=¢,(pt+v)\(pty+l1) 
(v=0, 1, 2, ...). 


In the first place assume that p,—p, or 2n+1 is not an integer 
then, if p= —n, 


ae eae 2(N—-1) op n(n—1)(n—2)(n—-38),, 
Mies {h+3¢ an)$ eee oo, 
=¢2"F (— n 1l—n I 2h 


A Aa aes | 
while, if p=n+1, 


= n+1 (n+1)(n+2) 2 
DTN {a+ 2(2n +3) ¢ 


(n+1)(m+2)(n+3)(n4+4) 
+2, 4(2n+3)(2n+5) cof 


mcs n+2 n+1 Sl 
=a F( Q 9 eno ae 
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Thus, if 
___ AIT (n) if ee n+1 3 4 
Qn(z) = 2411 (n+ 1/2) ail 5) ) a Megs) Ze > 
2°+1TT(n+ 1/2) 
Riyals 
Again, let 2n+1 be an integer; then n must either be an integer 
or half an odd integer. 
If 7 is an integer or zero, all the coefficients are finite. Hence 
both integrals are free from logarithms. In particular, if 7 is 
zero or a positive integer, 


Wy, = Cp 


2™(n!)? 
(2n)! n(2). 

If 7 is half an odd positive integer, w, is the integral which does 
not involve log z, so that Q,,(z) is an integral. If 7 is half an odd 
negative integer, w, is the integral not involving logz. But, in 
this case, since 1/['(n+3/2) is zero when n +3/2 is zero or a nega- 
tive integer, the first —n—} terms of Q,(z) vanish, and therefore 

al (—n . eld atl 1 TS n/a =) ae 
QW) Tay Sy 2 ) mS Ohi ener oc 
so that Q,,(2) is again an integral. 

Accordingly, Q,(z) is an integral for all values of n. It is 
known as Legendre’s Function of the Second Kind. P,,(z) is the 
more important of the Legendre functions when |z|< 1, and 
Qn(z) when |z| > 1. 

Note. Thus far P,,(z) has only been defined for positive integral 
or zero values of n, while Q,,(z) has been defined for all values of n. 

Relation between Legendre’s Equation and Gauss’s Equation. 
If in Legendre’s Equation we put z=1—2¢, we obtain 


¢(1 -O Get = 26) Tet m(ntlyw=0, 


which is Gauss’s Equation witha=n+1,8=—n, y=1. Hence, 
in the vicinity of z=1, the two solutions are 


l—z ; = es 
F(-, 411,75"), F(=n, n+], 1, 5 log 5 


—n(—n-t+1)...(—nt+v—1)(r4+1)(m4+2)...(n +7) 


DS a Op 
|p| sess waited oe 5} GE 


r=0 


W,=Co 


($54, Cor.) 
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The Legendre Function of the First Kind. When is a 
positive integer, 


PO aap an OW Ge ale") | 


=F(-», yeaa — 


Now it has just been shewn that this function satisfies 
Legendre’s Equation for all values of ». Accordingly, for all 
values of 7 we define P,,(z) by the equation 


P,(2)=F(—n, n+1,1, —) 
CoRoLLaRY. P,(z)=P_,,_,(2). 


Example 1. If is zero or a positive integer, shew that 
Pn 
a@=af Oag 
eT ¢ 


where the path of integration is taken so as not to pass through the point 4, 

[Expand 1/(z—¢) in descending powers of z for |z| >1, and evaluate the 
coefficients by partial integration. The theorem holds if |z| <1, since the 
functions on both sides of the equation are holomorphic. ] 


Example 2. Use the series for Q,(z) to prove, for all values of n, the 
formulae : 


G) (+1) Qn4i(Z) — (22 +1)2Q,, (2) + 2Qna(z) =0, 
(ii) 7 Qu (2) =2Q, (2) -— Qi ©): 


EHxample 3. Use the expression P.(@)=F( =n, w+ 1, 1 9) to prove, 


for all values of », the formulae : 
GQ) (2+1)Prsi(z)— (Qn +1)zP,(2)+2P,4(2)=0, 
(ii) nP,(2)=zP,,.(z) -P’n_1 (2). 
Example 4. Shew that, for all values of 2, 
(1) @+1){ Pasi @)Qu(Z) — Qusi(2)Pr(@)} 
=2{Pn(Z)Qna(Z)— Qn(z) Pra(2)}, 
(ii) (2 +1)1 Pasa (2)Qna(2) — Qn+1(2)Pra(z)} 
=(2n+1)z{Pn(Z2)Qua(z) -— Q,(2)Pra(2)}. 
[Use Ex. 2, (i), and Ex. 3, (i).] 


91. Bessel Functions. The equation 
2" + ew’ +(22—n?)w=0 


is known as Bessel’s Equation, and its integrals are called 
Cylindrical Functions or Bessel Functions. 
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The only singularities of Bessel’s Equation are z=0 and z=00. 


To solve in the vicinity of z=0, put WH > Ce ; then 
0 


DAlety)(p+y—1)+(p+y)—n* hoz? Diet t= 0, 
v=0 = 


v=0 
Hence C(p?—n7)=0; o{(p+1)?—n?}=0; 
ey{(p+yv)?—n?} = —¢,-0, (y=2, 3, , Pee 
The indicial equation is p?—n*=0 : its roots are p, =", p,»= —N. 
If ¢,—p. 18 an integer, n must either be an integer or half 
an odd integer. The second equation gives c,=0; so that 
C,=C,=C,=...=0. Also 
v % 
Cy =(—1) € > 
(0—N+2)(p—n+4)...(p—n+2v)(p+n+ 2) 
X(p+n+4)...(o+n+ 2r) 


where y= 1, 2,35... 

There are four cases to consider. 

I. Let 7 be neither an integer nor half an odd integer. Then 
there are two independent solutions J,,(z) and J_,(z), where 


| ” S a 

30)" tray ase te ima nmaty} 
5 Pe —(-1ly z n+2v 
ies) , 


J,(z) is holomorphic for all finite values of z, except possibly 
z=0: it is known as Bessel’s Function of the First Kind of 
order n. 

If n is a positive integer, J,(z) is an integral. J_,(z), 
however, is not a linearly independent integral. For, since 
1/II(—n+yv)=0, where »=0, 1, 2, ...,n—1, 


= as ih aN ted 
fet) "Tne yt a) 
= ( =i In(Z). 

II. Let » be half an odd integer; then, since the coefficients in 
J,(z) and J_,,(z) are all finite, these two functions are linearly 
independent integrals in this case also. 

III. Let n=0, so that the roots of the indicial equation are 
equal; then 

ae > (—1)2” 
Zu(pt 2° +4)... (pt Do)? 
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Hence 
Ow «o ( a yee 

Ces ys. 

Cane ee eae 2)"(p+4)... Grate 


Thus the two integrals are 
(= Ly 
J (2) = rg ee 
ee = YS) 


Y,(2)=JIo(2)log2-+5; ao (va! eee Az. all+5 +5)=.. 
Y,(z) is called Bessel’s Function of the Second Kind of order 
zero. 
IV. Let 1 be a positive non-zero integer; then, if ¢,=c(p+n), 
oe (—1)"(p+n)z” 
SSP é 
et pat parC y peor te hn (p—n +2r)(p+n+2) 
X(ptn+4)...(o+n+2r) 


Hence 
3 
epee: 
les (—1)2”" 
(p—N+2)...(p—N+2v)\(ptn+2).. GFuET)| 
ie 
+efS) =n +2)... (p—n+ 2 \(p+n+2)...(p+n+2) 
pP+2n 
iil ae 
(— I" Gam+2).. p+ — Bip tn+2) (ptm) 
ca (—1)'2” 


x 
Pa ar aR ee (p+n+2v)(p+3n+2) os (p+3n + 2) 


n-1 n v l 
# {> Perea wwe eye Dyers oO ph | 


=I 
Accordingly, if p= — 
gn 
2.4...2n.2.4...(Qn—2) 


w= —C 


epi z in ee \ 
2(20+2)' 2.4(2n+2)(Qn+4) "s” 
ow n—-1 giv 

—=w log -n eS el Se 
Cy ns 213 a ph =a Ee 


ree gv 
22.4...2n.2.4...(2n—2) 


) (—1)’2” 1 v 1 ) 
x 215 4 2yv(Qn + 2)(Qn+4)... (Qn+ Set ee 
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If these two integrals are multiplied by —2”-(n—1)!/c, they 
become J,,(z), and 


J,(z) log z— ee 


2a, vy} 


= iceealy) ee eae 


ee el 
Subtracting 5 i. + : fot —) Jn(z) from the latter integral, 


we obtain the integral, 
—=jpo5 -n+2v 
Y,(z)=J,(z) log z— 5 a .(n tl) 
it ao n+2v 
5 taia) HO +em+y), 


where Hr)=T+5 +.. + , (r=, 2, 3, ...), and ¢(0)=0. 


Y,,(z) is called Bessel’s fare of the Second Kind of order n. 


Recurrence Formulae. We leave as an exercise to the reader 
the verification of the following formulae : 


(@) 2J.,'(2) a Jin-1(2) re Jnti(2) } 
(i) Jy (2) = —J, (2); 
(ii) 20 J,(Z) = de (2) i Jn+1(2)- 


Jn(z) as a Function of n. Let |z|=R, |n|=N; then, if m is 
an integer such that m—N>-—1, and if 


z 2Qv 
(3) 
vi(n+m+1)\(n+m+2)...(n+y). 
R\2” 
* y!(m—N+1)(m—N+42)...(v-N) 
(v=m+1, m+2, ...), 


T,@)= 


then |T,(z)|=M,. But >) M, is convergent; consequently, by 
m+1 


Weierstrasss M Test, 3, T,(z) is uniformly convergent if 


m+1 
jz SR, [n|=Nn. 
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Now R and N can be chosen so large that these regions enclose 
any assigned finite points z and n. Accordingly, for all finite 
values of z, except possibly z=0, J,,(z) is a holomorphic function 
of n. 

The Bessel Function G,(z).* It is sometimes found convenient, 
instead of J_,(z) or Y,(z), to take as the second solution of 
Bessel’s Equation the function 


G,(2)= oe {J _n(2)—e-""Jn(z)}, 


where the limiting value of the expression on the right-hand 
side is taken for G,,(z) when n is an integer. 
Now 


jp Jn@)=Inl2) log (5) — 4 aay (G) Cnty) 


oan 
Also 

eA (= 1 fa\- sin(n—y)7 

AOS (5) pag Fae ee 


+> (= Qc 


2 
aa szp v! T(—n+y+1) 2 
so tha 


Q z 
= J -n(2)= —I-n(2)log (2) 
>> = Ly ey I(n—-yv)sin(n—vy)r+T(n— 1). 7 cos(n — v) 3 


a7 .v! 


( 1y zZ —n+2v 
+> Toe ete? 


v=p V 
If 7 is a positive integer, let p=”; then 


eae ne)=—d 22) log (5 Jeb > peers 2 


=f ( - >) 5 ona oa Log Nee. 


Accordingly, if 1 is a positive integer, 
6) é 
5p id -n(2) =e" Ja(2)) 
G,(z) = 
2 cos n7 


= -Yn(+In(2){log oa y+. 


*Cf. J. Dougall, Proc. Edin. Math. Soc., Vol. XVIII. p. 36, 
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The verification of the following formulae is left as an exercise 
to the reader : 


(i) G@_Q=e"G,(2); (ii) 26,0) =@, 42) — Gaal); 
(ii) G'@=-GY2)s (iv) "E,@)=G6,4) +n); 


(v) e™"G,,(ze'") = (J _n(z) — eS ,(2)}. 


ZF 
2 sin n7r 


Turorem. If P(z) and Q(z) are any solutions of Bessel’s Equation, they 
satisfy a relation of the form 


, / C 
PE Y®)-POM="; 
where C is a constant. 
For, if the substitution w=2z—?W is made in Bessel’s Equation, it becomes 


oye+(-™ = Ww=o. 


Consequently 
{v2P(z ye £ (Je Q@}- W2Q)} 5 © olzP(@)}=0. 
Hence, integrating, we have 
(WIPO) Z/2Q@)}—W2Q@}4 WePO}=C: 
so that PQ) QY)-P)Q@)=E 


For example, 


fam 2{Jn(Z) I —n(z)—In(2) J-n(2)} 


1 ee 1 La 9Sin nT , 
~T(n+1) I(-n) TP(—n4+1) T(r) ce 
and therefore Jn(2) I -n(2) — Tn(2) Tn(2) = —2 nae, 


The reader can easily deduce that : 


(i) G)IW@)- Gi) Tn(2)=43 


(ii) Ta) Tar) + Tn) Tnal= Oren ne 


(iii) Gasr(2)In(2) — Tuer) Gale) = 


The Zeros of J,,(z). If is realand greater than —1,all the zeros of J,,(z) 
are real and oe except possibly z=0; this can be shewn as follows, 


Wehave 2 aE (a2) +2—- a Jn (az) + (022? — n?) J,(az)=0, 


and ea ay (B:) +24 I n( Bz) + (B22 — n?) Jn( Bz) =0. 


Thus, multiplying the first eae by J,(@z), and the second by J,(az), 
and subtracting, we have 


(a2 — 2)2I,(a2)Jn(Be) = Let Jn(az) ¥In(Be) - In(Be)F. Ta(o)} 


M.F. Q 
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Hence, if R(n)>—1, . 
(02) ['2In(a2) Tu(Bo)da = 2{ J4(a2)4, In(B2)—In(B0)5-I,(a2)|- 
Therefore, if 0=« and 0=f are distinct zeros of J,,(0c), 
i * 2ITn(a2) In( Be) dz=0. 
Again, let B=a+e; then 


(—20e-€) |" 25,02) {J.(a2)+ co I, (a2) +... }de 


d 6 We 
=2) (az) { 2 5,(as)+ = BEL J (me) + a 


d Oh 
ee AP Tn(a2){ Ty22) -— dz J (x2) ay =} ; 


If this equation is divided by e, and ¢ is then made to tend to zero, the 
equation becomes 


z oe qd? d 2 
20.[ Zi sng Oe — —2[ 5,(02) 54 In(az)— { $5(o2) }. 
Hence, if 0=« is any zero of J,(@c), except O=0, 


it af Tp (a2) }2de= a Tn! (ou0)}2. 


TurorEM I. If n is real and greater than —1, J,,(z) cannot have any 
purely imaginary zeros. 


UNO ae { es we c \ 
For Cy’ ~ Tne) ta@nea)* 914. an+2)Ona4e os’ 


and the latter expression cannot vanish if y is real. 


TueoreM II. If m is real and greater than —1, J,(z) cannot have a 
complex zero. 

For if z=p+dq is a zero, where p and q are real, z=y—ig must also 
be a zero ; hence 


1 
J e5il(p+ighe} Int (p ig) hd =0. 


But if 2 and w are real, the integrand is positive ; and therefore the 
integral cannot be zero. Thus the theorem must hold. 

Accordingly, if m is real and greater than -1, it follows that every 
zero of J,,(z) must be real. : 


TuEorEM III. If » is real and greater than -1, J,,(z) has no repeated 
zeros except possibly z=0. 
For if z=« is a zero, 


ih UT n(x)}? dx =} {Tn (o)} 5 
0 
so that J,/(a)#0. Thus J,(z) has no repeated zeros. 
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TuHeoreM IV. If » is real and greater than —1, J,,(z) and J,,4:(z) have 
no common zeros except possibly z=0. 
This follows from the formula 


In(2)— 2 In(2)= —Ingr(2). 


92. Equations of Fuchsian Type. Equations whose coefficients 
are meromorphic in the entire plane, and which have their 
integrals regular in the vicinity of all their singularities, are 
called Hquations of Fuchsian Type. 

If the singularities are a,, d,, dg, ..., “m, and infinity, the 
equation is of the form 


Cw Pee) dw Raves (e) 


OF (e—4,)\@—4.)..2— an) dz © (%~—4a,)?(—d,)*.. (Z—Gn Pe 


where P,,_,(2) and P,,,_,(2) are eas of degrees n—1 and 
2n —2 respectively (§ 87). 

If infinity is not a singularity, the equation is of the form 
dw Pr-1(2) dw Pon-a(2) 


‘dz (2—d,)(2—4G,)...(@—a_) dz (z—a,)°(2—a,)°... (2—Gn)? 


where the coefficient of the highest term in P,,_,(z) is —2 
($83, p. 212). 


THEOREM. The sum of the indices associated with the 
singularities a, ,, -.., dn, ©, of the equation of Fuchsian Type 


is 2—1. 
Let Pe (janet Bet 

and let Wy (2) =(2—G,)(Z — dy) ... (2 — Gn). 
Then the indicial equation for the singularity «, is 


p(p—1)= pate terms independent of p. 


Accordingly, if the roots of the indicial equation are p, and p, 
1 Pr-i(@r) 

ii W'(dr) 
Now, by the ae of partial fractions, 


Py + po= 


ee 1(2) _ 4 Pi-s(Gr) 
nent SC SEB CS 
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Hence, integrating round a large circle which encloses a,, 
Gg, «++ 5 On, WO have 


Uae fen ae 1 [Fr dz=A 
= 


War) — 2arr) (2) 
& ee wee 
since a Zz a =A 
Thus the sum of the indices at a,, a,, ..., dn, is W+A. 


Again, put z=1/€; then the equation becomes 


Tae ae 2A BCH aa + w(A” +B'E+...). 
Thus the indicial equation is 
p(p—1)=p(—2-A)+A'; 
so that pPitpe=—1—A. 
Hence the sum of the indices is n—1. 


Corotiary. If infinity is not a singularity, A= —2, and 
therefore the sum of the indices is n—2. 


93. Riemann’s P-function. We shall now investigate the 

conditions that the equation 

d?’w_ P,_,(z)dw Pon-2(2), 

dz (z) dz {W(z)}?” 
should be completely determined if the n+1 singularities 
@,, Uy, -.., Un, ©, and the corresponding indices, are assigned. 

There are 8n—1 constants to be determined in the equation. 
The assigning of the singularities @,, d,, ... Gn, 0, simply deter- 
mines y-(z) and the degrees of P,,_,(z) and P,,,_,(z). The assign- 
ing of the 2n+2 indices determines only 2n+1 constants, since 
the indices must satisfy the condition that their sum is n—1. 

Thus »—2 constants remain to be determined; so that, if 
n= 2, the equation is completely determined. 

Similarly, when infinity is not a singularity of the equation, 
there are n—3 constants to be determined ; so that the equation 
is completely determined if n=3. 

Consequently, in both cases, if there are three singularities, and 
if the indices are given, the equation is completely determined. 

By means of the transformation 


a 
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the equation with singularities h, k, 0, can be transformed into 
an equation with singularities a,b,c. The equation can therefore 
always be put in the form 


dw _{ f 9g h \ dw 
Ta eat ts} dz 
l m n w 
Hos ots) ecaecnesy 


where f+g+h=—2. 

Let the indices at a, b, c, be X and 2’, w and w’, » and y, 
respectively, where A+A’+u+ty’+v+r=1. Then, since the 
indicial equation at a is 


ple-l)=fot expyaney 


1+f=A+X, l=—dAdA(a—b)(a—c); 
so that f=A+4XN-1. 
Similarly g=utp’—1, m=—py(b—c)(b—a), 
h=v+/—-1,  n=—w/'(c—a)(c—b). 
Hence the equation can be written 


d?w 1-—A-N l—-p—p’ l—y—y'\dw 
dz ( ZW a z—b z—c = 
fe ee ee ee) 
Z—a Z2—b zZ—c 
w 


oe (z—a)(z—b)(z—c) o 


Now for simplicity assume that X—2’, u—u’, v—v’, are not 
integers ; then, if P,, Py, P., Pw, P., Py, are integrals corresponding 
to the indices X, X’, u, mw’, v, v’, any branch of any integral of the 
equation can be expressed in any of the forms 

CPyrtenyPy, CuPutewPw, ¢P,+¢,Py. 

Riemann denotes such a function by 


i BO es 
PAA dey, 2 | 
neti y 
and it is called Riemann’s P-function. If either A and X’, 
pw and yw’, or y and y’, are interchanged, the differential equation 
remains unaltered. Likewise the three columns can be inter- 


changed without altering the equation. Again, if the function - 
is multiplied by (¢—a)"(z—c)(z—b)-?~, the indices at a, 6, and 
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c, become A+ and N’+o, u-—c—p and w’—c—p,v+p and +p, 
while the branches of the function remain holomorphic at all 
other points, including infinity. Also the sum of the indices is 
still unity. Consequently 


( o( ' Gb, MG, a, b, C, 
2—a)"(z—c/P 
eae Pl mm 2 ESP) Ate, umomp, vp, 2 


ne: uw, y, V+, uu —o—p,; +p, 

Again, the transformation | 
eae ee 
z—bc—a 


changes a, b,c, into 0, x,1. When the latter three points are 
the singularities of the equation, the function is denoted by 


P{ eg eign \ 
ey ee & 
(z—a)"(z—cp é 
Also ~(@—by =Ke(1—¢), 
where K is a constant; thus 


? > , a a 
etinne(% eh glap( te mreme ote} 
; aN [easy Ler: N+o, AS a Tama 3 v+p, 


The differential equation determined by P{ < hes z } is ob- 
> na > y 2 
tained by putting a=0, c=1, and making b tend to infinity; 
it can, by means of the equation A+)’ +u+p’+v+r=1, be 
put in the form 
Pw I-A-AM A+ et we dw 


dz? z(1—2z) dz 
AN — ON + ew! — we + pp’ 2? 
— 212 Wi= (i 
I é : On mee 0 : 
n particular, the function P z) satisfies 
ly, 8) 7—a— 8p, 


the hypergeometric equation 
2(1—z)w"+ {fy—(a+ B+1)z}w’ -aBw=0. 

Note. Since 

a Seay Nee pet ad, eS oe 0, 

z-*(1—z) P( Ne anda z )=P( Lovee yo ee z), 
where ©=A+uty, B=A+y’+y, y=1—N +), it follows that 
the P-function can always be expressed in terms of the integrals 
of the hypergeometric equation. 
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The Twenty-four Integrals of the Hypergeometric Equation. 
The solutions corresponding to the indices 0, 1l—y, at z=0 are 
(§ 89), , 

F(a, 8, y, 2), 2-YR(a—y+l, B-ytl, 2-y, z): 
we denote them by W,° and W, respectively. 
Alternative forms for W, and W, are obtained as follows. 


We have 
(1—2y+#-yP( on ° ) 


@ 
Lye, ¥—2—CG, 


Thus 
(m=z) NCO ay 8,2) CW CW 

But, since the function on the left-hand side is uniform at 

z=0,C,=0; hence 
(l—z)r-*-#F(y—a, y—B, y, 2)=C,W,. 
In this equation let z=0; then 1=C,. Therefore 
WO =(1—z)r-*-F# F(y—a, y—B, y, 2). 
It follows that 
WO =z!-¥(1—z)v-2-# F(1 —a, 1-6, 2—y, 2). 

Tn like manner alternative forms can be found for the regular 
integrals at infinity and z=1. 

Again, the six transformations, 

z= z=1—¢, z=1/6, 2=(C-1)/¢, z= /(E—-1), 2= 1/9), 
when applied any number of times in any order, change the 
points 0, 0, 1, into the same three points in different orders. 
By means of these transformations new forms can therefore be 
obtained for the integrals. For example, 


0, Q, 0, 
W,O=F(a, B, y, =P 6B, y= C= B; ) 
0, 0, Qa, ) r = 
STC y=a— Bp; je ‘ ea S2=1' 


=(1 =P, a Gis hee ‘) 


Soli 9 Fe 6 2p 
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In this equation let z=0; then C=1. Hence 


W,O=(1- a F(a, Macy =) 


=(1-2)*F(8, y-% Y ==) 


z—1 

These two expressions for W, are valid if R(z)<1/2. 

We have thus obtained four different forms for W,©. Similarly 
four different forms can be found for W., W,®, W,, W,?, 
W,@. These twenty-four forms for the integrals of the hyper- 
geometric equation are: 


I. W,© =F, 8, y 2) 


i. =(1—z)""* "F(y—«a, y—8, y; 2) 
— psy ie — es 
TII. =(1-—z) F(a y B; a 
=(1—z)-8 2 SAY 
IV. (1—z) E(B, Y-% Y =) 
V. WO =2 F(a—y+1, B—y+1, 2—y, 2) 
VI. =z (1-2) * *F(1—a, 1-8, 2—y, 2) 
VIL = 1-2 F(a y+, 1-8, 2-7, <3) 
VIL =2-(1 2)? 1 F(B—yt1, 1-2, 2—y, 4); 
IX. W, =F(a, B,«+B-—y+l1, 1-2) 
X. =2'YF(n—y+1, B—y+1, a+ B—-y+l, 1—-2z) 
XI. =2'F(a, Gay Oars =) 
-B z—1 
XII. a2 F(6, B-ytl1, a+B-yt+l1, 5 ie 
XII. W,® =(1—2)""* "F(y—a@, y—8, y-a—B+1, 1-2) 
ALY. =z %(1—z2)'"* # Fd —«, 1-6, y—a—B-+1,1—z) 
eve =e" 1—2* PFI, yo, y-a—B+1, —) 
XVL 0 =f (1-2) **F(1-8 y-8, y-a- B41, ="); 


XVIL W,=2°F(o, o—y-+1,0—B8+1, 5) 
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Gia NE =#-1(2—-1)* F(1—8, y-B, «-6+1, *) 
siore =(-1) “F(a, y—B,0-B4+1, =) 
XX. aah ene F(a-y+1, 1-8, 0-641, )} 
XXL W,©)=2-F(8, B—y+1, B—a+1,+) 
XXIL 0 a2%(2—1)-*P F(1-a, y—a, B-a+1, 5) 
XXIII. =(2—1)-"F(8, POR cee, —;) 
XXIV. =2-%(2—1) 1B (B- y+1,1-a, B-a+1, 3). 


Relations of the form 
W,0=C,W,O+C,W,%, 
where e216 Online t=) 1560, 
hold between the six functions W,., W., W,%, W, W,@, 
W,). One of these relations is given in Example 4 of § 63, and 
the others can be found by similar methods. 


Example 1. Shew that, if y—a— is not an integer, the analytical 
continuation of F(a, B, y, z) in the vicinity of z=1 is 


a ae (y) oe 4 

Teearee Aye > Boa +B—y41, 1-2) 
DeaeS yrm 2)-9- ot = Ses fe 
Tre) (1- PR (y-a, y-B, y B+1, 1-2). 


[Apply Ex. 4, § 63, to form III. of W,. See also App. IL., (13).] 


Example 2. Show that, if wt+p’+v+v’ =}, 
Oy Coy Il (ie ao, I, 
(PEO eae ny ee i 4th A aes 
ieee 
94. The Associated ceeah Functions. The equation 
(12 e— 22 | ie malo=0 
dz* 
is called Legendre’s Associated Equation. ca integrals of this 
equation are called the Associated Legendre Functions of degree 
n and order m. 
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Let the substitution w=(z2—1)’"W be made in Legendre’s 
Associated Equation ; then 
ad? W 
Ge 


Again, differentiating Legendre’s Equation m times, where m 


(1 —2?) =2(m+1)2 0 +(n—m)(n--m-+1)W =0 


is a aes ae we obtain 
eye AE: = ~2(m-+ 12S ae os Saray pages ogre ate, 9 6 ae iis) 


Accordingly, if m is a positive integer, two independent solu- 
tions of Legendre’s Associated Equation are 


Pim(e)=(et— 1)? PEA), Q,m(a) = (—1)m@t— 1)? SE), 


These functions P,(z) and Q,™(z) are known as Legendre’s 
Associated Functions of the First and Second Kinds respectively. 
To make them uniform a cross-cut is taken along the real axis 


me 


from —2o to +1, and that branch of (z?—1)? is chosen which is 
real and positive when z is real and greater than 1. 
If m and 7 are aaah integers, and m=n, 


BAG) = os Cs. eae —1), ($54, p. 120) 


=7@-D" Sm{@-pr(1+251)) 


oe 
poe m!(n—m)! 
ties BURSON ee. in(Lt2)"p( ee 
PE mins 1) F(n+1, —n, m+], 5 ) 
($93, Form IL. of W,) 


(n+m)! /z—1\3™ i—-2 
~m!(n— m)! Ce F(m+1, —m, m+, 2 ) 


Ii m>n, P._(z)=0. 
Similarly, if m is a positive integer, then for all values of n, 
Q(z) == (22-1)'™T(n+m+1)T(4) 1 
- grt T'(n+3/2) gntm+1 


n+m+2 n+m+1 $1 


(2—1)"F(—n+m, n+m+1,m+1, i 
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Again, let the eee 
oi ee 5 5 F —2(1—m)2 4 mn te-myn— m+1)W=0, 


obtained from Legendre’s Associated Equation by means of the 
substitution w=(2—1)-*W, 


be differentiated m times; then 
qm+2Ww dmt+iw 


d™W 
(12) qzm+2 — 2z dzmti +n(n+1) adem 


=0. 


Hence, if m and m are positive integers, and if m=7, two 
independent solutions of Legendre’s Associated Equation are 


Pim@=@—y?| |"... [Peay 
1 J1 1 


and Qim@=@-1 y3 ie hs [.Q, (2) (dz)™. 


Since the four functions P,"(z), P;(z), Q,."(2), Q:(z), satisfy 
the same equation, they cannot all be independent. The relations 
connecting them are found as follows: 


_m m qr— m x a 
los oe )= 9 1! n! ! ie =—1L))* dz-™ m (2 a, 1) 


ee eS n+1,m+1, 2S) 


m!\ze+1 
T= aoe) 


-=T 1Tr 1 
Qi "(z) = 4 cs (2 oS 1) newmenra) gn—m+1 


m—m+2 n—m+1 3 F) 
xR, ae, ia W+5? 


a ee: -"“T(n—m+1)TG) 1 ILS 

= geri (#1) ea nee) 
rmt+mtl ntmt+2 3 1 
xR (St eT ata) 


($93, Form II. of W,”) 


_(n=m): 
Cees 
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EXAMPLES XIV. 
1. Shew that, for all values of 7: 
(i) Ph()— Ph-2(z)=(2n-1) Pra); 
(ii) Pi,(z)— 2P,_1(@2)=n2P,-al2) ; 
(iii) Qu@2)— Qn-2(2)= (22-1) Qn ; 
(iv) Qn(2)—2Qn—1 (2) = 2 Qu (2)- 
2. Shew that 
; 6 z+l1 
(i) Q@=Flog (241); Gi) Q@)=Slog (4) -1. 
[Use Ex. 1, § 90.] 
3. If is zero or a positive integer, shew that positive circuits about 


z=1 and z=—1 decrease and increase Q,(z) respectively by 77P,,(z). [Use 
Ex. 1, § 90.] 


4, Use the formula of Example 1, § 90, to prove the formulae of Example 2, 
§ 90, for positive integral values of x. 


5. For all values of n, shew that 
(2 —1){Qn(2) Pa(2) — Pn(2) Qu(2)}=C; 
where C is a constant. [Substitute P,(z) and Q,(z) for w in Legendre’s 
equation, multiply the two equations so obtained by Q,,(z) and P,,(z) respec- 
tively, subtract, and integrate. ] 


6. If 2 is a positive integer, shew that 


ig dz 
Qn(2)=P,(Z) i, (2—1)fP, 
7. Jf is a positive integer, prove : 
(i) 2{Pr(z)Qna(2) - Qu(2)Pra@}=1 5 
(ii) 2(%+1){ Pasi (2) Qn (2) — Pra (2) Qnsi(2)} =(22+1)z. 
8. Shew that 
(i) 2Jn1(2)—2In(2)=25 (2) =2In(z)—23 nsr(z) 3 
(ii) zGna(z) —G,(2)=2G),(z)=nG,(z) —zGnsa(z). 
9. Prove that 
(i) 20n(2)=(n? —n —2)3 (2) +25 n4r(Z) } 
(ii) 2GR(2)=(n? — 2 —22)Gn(z) + 2Gngi(e). 


10. Shew that: (i) Jy@)=2sinz; (ii) 34-2 coes 
a ‘3% 


Deduce that, when x is half an odd integer, J,,(z) can be expressed in 
terms of elementary functions. 


11. Shew that: 
7 d nr nm as = 
() LI,@}=Ta@3 Gi) ote "S,(a}= —2-"Snarl2) § 


(iii) £ PG, O}= 7G); (iv) Fa"Gale)h= 2 nei(2). 
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12. Shew that 


a mn a” 
(1) 2” FF. @)= GT nm @)— GT nmas(e) +01. + (=1)OnTnsa(2) 


OPT ie) 
(ii) 2 ar Fn) = CoG n—m(2) — C4 Gn—m42(2) + oe (= 1)"CnGnem(2)s 
where C9, C,,.-., Cm, are the coefficients in the expansion of (1+2)”. 


13. Establish the expansions: 
(i) 5 Jn 1@)=nIn(2) — (N4+2)Fnso(2) + (2 +4) Jnga(2) — 003 


(ii) £In(2)=FIn(@)—(@+2)Tnaa(2) (M+ 4) Tnta(2) = oe 


z(¢-L 
14, Shew that J,,(z) is the coefficient of ¢” in the expansion of s G 7) 
in powers of ¢ 


15. Establish the expansions : 
(i) cos(zsin 0)=J9(z)+2 cos 20.3, (2) +2 cos 40J,(z)+... 3 
(ii) sin(zsin 0)=2 sin 6J,(2)+2 sin 30J,(z)+.... 
[In Ex. 14 put (=e*” in turn.] 
16. If 2 is a positive integer, prove 
J.@)=2 cos (n@— zsin 0) dé. 
[Multiply expansions (i) and (ii) of Ex. 15 by cos” and sin 26, and add.] 
17. Shew that 
{Jo@)P+2Si@P+ 2 Ie) P+ 2{IgZ)P+...=1, 
[Multiply together the expansions of we :) and e (5-2) and find the 
term independent of ¢.] 
18. If R(z)>—3, shew that 
2 [ * cos(zcos h) sin® f db=2"T(4)T (2+ $)In(2). 


[Expand cos(zcos #) in powers of z, and evaluate the coefficients. ] 


19. Solve zw" +w=0. 
1 
Ans. 0, =273,(2n/2), %.=27G,(2a/z). 
20. Solve 2" —Izw' +4(z4—-1)w=0. 


Ans. w,=2I 5(2), w= 2d -$(2*). 
21. Solve zw" +(2n+1)w'+zw=0. 
Ans. U=27"J3n(Z), Wo=2-"G, (2). 


22. If m,n, k, are positive integers, and k<m, k <n, shew that 


(i) [ PROPA@)de=0, men; 
(n+k)!_ 2 


(i) [ (PROP ae=(- 1) SS et 
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23. If 2 is an integer, shew that 


+a 


~ Jn(ut+v)= a J m(t)I n—m(”). 


at ee hy (es 
lees aatés the coefficients of ¢” in feral? Jags z) d(s :). | 
24, If is an integer, shew that 
G,.(w+v)= 2 Gn(w) JIn—m(2). 


25. Deduce Gauss’s Theorem (§ 61) from the Example of § 93. 
26. Shew that, if y—-a—B<0, 
sae By, ees 
mat (I—ayrre-B (a) FCB) 
while if y—a—B=0, 
Ein F(a, B, 7; z) ke Tat) : 
et og (2) Fo) E(B) 


(CH. XIV 


[For the second equation apply Ex. 4, § 63, to Form III. of W, (§ 93).] 


27. Shew that, in the domain of the origin, every solution of Legendre’s 


Associated Equation can be put in the form 


AS ryme ("5 nm ee 1 . a) Tee eal ymr(™ ee 1 mtn +2 2. A) 


2 


2 
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CHAPTER XV. 


SOLUTION OF DIFFERENTIAL EQUATIONS BY DEFINITE 
INTEGRALS. 


95. First Method of Solution.* If Q(z) and L(z) are quadratic 
and linear functions of z respectively, and K is a constant, the 


equation Q(z)w" + L(z)w’+ Kw=0 
can be put in the form 
Q(z) w" —rAQ(z)w' + (z)w 
—R(z)w’ +(A+ 1) R(z)w=0, (A) 


where R(z) is linear in z. We shall confine ourselves to the case 
in which the factors of Q(z) are distinct. 


If the function | p(€)(E—z+1dg is substituted for w in 
) 


equation (A), then 


A-1 a n 
i lee IY QE)+E-DA)+ eH boo 
| FOIE aM) 4(E-2)R) 


ADF Ae 
ae. 


so that | ping QO +E=P RG} de= 0. (w) 
Accordingly, if #(€) satisfies the equation ws 
HORO=FMOW), |) 


equation (B) becomes 
J, Gel POQMOC—aP dG =. 


*Cf. Jordan, Cours d’Analyse, t. 111, p. 240, . 
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Now, cas (C) gives 


THO) RQ p 


POA) — QL) f-aT = b 
where p and q are constants, and ¢—a, ¢—}, are factors of Q(¢). 


Thus $OUD=(E—a)r(E—D}3 
so that p(6)=D(g—a)e-E— by, 
where D is a constant. 

Accordingly, 


=| (gaye G— yee aypndg 


_is an integral, provided that either ((—a)?(¢—b)4(¢—z)* vanishes 
at both extremities of C, or else C is a closed curve such that 
this function (or the integrand) has equal values at the initial 
and final points. 

Let P be any point of the ¢-plane, and let A, B, and Z, 
denote loops drawn positively from P about a, b, and z. Also 
let A, B, Z, denote the values of the integral 


[eae 1G pyrG 
taken round these loops, with M as the initial value, in each 
case, of the integrand at P. Any of the contours ABA~-1B-}, 
AZA~1Z-1!, BZB-1!Z-1, where, for instance, the first denotes the 
loops A, B, A-1, B-}, described in succession, can be taken as path 
of integration C. For, if ABA-!B~-! be taken, the final value of 
the integrand is equal to its initial value multiplied by 
e2mip e2ria 9 -2nip g-2nig— ] « 

and similarly with the others. 

Let the values of the integral taken round these three contours 
be denoted by [AB], [AZ], [BZ], respectively. The value of 
[AB] can be found as follows. 

The loop A gives the integral A, and brings the integrand 
back to P with the value Me”, Thus the loop B gives the 
integral ¢?"”B, and the final value of the integrand is e?(+M, 
After describing the loop A-}, the final value of the integrand 
is e*"IM, so that the corresponding integral is —e?"“A ; similarly 
the integral due to the loop B-! is —B. Thus 


[AB]=(1 —e?"7) A —(1 —e??)B, 
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Similarly [AZ] = (1 — e274) A — (1 —e2ni7)Z ; 
or [ZA] =(1—e2”)Z —(1—e2")A; 
and [BZ] =(1— e2ni4) B— (l= e2nia) 7, 
Hence (1—¢')[AB] + (1—e#)[BZ] +(1 —2"#)[ZA]=0; 


so that a linear relation exists between the three integrals, as is 
to be expected. Any two of these integrals, say [AZ] and [BZ], 
can be taken as the fundamental system. 

The Branch Points of the Integral. When z is fixed, the path 
of integration can be deformed without altering the value of the 
integral, provided that it is not made to pass over any of the 
points uw, b, z. If z varies continuously, the integrals will also 
vary continuously, provided that the path of integration is 


“sen wr eo” 


deformed, when necessary, so as to avoid passing through the 
points a, b, z. 
If z describes a contour about a, the loops A and Z (Fig. 76) 
must be deformed into loops A’ and Z’.* 
‘Now Z’ is equivalent to ZAZA-'Z-1 and A’ to ZAZ-! or 
ZAZ-1A-1A. Thus, if Z’ and A’ are the values of the integrals 
taken along Z’ and A’, 


Z=ZL+e* [AZ], A’=—[AZ]+A. 


*This can be effected as follows: (i) deform Z into Z,, so that z passes round a ~ 
to z; (ii) deform A into A’; (iii) deform Z, into Z’, so that z moves from 2, into its 
original position. 

M.F. R 
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Accordingly, [AZ] is transformed into [AZ], where 
[AZ] =(1—e2m) A’ —(1— et?) Z’ 

=(1—e4){ —[AZ]-+A} —(1 ce) (Z-+ [ AZ]} 

= 2ri(P+ NT AZ]. (D) 
Similarly [BZ] becomes [BZ], where 

[BZ] =[BZ]+ (ce? —1)e?[ AZ]. 
Thus @ is a branch point of both integrals. Similarly it can 
be shewn that b is a branch point. Infinity is also, in general, a 


branch point; but a circuit about it can always be replaced by 
circuits about a and b. 


96. Gauss’s Equation. If in equation (A), § 95, 
Q(z)=2-2, R(z)=(a-y+1)-—(a-64+1)z, A=—-a—-1, 
then a=0, b=1, p=a-ytl, q=y—-8; 
thus the equation becomes Gauss’s Equation, 
2(l—z)w"+ {y—(a+84+1)z}w’—a6bw=0, 
and has the integral 


[gor - Dre gas 


where C is so chosen that the initial and final values of the 
integrand are identical. 

A second integral can be obtained by interchanging « and 8, 
and a third by putting 1/¢ for & The latter integral is 


[Pa Orr ah yrede. 


Employing the notation of § 62, we can write one such integral, 


(1-=) 04) 1—,0—) 
| GAL = yr PN eked 


where the initial point lies on the real axis between 0 and 1, and 
the initial values of ¢*-1 and (1—¢)y-*-! are real and positive. 
If z describes a closed contour enclosing z=0 but not z=1, the 
singular point 1/z will describe a closed contour enclosing z=0 
and z=1; and therefore the contour of the integral need not be 
altered. Accordingly, for values of z which lie in a simply- 
connected region enclosing z=0, but not enclosing z=1, the 
integral is a uniform function of z. 
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Now let 'x§ <1, and choose that value of ( —z€)-« which has 
the value +1 when z=0 then 


1+, 0+,1-,0-) 
i GUL OAL —26)-alg 
= 3 a(X+1)...(a+n— = aoe ae 


CPte-1(] — €)y-P-1dé 


n=0 nn! 


SV O(L2+1)..(a+n—1 Me . 
Se aaeeas gee le) 


xBiB+n, y—8)2", (§ 62) 
= (1 — er) {1—e''G-P)} BEB, y—B) F(a, B, y, 2). 
Note. The expression given by this equation for the function 
F(a, 8, y, 2) as a contour integral is valid for all values of z. 


Example. Prove F(a, B, y, z)=(1 -2 °F (a, Y= By, 4): 
[Put (=1-¢.] 
Again, consider the integral 
(0+, 2+, 0—, 2-) 
COE 6). “dk, 

where the initial point is on the straight line joining ¢=0 to 
¢=z, and the amplitudes of ¢/z and (1—¢/z) are taken to be zero 
at this point, while that branch of (1—¢)y-*-1 is taken which © 
has the value 1 when €=0. From formula (D) of § 95 it 
follows that when z describes a closed contour about z=0, the 
integral is multiplied by e-°4, 

Now let ¢=2Z; then the integral becomes 


0+, 1+; 0-,1—) 
| Za-v(1 —Z)-*(1—2Z)’-8-3dZ, 


ay 
= —{1—e?e-Y}(1 —e-2"*) B(a—y+1, 1-@) 
x2l-yF(B—yt+1, a-y+l1, 2-y, 2). 
This equation gives an expression for the function 
z2-yF(a—y+1, B-—ytl, 2—y, 2), 
which is valid for all values of z. 


97. Legendre’s Associated Equation.* If in equation (), § 95, 
Q(z)=1-2, R(z)=—2(n4+1)z, A=—-—n—-mM—2, 
then a=—l, b=1, p=gq=n-+1; 


*Cf. Hobson, Phil. Trans., Vol. 187. 
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thus the equation becomes 
(1—2*)w”—2(m-+ljew’+(n—m)(n+m+1l)yw=0, 

and has the integral 


|,@- Ly (C=—2) 28 1dG 


where C is a suitable contour of integration. Hence (§ 94) 


wa(e—1inl (=f mde 


is an integral of Legendre’s Associated Equation. 
The Function P,’"(z). Consider the function 


. ; (2+, 1+,2-,1-) < 
w= (2-1) (€2—1)*(€—2)-*#-" “1d, 


where a cross-cut is taken along the real axis in the z-plane from 
1 to —2% to make the function uniform in z, and the amplitudes 
of z—1 and z+1 lie between —7 and +7. Let A (Fig. 77), a 
point in the ¢-plane on the straight line joining (=1 to ¢=z, be 
taken as initial point; and let the initial amplitudes of ¢—-1 and 
¢+1 be ¢ and ¢’, where these are the angles (between +7) 


4 


Fia, 77. 


which the lines joining ¢=1 and =—1 to A make with the 
positive €-axis. Also let the initial value of amp(¢—z) be 
—(r— ), so that amp(¢—z) is zero for points on the contour 
at which ¢—z is a positive real quantity. Thus if z lies on the 
x-axis to the right of +1, the initial values of amp (¢+1), 
amp ({—1), and amp ({—z) are 0, 0, and — =, respectively. 
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Now let ¢—1=(z—1)Z; then the initial value of amp Z is zero. 
Again ¢+l= 2(1 a But when €=1, amp(€+1)=0; 


hence amp (1 eT) is zero when Z=0. Also 


(—2= —(2—-1)(1-Z)=e-*"(2— 11-2), 
where amp (1—Z) is initially zero. Thus 
= z+ ro im (n-+-m-+1) 
w= (Fy) 2 
(1+, 0+, 1-, 0- 
x 


J" aneinorem en Ss n(n—1)...(n—r+]1) 
z—1 a r! 


2 —1\r ft, 0+,1-, 0-) 
x ( 5 yf A(T Z) oe edd 


as (242 )Parcicoremin n(r—1)...(n—r+1) 
il r=0 


Z— 7! 


ma —Z)-»-»-1(14 25 17 )"az 


x (7) etry 1 6-24) Bn, —m—m) 
a eee Ee 
Z) Qn+27¢6 sin 1" Nia tm+1)rd—m) 


l-z 
xF(—n, n+1,l—™m, 5 ). 


In particular, if m=0, 


2a+,14-,2-,1-) ; es 
j (€2?—1)"(€—z)-" 1d € = 2°42 7re™ sin nar 


l-—z 
xF(—2, n+1, ib 2 iF 
so that (§ 90) 


enmin 4.14, 2-517) ‘ : oe 
P.@)=5eg- aoe | (CoP T P(E 2) Rae. 
Now, if ™ is a positive integer, then (§ 94) 
Py (z)= (22 — 1pm En) 
Cate T(in+m-+1) 
~ Whar sinner T(n+l) 


(2+,1+,2-,1-) 
| (@—I)(E=2)-"-™ dE 
1 a 


Sem) Nien, n+1,1—m, ~="), 


ize =) jam 
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But this function satisfies the differential equation for all 
values of m. Hence, for all values of » and m, P,,(z) can be 
defined by any one of the equations 


1 z+1\" ( ae 
By (2) = ra al F —n, n+1, 1—m,—— 


Qm ia 1l-z 
eens Fae (21) F(—m—n, n—m+41, 1m, -*) (§ 93) 


-i pin (+, 1+,2-,1-) 
_U(r+m) Lae’ (2-1 (€?—1)*(€—z)-7-™-} dé. 


(mv) 47 sinn7 


COROLEARY., GP" 2, 2)—27 @). 
Example 1. Shew that 
r(z-+, 14+, 2—-, 1-) ' iz+, 14+) 
| (@- vies ar oa os me ((2-1)9"(€-2)-""1 de; 
ENG = 2 —n—1 2 
deduce that P,(2)=54. 5 a 1)"(€=2)-"-1 de 
The Function Q,"(z). Again, consider the function 


2 } (or tee Z n (= —-n-m-1,] 
W=(Z —1{ (¢?—1) (€—2) a— mM dé, 


where a cross-cut is taken along the real axis in the z-plane 
from 1 to —o to make the function uniform in z. Let the 
origin in the ¢-plane be taken as initial point; and let +1 and 
¢—1 have initial amplitudes —27 and 7 respectively, so that 
they will both have amplitude zero when ¢ is real and greater 
than 1. Also let the initial value of amp(&-—z) be amp z— 7. 

Then, if |z| > 1, [z is assumed to lie outside the contour] 

w= CME (8 as ay 

2. T(n4+m+v4+l 1 lus ag - 
as > rot ee 1) jas oC as 


= efm(atm+l) (22 — 1)" 27 sin nr 


Tia+ yr(-3 


2r+1 
2) 4 
mT gn tor $V 
Ht 2 (Exs. VIII. 7) 
1 Tmt+l)rQ) 
gr+m+1 T(r +3) 


Sig a ees n+, a) (§ 62, Ex. 2). 


2. TD(m+m+2r+1) 
as QF Ort )lnm+m+l1) 


“a 


= e'm(a+m+1) 274 sin (na)(2?— 1) 
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Now, if m is a positive integer (§ 94), 
(2-1)™T(n+m+1)0(4) 1 


Q(z) = Qnv T (n+) gntm+1 
] 
<p) Sa as n+%, a): 


But we have just shewn that this function satisfies the 
equation for all values of m and m. Hence, for all values of 
n and m, Q,,(z) can be defined by either of the equations 

Q.m(2)-b, Dintm+ 0) @— 1) 
n ~ 9n+l ip (n+3) gn+m+1 
nt+tm+2 n+tm+1 1 
ae ( Pipe eam ad 2) 
meee ere? ; 1 D(ntm+) 2 _ yim : 
antl 6 2Qisinna = I'(n+1) 


(alos) 
| (2—1)(f—2)-- Al. 


x 


CoroLLaRy. By applying the formula (§ 93) 
F(a, io; % ()=(1—¢)'-* BE (y—2, Vins OF Y ©; 
we obtain the relation 


Qn™(z)___ Qaml2) 
L(n+m+1) [T(n—m+l1) 


A Second Expansion for Q,™(z). Consider the function 


(z+, -1+, 2-, —1-) 
(2-1 (€2—1)"(E—2)-9- dE, 


There are two cases to consider, according as I(z) is positive 
or negative. 

Let A (Fig. 78), the initial point, be on the straight line 
joining ¢=—1 to ¢=z, and let this line make an angle ¢ 
with the positive €¢-axis. Also let the initial values of 
amp(€+1) and amp({—z) be @ and —(a7—¢) respectively. 
Then if €+1=(z¢+1)Z, the initial value of amp Z is zero. Also 
¢—z=(z¢+1)(Z—1), so that the initial value of amp(Z—1) is —7. 


Again, since (-1=— a(1 — ), and since, when ¢=-—1, 


amp(¢—1) has the value 7 in the first case, and the value —T 
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in the second case, ¢—1 has the value 2ei*(1 = > Z) when I(z) 


is positive, and the value 2e-*(1 — ) when I(z) is negative. 


Fic. 78. 


Hence the given function has the value 


etnni € - f) areintntme 
z+1 
fe 0+, 1-,0-) 


x Z(1—Z)-n-m-1(1 +42 7\"a 
. ; T(n+1) B—)\ $m 
— ermitnm9n 
é 2 ern eae ae) (=) 
x F(=n, n41, 1-m, 14%), (5,96), 


according as I(z) is positive or negative. 
Now let L, M, N, be the values of [@-IrG-2rrm nde 


taken round loops from €=0 about —1, 1, z, respectively ; the 
initial value of amp(¢—1) will be 7 or —7 according as I(z) is 
positive or negative. Then (§ 95): 


(z+, 14+, 2-,1-) 
| (€2—1)"(€—z)-"-"-1dé 
— Nd —e'nm) _—M {1 —e-Umtati)a) ; 
) 
(PHI) e=2)-* aa 
= N(1 —e**)— L{1 —e-2mtntdai) 
(-14, +1-) 
| (= D(C —2)* "1d6=L—M, 


ie ~1+,2-, -1- 


§ 97] A SECOND EXPANSION FOR Q,”(z) 265 


Denote the integral in the last equation by W,; the initial 
value of amp(¢#—1)” in this integral is +7, according as I(z) 
is positive or negative. Again, let W, denote the integral 


(-1+, +1-) 
(¢?—1)"(€—z)-"-™-'d in which the initial values of 


amp(¢+1) and amp(¢—1) are —2z7 and 7 respectively; then 
amp (¢?—1)" is —n7z initially. Hence 
enn We = CT LE NWN 5 ; 


so that Wi eer ela — M.), 
according as I(z) is positive or negative. 
But 


; (2+, 1+,z-,1-) 
(L—M) {1 —e-tremtt} = | (€2—1)"(€—z)-"-™-1dé 


z+, —1+,2-, —1- 
-\" (2-1) E—2)-7-™-1de 
Hence, since 
- e7in(n+mt+1) 1 T(n+m-+1) 
ee!) = arom aton Op ong eC EL 
it follows that 


Q,”(2) = 


(22—1)?"W,, 


1 
nICne ane m) 


erane 241)" F(— nmi, 1m, “3*)) 


IN: =") 
-()" B(- eth log Ue 2 i 


according as I (z) is positive or negative. 


CorRoOLLARY. From the equation 


mp) LE (m+mM+ 1) 9 -m oo 
Qn 257, Sal (z), (p. 3) 
it follows that 
Q,."(z) = 7 T(n+m+1) 1 
‘ ) =F sin(a—m) a Fm Ces 
oo f2— 1\i 2 
ern (=) B(- n, n+l, ene ) 
z+1\i" 
-(=4)) F(- n, n+l, eee re) 
Bxample 2. or that 
P% (z) = _ {Qn (2 z) sin (m+n) a — Q”™,-1 (2) Sin (7 —m) 7}. 


Tv 7 COS NIT Cus 
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98. Second Method of Solution. Differential equations of 


the type phe : 
(az+a’)w"+(bz+b’)w'+(cz+c)w=0 (A) 


can be integrated as follows: 
Substitute w=| oO e%d¢ in equation (A); then 
[PORE + i He)2HWE+ bE +e) dg =O. (B) 
c 
Hence, if #(¢) satisfies the equation 
d 
(BCE EE ENG) ees OG eS) (c) 
equation (B) becomes iE 5518) dé=0, 
where 0(¢)= (G)e#(ae?+b¢+c). Also equation (c) gives 
(ee 


1 5 ¢ 
a OU 
OM err an a : 


Thus | (fe dé is a solution of equation (A), provided C is so 
© 
chosen that 6(z) regains its initial value at the final point. 


99. Bessel’s Equation. In Bessel’s Equation (§ 91) put w=2" W; 


NED EW dW 


This is an equation of the type considered in the previous 
section. Accordingly, since, in this case, 


OntD6, 
WO= pyre er = (G+, 
W= | e(e-+1yp-dag 


is an integral, provided @(z) or e(€?+1)"+4 regains its initial 
value at the final point. 
Hence, if ¢ is replaced by 7¢, a solution of Bessel’s Equation is 


wool ee —opag 


where C is a suitable contour. 


§§ 98, 99] EXPRESSION FOR J,/2) 267 


Expression for J,(z). Consider the integral 
(-1+, +1-) 
| es (C2 — 1)-4dg 


where the initial point lies on the éaxis between —1 and +1. 
Let the initial amplitudes of €+1 and ¢—1 be —27 and 7 
respectively, so that each of them has zero amplitude at the 
point where ¢ crosses the €-axis to the right of ¢=1. Then 


(-14,41-) | Braye {ure as) 
J es gem ye dage SEIT ogee 
2r+1 
2% Eee) 8 Ty" , Awe 
—27cosn7 (Cae 0 ie YT Orel Ta+r+l) 
(Exs. VIII. 7) 


=—24 cos n/a T'(n-+4)(=) In(2), (§62, Ex. 2) 
= 2G Pe) Ie) 


~ Tan) 
Hence 
; —m) /a\nfl-1t tH) | 
Ta()= 5 PG) ese ge— ay tt 


Corotuary. If R(n+4)>0, 
JO=paymaep a) | eta -eide 
"TET @AFH2 


argreen() omnes 


Example. Prove 


v 
T 


100. The Modified Bessel Functions. The substitution z=7¢ 
transforms Bessel’s Equation (§91) into Bessel’s Transformed 


Equation —(n2+ @)w=0, 


dw, .dw 
Sag tS ag 


of which two solutions are 
I Pes : Ne re) 1 (Oe 
n(f) = O° STEED T(nt+v+1) 9 


nn er Ges Aloe 


and K,(¢) = G, (0¢) = 


Sars 
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These are the Modified Bessel Functions of the First and Second 


Kinds of order n. 
If n is a positive integer, I_,(¢)=I,(¢), while, from the 
formula for G,,(z) on page 240, 


apes —-n+2v 
K,(¢) =(—1)"¥1,(¢) flog (2¢) + y} +2 IE Ver) 


+= 14> arc oo 1) oO) +omtoy, 


where ov)=14+3+3 oe and ¢(0)= 


In particular 
Ko(€)= —To(6) (log 40+ 3+ Sepa(§) 6 


The verification of the following formulae is left to the 
student. The argument ¢ of the functions is omitted. 


hy =nI,+ ee, = —nl,+ cI 1 
21, = Ai de Leas Iy = L, 


d d 2, 
FES = Tass gelOTn) = 6"Lny eTn= Tea Tne 


KEK CK aR ek ee 
2K, = hee ants -1b Ky = — — Ki, 


Re ais) ce ia rare A (¢* KD) = =—(*K SS; 


PK a= Koay 
Integral Expressions for I,(z). From the formula for J, (z) 
on page 267 it follows that, if the initial point lies on the 
€-axis between — 1 and 1, and amp (¢+1) and amp (¢— 1) have 
initial values — 27 and 7, 


Ty) = 5 Seeger tae 


—Ky-1, Gal) =e PK, (eB). 


Vi ae es 
° T(4- ne(-14, 1-) 
= ee re cosh (26) (2 1)*-# dE. 


Corotiary. If R(n+4)>0, 
— 1 i & nike z Ve 
LO=rayraey (a) | etd 
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Integral Expressions for K,,(z). In the formula at the foot 
of page 266 replace z by iz: then 


waz") e-¥(@— 1)"-3 dé 


is a solution of Bessel’s Transformed Equation, provided that 
0(¢) =e-*5(¢? — 1)"+4 regains its initial value at the final point 
of C. 

In the first place, assume that z is real and positive. Let C 
be the contour of Fig. 79, with initial and final points at positive 
infinity on the €-axis, and passing in the positive direction 


Fia. 79. 


round ¢=-—1: the initial value of amp (¢? - 1) is taken to be 
zero, and C is drawn so that, at all points on it, | €|>1. The 
integral is a solution of Bessel’s Transformed Equation since 
6(¢) vanishes at the initial and final points. 
Now in the integral expand (¢? — 1)"~? in descending powers 
of €, and integrate term by term; thus 
wae" d)(- Tite - |e seen tdg 


7G aie j(e*"— L)T'(2n— 2»), 


by the formula on page 143. But (Ex. 2, p. 145), 
T'(2n — 2v) = 2?"-*-1P(n —v) TC (n—v + $)//7 5 


hence 


oo) 2v 
w= 2-1 (N44) (C7 — 1) oats (= eet 


= (et —1)2*-1P' (n+ 4) 771 (n)T(1 —n)1_,(2) 
= 4 (e+ e7™) 2", /al (n+ $)1_,(2). (A) 
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Now assume that R(n+4)> 0, and let C be deformed into 
the contour of Fig. 80; then the integrals round the circles 


7 = = 
Om me, = 
Fi@. 80. 


tend to zero with the radii of the circles. Since amp (¢?—1) is 
zero initially, the value of (¢?—1)"-4 on the €-axis to the right 
of €=1 is (€%—1)"-}; as ¢ describes the semi-circle about 1, 
amp (¢—1) increases by 7, so that, on the €-axis between 1 and 
—1, (@—1)""** has the value (1—£)"-?e'"™-); as ¢ passes 
round the circle about —1, amp(¢+1) increases by 27, so that 
the value of (¢2—1)"-+ becomes (1—£?)"~4e%"™-»; similarly, 
after ¢ has passed round the lower half of the circle about 1, 
the value of (¢?—1)"~? is (€2—1)"-4e*"™@-», Accordingly 


w= (etm —1)20| e-#(€2—1)"-2dé 
1 
1 
icing etimyzn| e-#% (1 — £*)"-tdé 
=i 


= (et — 1)2"4 e-# (€2—1)"-8dé 
1 
+1 (e%™ + e'")2" /r .T(n+4)1,(z). (p. 268, Cor.) 
On comparing this with (A) above it is seen that 
Sa ae S iT -2& ( 2 n-} 
K,@)=pe75) (5) aS (g 1) dé. 
Now let €=7+1; then 


— Jt é m “| Ct n— n- 
K,@)=p2r5 (5) « es 27 ne ta 


Again, let n=€/z; then 


This formula may be replaced by the formula 


T 1 Me (® Os 
= ee) | ee -¢ ie ie 
K,.(2) V@) Tin+5)° Jie ¢ ie oe) 
where the path of integration is a straight line making with the 
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€-axis an angle vy such that —iI7<W<4r. Since the 
functions on both sides of the equation are holomorphic for 
W—7<ampz<yW+4+7, z+0, the formula holds for all points 
in that region, provided only that R(n+4)> 0. 


101. The Asymptotic Expansions of the Bessel Functions. 
The asymptotic expansion for K,,(z) will first be established, 
and from it the corresponding expansions for the other Bessel 
Functions will be deduced. 

From Appendix I., Note 7, it follows that 


may Lim) Re 
(1+2z) = v!V(m+1—y) 2’ +R,’ 


T(m+ 1) | s—1 m—s 
ENG (pet a)” ede) (1+ 2t)™-*dt, 
provided that (1+2t) does not vanish for any value of t between 
0 and 1. The numbers z and m may be real or complex, and 
that branch of (1+2zt)™ is taken which has the value 1 when 
Z=0, 

Now in formula (B) of § 100 this condition holds for 

{1+ ¢/(22)}, 

where amp (=v, provided that —7 << yW—ampz <7, or, what 
is the same thing, y—7 <ampz<W+7, and z#0; thus, if 
R(n+3)>0, 


K@)=(F) pope 


nd T(n+4) 1 ak vena, mn x 
S Digadces waar (2z)" g dé*+R 


where R, = 


Taper te (40 1) (anes) 
= (Fe {it T!gz 7 21(82z)2 au 
(4n? — 12) (4n? — 32) ... {4n? — (2s — 3)?} 
re (s—1)!(8z)s-2 +R,}, (A) 
where Ree 
J n—-t+s pes \s= Rot ae 
eryces eens aie tevag [aot (14) “ae 


*TIf R(z) >0, ampt{=y, —- 417 < yp < }r, it is easy to show that 
[re S tage [Pe fet 1 ae=re). 


272 FUNCTIONS OF A COMPLEX VARIABLE _ [cu. xv 


Here put (=A (cos ~ +7 sin v), so that \ is real and positive ; 
then 

32 ] 

[R,|= 


s![T(n+4-—s) (2z)§ 


ii Es ooee ti (Ae) n-t+8 |dr 
_ f#\s—1 ct pie fe 
x | 9(a t) (1+) 


The series in (A), if regarded as an infinite series, is divergent. 
It will be shewn, however, that, by making |z| large enough, 
R, can be made as small as we please; so that the expansion 
is asymptotic. 

Let z=p(cos @+7sin ) so that 


eee pues p) +7 sin (Yy— ¢)}. 


Consider first the ae in which —47=W-—¢23}7;; since 
cos (yy — $) = 9, 
+e 


dt. 


= 145" c038( (~—¢)21. 

Choose s so large that s+4 ate ); then, ifn=a+78, 
| CERT. ¢t 
(1+35) =|1+€ 


where x is the amplitude of 1+ ¢¢/(2z). But 


37 SX S37; 


n—-}-8 
(a+) [seta 
22 a 


Also, since —47 << W < dz, 
L(e)n—3+s | < eb lBl, 


aaa) he. 


e— xB 


> 


therefore 


Hence 


1 ce) 
= a—4+s 
Lenses email pevome cera 


1 
ieee) 


1 
x| s(1—t)*-1 dt e7!8| 
0 


T(a+4-4s) 
~ [stD(n+$-s) (22) | 
In particular, if 7 is real, so that =n, 8 =0, and if R(z) >0 
so that y- can be chosen to be zero, then, provided that 
N>—h Stern, 
the modulus of the remainder is less than the modulus of the 
succeeding term. 


(cos yr) - 27 3-se7l6l, 


’ 
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Again, consider the cases 


i as ek ae 
then J+ $2 =a) {14% e059) ¢) + a) 


= y| sine (W—)+ {cos (wv—¢) +t | 
=|sin (Y—9) |. 
Thus, if s+4>R(n), 
n-}Z-s 
(14 8) "| < erty sin (y— 9) ft 
Accordingly, if s+4> «a, where n=a+76, 
1 T(a+4+s) 
Boa: AT yy 
where k=(cos y)*+#+%e-"!81 if —lq7 =W—g S37, and 
k=| sin (W— ¢) |*+#-*(cos v)sti te ~ in! 6! 
if —7 <<W—¢S—-}r or fr Syp-g <7. 

As vy lies between —47 and 47, while y-—¢ lies between —7 
and 7z, it follows that the Bayi protre expansion holds for 
— fr <amp2z < 37. 

Since K_,,(z)=K,,(z), the expansion also holds when R(n) is 
negative. 

Corotuary. If —27< ampz< 37, 


Lim Kwa] {(Z)e}=» 


so that, if —i7= eins K,,(z) vanishes at infinity. 


Asymptotic Expansion of G,,(z). Since 
Gene mK (et), 
the asymptotic expansion, valid for —7 < ampz < 27, is 


o —4nniti(zt+4}o (217 — 1*) (4n?— 3?) | 
G()=4/(Z)e 3 tevin {1 — 21(82)2 ma | 
avert ene — 1.) (4n* — 3?) (4n? — oa a4 ; 


? 


cog tem 31(82)3 
Asymptotic Expansion of J,,(z). Since 
rid, (2) =G,,(2)—e""G,(ze*), 
the asymptotic expansion, valid for —7 << ampz <7, is 


(4n®— 12) (4n®— 32) oe 
D5) = v(S =) fi - a Cone | oy 


TN healt 
~ N \az/ | 1182 a ee aaa 
M.F. 
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Also, since J,(z)=e'""J,(ze-), an expansion, valid for 
0<ampz < 27, is 


J,(2)= iem,|(=) fi _(4n? ane iad Nea J cos (4+7+%) | 


A oes 2 \ (4n?— 12 ie nT\ 
mide) re yp anleta tg) 
CoROLLARY. ‘The difference between two consecutive zeros 
of J,,(x) tends to the limit 7 as x tends to infinity. 


For the asymptotic expansions of I,,(z) see Mise. Exs. I., 154. 


Example. Prove 


1 Jo (ms) ont =[" 2 
Lim - ZT (na)? J y(rz).ce-*" da, 


GP 

aan & 
where £ is positive, and the quantities m, are the zeros of the function J (ma) 
regarded as a function of m. 


Since Gy (ma) Jo (ma) — J .(ma) Gy (ma)= —, (cf. p. 241) 
] 1 
Go(mua)= mad o(ma) mad ,(msa) 
Nox i) Go (za) To(zr) , e-"*'z— anid Colma) Jo(m,r) mye *ms? 
odo) =— Jo(m,a) 
Om, © os 


aX 


Fia. 83. 


where C (Fig. 83) denotes a closed curve which crosses the x-axis at the 
origin and at an infinitely distant point between two zeros of J,(za), and the 
summation extends to all positive values of m,. Therefore, since J,(za) is an 
even function of z, 


[enn ze da= at E 1 _JIo(ms) enkme 


Jo(2a) a {F,(m,a)}?° 
(a0, wits) 
ay are m {5a =mi, if I(2)<0. 


mci Jo(mr) 
H 0 
ence a a Zry, (nga) 2° 


aus Hf J (ar) ce“ da. 
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EXAMPLES XV. 


1. If R(B)>0, R(y—B)>0, shew that 
1 
[ @a--# 10 -26)-*df= BOB, y-B)F(o B, 7,4) 
Use this formula to prove Gauss’s Theorem (page 144). 


2. If m is a positive integer, shew that 
4 


a (?- 1)" II (+m) ( il 
PS @) =o" Tm) iG m—N, m+n+1, m+1, EW 
deduce that P,™(2)= . z = P™(2), 


3. If m is a positive integer, shew that 

* 1 Tm+mtl) (?- eye rene art 

P,, (2) Qt T(n#1) ae Qn (¢ ai) (¢—z) a. 
[Use Ex. 1, §97.] 
4, Use Ex. 1, § 97, to prove that, if m and n are integers such that 
n=0, m=-n, 
m 1 II(7+m) (2 Ze 1)" fr 2 1\n( fF __ »\—-n—m-1 
Pi O=5.; Tn ame et 


where C is a closed curve enclosing (=z. 


5. Establish the formulae : 
(i) Ph a@=zPM@)+(2- Dnt m)P271); 
(i) PM (=P) —(@—)M(n—m-+1)P21@) ; 
(iii) (n —m41)Prya(e) — (22+ 1)2zPr (2) + (n+ m) Pra (z)=0. 
[Apply the method of partial integration to the definite integral form 


for P,,"(z).] 


6. Shew that the formulae of the previous example also hold for Q,’"(z) 


n(eeee)2() 
Fitts 2 2 
Q," (z) =e an- r @ ao 
2 
m—n 


2 \mp( e@tmt1 1 ») 

x (2-1) p(2tet ee ee 
. r(stet?)\r(7) 

+ (m-+n)— 2 


+e Safe =) 
m—nrn+1 m+n+2 3 ?) 
> 


7. If|zj< 1, shew that 


2 
2__ 7 jimoh Ns 
x (2—1)i™z ( 5 ; 5 5 


according as I(z)=0. 
[Use Exs. VIII. 20, and Ex. 2, § 62.] 


8. Prove that P,(2)=— tan WEAONG) = Qua yr 
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9, Prove that 


Ben lL T@—-m+l1).. 7 m(,\__(y™ 
te (2) Tr COS 27r T(atm+l)- (n mM) TQ? (2) Q”,-1(2)}- 


[Use the second expression given in § 97 for Q7'(z).] 


10. Prove that 


Pom(z) =m —m+1) 


m 2. ™m 
Pore RIPE (2) ~ 7 sin mar Q; (}. 
[Use Ex. 9 and Ex. 2 of § 97.] 
11. Shew that 
(i) PP (— 7) en bee) 2 sin (n+m)m Q,” (2)> 
(ii) Qu’"(—2)= — e*"7Q,."(2), 
according as I(z)=0. 
12. Shew that, if |z|>1, 
sin(n+m)r I\(n+m-+1) 


JE es 3) 
@) 2+ cosnm I(n+3)1(3) 
22 —])im 9 7 7 
— B(e tee? en ns, x) 
T(x +2) 
Ae aah fe BL eee 
c P(v—m+1)T(Q) 
Ca) oie omens ee aa +) 
Zz 
[Use Ex. 2, § 97.] 
13. Shew that, if |z|<1, (go 
PA 2) Crane ome cos (Aa) eee 
2 rye 
2 2 
, mtrn+l m—-n 1 
x(2-1) ¥(? ek a #) 
r(2tet?) 
+ eFmrigm sin (ae ) 2 
2 r(2=e4\n(3) 
2 2/ 
2 mea ae 2 3 
x (2-1) a (™ oe mm et), “), 


according as I(z)=0. 
14. Shew that 
7 1 zg \" ((-14 H-) 
Inf) 2/r cosnal'(n+3) (5) i (¢?— 1)"~4 cos (2¢)a¢. 


15. If R(x+3) >0, shew that 
: 1 es Lae 
© IW)= repay (5) Leterme 
ed 1 ZING een 
(ii) In@=PHT Hs (5) [cos (cos $) sin pdd. 


MISCELLANEOUS EXAMPLES I. 


1. Shew that 
(2 +29|?+ | 24 — 29)? =2{| 2 |? +] 20|?}, 
and give a geometrical interpretation of this equation. 


2. If is a positive integer, prove that 
(i) 2"—a*"=(2? — a?) (2 — 2az cos oe a) ee {2 — 2az cos ee + a} > 
(ii) 2" —2a"2" cos 0+ a?" = (2 — 2az cos ae a’) 


x (2 — 2az cos a a’)... {2 —2azcos a +a?}. 


3. Prove that, if the points 2,, 2), 23, are the vertices of an equilateral 
triangle, 24? 4 2p? +25" = 22> + Zo%s + 2424. 

4, If 2, 2, 23, ave the vertices of an isosceles triangle, right-angled 
at the vertex z), prove that 

By? + 220? + 25? = 225 (2 + 25). 

5. If (2 — 22)(24' — 29) = (22 — 25) (29! — 23') = (23 — 1) (25 — 2), 
shew that the triangles whose vertices are z,, 2), 23, and %’, 2’, 2; are equi- 
lateral. 

6. Similar triangles QRL, RPM, PQN, are described on the sides of the 
triangle PQR. Shew that the centroids of triangles PQR and LMN are 
coincident. 

7. If a,, a, a3, and 6,, by, b3, are the vertices of two triangles which are 
directly similar, shew that any three points which divide the line joining 
the pairs of points a, b,; a, b,; a3, 63; in the same ratio, form a third 
similar triangle. 

8. If the lines joining z. and 2, 2; and z,, 4 and z,, are divided in the 
same ratio 7 at 2’, 29, Z,', respectively, and if the triangles whose vertices are 
21) 2yy 23, and 2’, 2’, 2, are similar, shew that either 7=1 or else both triangles 
are equilateral. 

9. Let ABCD be a parallelogram of which AC is a diagonal, and let 
ABX, DCY, ACZ, be similar triangles. Prove that triangle XYZ is similar 
to each of them. 

10. OCAD, OEBF, are circles, where O, A, B, C, D, E, F, are the points 
(0, 0), 2, 0); (6, 0), (, 1), G, -1), (@, 3), (8, —3), respectively. If 
w=,/{(1—-z)(4—2)}, and if w=2 when z=0, find the values of wat A when 
z moves from O to A (i) along OCA, (ii) along ODA ; find also the values of 


w at B when z moves from O to B (i) along OKB, (ii) along OFB., - 
Ans. —i/2, t/2, —/(10), —./(10). 
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11. Shew that the equation w=}(z+z2"), where z=re determines a 
transformation which carries over circles, y=constant, and straight lines, 
6=constant, into confocal ellipses and hyperbolas respectively. Sketch the 
system of confocals. If P is any point within the circle |z|=1, shew that 
there is a point Q outside that circle which is carried over into the same 
point of the w-plane as P is transformed into. 


12. If w=a(z—c)\(z+c), where a and c are real and positive, shew that 
the interior of the circle |z|=c in the z-plane corresponds to that half of the 
w-plane which lies to the left of the imaginary axis. 


13. If w=1/2, and if the point z describes that part of the line 47 =3(x—2) 
which lies in the first quadrant, find the path described by the point w. 
Shew on the same diagram the path described by w when z describes that 
part of the line 4y+3(7—2)=0 which lies in the fourth quadrant. Indicate 
in each case the direction of motion. 

Ans. Those parts of the circles 6u?+6v?=3u + 4v which lie in the fourth 

and first quadrants respectively. 


14. Shew that the transformation w=4/(z+1)? transforms the circle 
|z|=1 into the parabola v?=4(1—w), and that the interior of the circle 
corresponds to the exterior of the parabola. 


15. Shew that all the roots of 2+222+z+3=0 are in absolute value less 
than 1°6. 


[Cf£. the proof of the Theorem of § 10.] 


16. If a and 6 are real and positive, shew that the equation 2!?+az+b=0 
has 2p roots to the right, and 2p to the left, of the imaginary axis. If 6b is 
negative, shew that 29+1 roots lie to the right, and 2y—1 to the left, of 
the imaginary axis. 


17. If a and 6 are real, shew that the equation 2?-1+az+b=0 has 2p or 
2p—1 roots to the right of the y-axis, according as 6 is positive or negative. 


18. Prove that : (i) Lim (see z— tan z)=0; 
2—>7/2 
ae (= + E ae (ee + = 
ii) Lim - 3208) (Givi), Ibi - =% 
(it) petty sin 72 Be (al) aed sin 72 a 


19, Shew that 
: : sin 27+? sinh 22 a : 
C)-tan ey) = cosh 2y + cos OU Ola) = 


sin 2.7 —7 sinh 2y 
cosh 27 — cos 2x 

20. If z tends to infinity along a straighé line through the origin, shew 
that Lim tan z= +7, according as the line lies above or below the real axis. 

zZ—0 

21. If w=coshz, shew that the whole w-plane corresponds to any strip of 
the z-plane of breadth + bounded by lines parallel to the x-axis. Also shew 
that, to the lines 2=constant, y=constant, correspond the confocal ellipses 
and hyperbolas, 


uw yw? ue v 
ste eed 
cosh? sinh? cos*y sin?y 
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22. If w=log{(z—a)/(z—b)}, shew that the lines w—constant correspond 
to a coaxal system of circles whose limiting points are a and 6, while the 
lines v= constant correspond to the orthogonal system. 

23, If z=ctanh(7w), shew that the lines u=u) correspond to the coaxal 
circles {x —e¢ coth(2ruy)}?+y?=c? cosech?(2rru,), 


and the lines v=v, to the orthogonal system of coaxal circles. 
24. If the sequence 2, 2, z3,..., is convergent, shew that the sequence 


Byte 4 +2425 
1) D) =. 3 PPOC) 
converges to the same limit. 


& 


25. If the sequences 2, 2, 23,..., and 2’, 2’, 23, ..., converge to the limits 
zand 2 respectively, shew that the sequence w,, 2, w3,..., Where 


Wn = (Z2n' +202) _y eee b2nhy')/2, 
converges to the limit zz’. 
26. Integrate z7-1 Logz/(1+z), where 0 <a@ < 1, round the contour of 
Fig. 38, and prove that 
© ra—l 
ih EN hd. — 7*cot (7a) cosec (7a). 
o) 1+ 
27. Prove that 


iE 1—rcos 26 = J4+rcos26 
0 


eee Re eee . a 
1—2r cos 26+r mee core 0 14D cos 26 472 08 sin O 6 


Flog A", if -l<r<l, 


Pog =" if <1 or >: 
4 Te? 


Deduce that [rog(cos aap=| log(sin 0)d0=* log }. 


#(+r)+Q~7) log —t%) round the contour of Fig. 33, and 
[Integrate AGIs Ite u 8. Or, 


put «=tan 6.] 
28, If —2<a<2, prove that 
¢ rsin 20 rsin 20 
eee Sa ee “d= t 0)*d 
i 1 eal Ode [ Se Ee 6)°d0 
= i “(ey } ne Weep 
4sin lar 1+r/ J’ ; 
were a) \ ifr<-lorr>l. 
Deduce that, if -2<a<2, 
: sin 26(tan 0)*d0= iu sin 26 (cot 0) dO = ae 
[Integrate ald #" . round the contour of Fig. 37.] 


2(1+r)?+(1—-r)?1+2 
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29. By integrating ee and log ai), where r and s are real 


and positive, prove that 
s*\ rdx is, A (2) 32 xdx 
iL log (145 :) eat log (1+ *)= Ais gp 


30. By integrating log (a + if) 


are real and positive, prove that 


(i) Pi, log (1+ eee nee aan 7 tan™ (8), 


(ii) Pf, “tana(2) oe Thog(1+5 3) 


31. If a,c, and m are real quantities such that m=0, c>0, shew that 


r Bo Yoke 
ra and log (1+) a 


3) where r and s 


 f ee <2) = wrens “(¢coama— asinma)}; 
(ii) Ee csm(e— Gee nee *_(a.cos ma+esin ma). 


— vite — ¢(a?+e?) 
32. Shew that, if a and 6 are real, and m=n=0, 


a sin m(v—a) sin n(.7r— 6) dea 5B n(a—b) 


“a 
xL-a v—b a—b 


“© sin ar 1 1 
33. Prove that i" PEL] dz= 5 — iianke 


34, If O=r<1, shew that 
1s dé Qa 


0 1—2@ecosO@+r? 1l—r? 


35. Shew that ie i or 0, according as |a|<1 or{a|>1. 
1—ae” 


36. Shew that, if |a,,|=1 for all values of n, the equation 
O=1+ayz+az4+... 


cannot have a root whose modulus is less than }. Also shew that the only 
case in which it can have a root z=}e” is when a,= —e—”, (n=1, 2, 3,...) 


37. Shew that, if ir 


14;4+(7) += 


38, If|z|<1, shew that 


a tes > 2 *{ Sysin 
(l+2+2)? 3 20 /3 
39. Shew that 
(i) Lim{(1 +cosr2)/tan2x}=2; (ii) Lim 1—208(1— 0082) _ 4. 
a>) z—>0 a 


2(n+1)r_ n+] cos Mt 2) 
3 2 3 
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40. Shew that, if |z|<1 or|z|>1, the series 


) gre g-nl 
has the sum z/{(z—1)(2+1)}. 
41. Prove that (i)|cosz|cosh|z|, (ii) |sinz| sinh |z|. 
[Use the Taylor’s Series for cosz and sin z.] 


42. If |z|>1, shew that 
1 


1 2 4 
FEL ele 


43. Shew that the series 
z(z—1) 2(z—1)(z—2) 
Uae ieee fs es a me ns 


is convergent if R(z)>0, divergent if R(z) <0. 


44, Shew that the series 
Ba 1 1 
~ {2 z log(1 +=, )} 


is convergent for all values of z except 0, —1, —2, —3, 
45, Shew that, for points interior to the circle 3x?+3y?+2x7—1=0, 
1 22 422 1 
a5 (ee eye eae 
46. Prove that, if |z| <1, and the principal value of tan—‘z is taken, 
log (1 +2’). tan~!z=2{4(14+4)2-— 21143434) 24...3. 


47. If|z| <1, shew that 
z 27 323 z 22 BS 
Das 1-8 hie et 0 ae 


48. If « is neither zero nor a multiple of 27, shew that 


coshz—coso. =~ f 2 } 
1—cosa ag UN norms: i 
49, Shew that 
sin z_ * sin?) ( — Faint) ( * sin?) 
=(1-$ sin 3 1 3 sin 32 1 3 sin 7 


o 


4 


50. Shew that 

-, COSZ 4 a w+ 22 : 
@) 1+sing 7+2z_ : ~ 42 2a? — (a7 +22)?’ 
pe eer 


(ii) Ltsin 2= 5 (+22) TT} 
1 


51. Shew that the series 
1 1 1 1 1 
eee og) 5. 3 aeea 


represents a meromorphic function with simple poles at the points —i, —2, - 


a ee 
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52. If a is positive, shew that 
© Ccosaxr My bs 
i a sac ylel 16 (a +3a+3). 
53. Shew that 
(1 —z)(1+32)(1 — 32z)(1 +42) —... =cos (]rz) — sin (472). 


54, Prove that (i) ROS Sa) =e TY (1 I e”, 


sin 7¢ Oe 
(ii) 1-2 Ir {1-aoyh: 
55. Shew that IL {1 wis >} = aoe 
56. Shew that ie e098 cos (z sin 6)d0=* — [ S10 oe, 
67. Shew that > Yas 055 sinnfer) teinie 
58. Prove that > L ee sinh (277) 


4(nt+aP+y y cosh(ry) —cosQrx) 


59. Calculate the residues of the function (1+2?)-"—}, and shew that 
iC da emo (2—l)) 


-o(1+ay"*1 2.4.6....(@n) 
SONS or 
60. Shew that ecscrter ss 


61. Shew that, if m =0, a>0, 


ie sinme 7. 7 _ me (m+2) 
Jo v(ar+a?yP 2a* 48 a 


62. If —1<R(z)<3, shew that 


‘ a m(1—2z) 
0 aa” ~ 4cos(arz) 
63. If n is a positive integer, shew that 
ie e°°59 cos(n — sin dba 
0 n! 
64, If |7|<1, shew that 
as cos?34 ~(1—7+7?) 


4 ee oe 


. Tt 

° Go @e1)= 1 Oe 

where C denotes the circumference of the circle x?+7?—2x7—2y=0 described 
positively. 


65. Shew that 


66. If » is a positive integer, prove ee 


P, (008 8) = saxerpye {008 nO-+ (Gn — Tan 8-2) 
al: 3 n(n—1) 


+73 Gaerne oe 0+... 
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[Expand both sides of the equation 
(1-2¢c08 0+ (27 # =(1 — Gey 31 — Gerty 
in powers of (, and equate the coefficients of (”.] 
67. If 2 is zero or a positive integer, shew ae 
(i) Pansi(0)=0, (ii) Pan(0)=(-1)" 4: 
68. Shew that 
P,.(—$)=Po(—4)- Pon(3) + Pi(—3)- Pona(}) +--+ Pan(— 4). Po(3)- 
[Expand both sides of the equation 
TORY OY CG USI AG 
and equate the coefficients of ¢°".] 


a a) 
... (27) 


69. OB is one diagonal of a square OABC which has the side OA on the 
x-axis and the side OC on the y-axis; through D(2a, 2a), the mid-point of 
OB, lines are drawn parallel to OA and OC so as to divide OABC into four 
equal tee with sides of length 2a. If w is given by the series 

g il = Qm-1)rx . (Qn—1)ry 
es = Gn DOresD Ya ee ae 


prove that 
(i) w=0 along each side of the four squares ; 
(ii) w=1 within each of the two squares about the diagonal ODB; 
(iii) w= —1 within each of the squares about the diagonal ADC. 


70. Integrate (1—e-*)/z round the contour consisting of the positive w and 
y-axes and a quadrant of an infinite circle, and shew that 


@ (1-e*) = =|" 1=cos2 4, 
(ii) iy SNe dy 


71. If band, are positive, and a is real, prove that 


a ff e082 cos(a sin br) aor é 
ac an a 
cos bx b. x T (pae iy 
(ii) [re sin(a sin ot ee 7 (e ) 
72. Shew that, if o>0, m>0, -l<r<l, 


(i) oy sin 2a.7 ah T 
0 m?+x21—2rcos2ar+r? ~  2(e24m py? 


(i i) sin ow he Team 
[weer Qr cos 2aax+r2 2(1+7)(ea"—r) 


il re isd 
(ier Gaiman! ©) aaa ne 
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73. Shew that the root of the equation z=(+we* which has the value ¢ 
when w=0 is given by Zs ay? 
z=al+ Snes 5, 

x 1 n! 
provided |w|<]e-$-?|. 

74. If z=(+esinz, shew that, for small values of e, 


png ERO Vere nies ie pe 
(i) z=(+ Hsin (455; qe sin +5; Ja" OB +..., 
2 
(ii) sinz=sin C45 sin (cos +5 Felsint eos O)+.... 


75. If z=(+w2"t}, where (#0, and if that root of the equation is taken 
which has the value ¢ when w=0, shew that 
as 2 w™ (mn+72—1)! oman 
Lage Nee T 7! (mn)! on, 


provided | w| <|m™(m+1)-"™—1¢-™ |. 
76. If» is a positive integer, shew that 
(i) P,’(z)=(n — 1) Pri (z) + (22 — 5) Pr_a(z) + (22 — 9) Pr_5 (a) +... y 
(ii) P,.”(z)=(2n — 3)(2n — 1. 1)P,,-2(z) + (22 —7)(4n — 2. 3) P,_4(2) 
+(2n—11)(6n—3.5)Py»_¢(z)+.... 
77. If » is a positive integer, shew that the » zeros of P,,(z) are all real 


and lie between +1. 
[Apply Rolle’s Theorem to (#?—1)" and its derivatives. ] 


78. Shew that, if 2 is zero or a positive integer, and if R(()>0, 


ae ee P Lae 
[ost 2¢—z) ®P,,(z)dz=,/2 aa (2n41)¢. 


79, If |r; <1, shew that 


(i) reos 9 =r? 25 Lg: eos 87 


... =} log(1+2r cos 0+7%), 


2 3 
ae 28in20 , ,sin30 =1( rsin 6 ) 
(ii) r sin @—? rites ae al peer) 


where the principal value of the inverse tangent is taken. 


80. Prove that, if 0<@<z, 
cos 0+} cos 30+1 cos 50+...=} log(cot 36). 
81, Prove that 
(i) cos @ cos +} cos 26 cos 204+ 4 cos 30 cos 8a+... 
= —}h log {4(cos 0—cosa)?}, 
(ii) cos @ cos x — } cos 26 cos 20.44 cos 39 cos 3a—... 
= log {4(cos 6+cos «)?}, 


unless one of the quantities 0—« and 6+« is an even multiple of z in case 
(i) or an odd multiple of z in case (ii). 
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82, Shew that, if 0 <¢@<2r, 
(i) cos 644,008 20+ 4, cos 30+... =7)s(36? — 670 +27), 
(ii) sin 0+ 35 sin 20+, sin 30+... —y(@—376?+2n2), 


83. If O= 6=r, shew that 


.. co849 cos6@. cos8&A 
Sir 3s 3d 


+...= 008 26-(2— @) sin 20 

+sin?6 log(4sin2@), 
+...=sin 26 —(z7 —26)sin20 

—sin 0 cos 0 log(4sin?6). 


sin4@ sin6@. sin8@ 
Oey ore 


84. If x is a positive integer, and if |z|<1, shew that 
2 As 


z z & 
T(n+1)* 2(n +2) 3(n43) 1 
= 1 -n es ( Ve 3 =\\ 
=Lf{a-z )log(l—z)+ Onc ua yam aad : 
Deduce that 


a ee eae +1) 
l(m+1)° 2(n+2)° 8(n4+3) °°" 2 vip eS eS EY 


85. If O=6=7, shew that 5; 
T sin@ sin3@. sin5@ 


ACA tert ear he tia oe 


86, If —7/2=0=7/2, shew that 


O(a? 6 ; 

8 (7-5 )=sino- 

87. If —7/2S0=7/2, shew that 
cos 30 _ cos 50 cos70 
Pesan Beja ey ve 


sin3@ sin56 
3! farer 


Lae 
“= 3 cos’ — 3 cos 0. 


io) — ine 
é 


88. Shew that the series 


n=1 n* 

represents a continuous function in the part of the zplane for which 
I(z)=0, and that the function is holomorphic at all points below the real 
axis. 


Lee) cos2rxr . cos 37x 
89. Prove that y=} +25 (cose — c Ls ea ) 


represents a series of equal and similar parabolic arcs standing in contact 
along the «-axis. 


90. Prove that 


re) 2, 12 
3 By (ta OIEB =a coth za coth 7b. 


91. If —1<R(a)<1, shew that 
pe ahen ar cot {70 -a)}. 
0 


cosha 2£ 
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Deduce that, if A is real, 
ih Sm nel (tanh EE): 
0 


cosh & x 


3 ik ll 1 1 
92. Prove that ieee. log 2+4y. 


93. Shew that 


(i) p» TCE AOE See cia cae (ii) Lim Sy 7 = log 2. 
—>o r=0 
94. Shew at 
] 5 i. 2 
+1 —B (2 =); ; + B(2*— ye = B,(26— lgit--- 


[Use the Va (@—1)7- 0 (et —1)7=(+1)-1] 
ie gn aa g2n az 
0 


95. Prove that : _ l B72. 
sinhe Qn 


—1 T 
QrtJo sin 17Z 


[Shew that e~* —e-**+...+(-1)*Tte-"* = 
contour of Fig. 58, and use Ex. 94.] 


e-* dz, where C is the 


an Y z 2 a 2b 
96. Shew that (i) 9 tg =1—-Big,— Beg Bagi +> — 27 < |z| < 27, 
IBY Zo ety fee 1B Be 
log eed ae D3 
OV aes ane 32) eee tay. 


es yes eee = eee 
97. Prove that (i) Th {(1-2)e \aer > (ny 1 \ a5 


n=2 


98. If R(z)>0, shew that 
ih (cos 6)" cos (a tan 6) cos (n+1)0a0 
0 
=|" (cos 0)" sin (a tan @) sin (n+1)0d6 
0 
TO eae 


STE 
[Use Exs. VIII. 6.] 


99. Shew that W(x)-VW(y)= Ba -— 9): 


100. Shew that, if m is a positive a 
Yind=2{o(o-22!) op (e222) 4 tem 
101. Shew that 
OvO=3 Ae @¥O=F Giy(-H=F 


102. va by using the equation 


ees —3% 5x 1 \n-1 2—(2n—1)2 BE 
saben? |" Creare cece (= 1) e +(-1) a) 


eens 
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that, if R(c)> —1, Se ; 
ee eae) Ya), 


103. Shew that, if R(z)>-—1 and ne 


if = 1 il —- ae ae 
Grip Gray Gaayt Ton 
104. If R(a)>0, shew that 


T@T (a) oy Veet d=aH@=a) 1 
Teta) ¢ Lez 2! mate 


105. Shew that, if R(z)>-—-1, 
1 \de 
Aa) ie ‘feet a+o7s 7° 
106. Shew that, if R(m)>1, 
; yf 
J, cos (ep)(cos pyr d= "0 [con (rp) (cos Pa 


If » is zero or a positive integer, prove, by considering the cases x even 
and n odd separately, that 


oa 


(-1)"2! sin (n+%)3} 


2 n(eeh)(n te 1). (ten) 


Deduce that, if 2 is zero or a positive integer, 


[cos (kd) (cos $)"db= 


— [cos (k)(cos dp)” dp= 


n! 


51e 
107. Bvaluate |” </zdz, where z pees ; erae 4, and the path of integra- 
tion is a semi-circle of centre the origin and radius a described positively. 
Also find the values of the integrals which have z as initial point, and 
whose paths are: (i) a complete eameicrcnce of the circle ; (ii) two cir- 
cumferences ; (iii) three circumferences. What is the shortest non-zero 
path from z along the circumference which makes the integral zero ? 


Ans, —3,/3ia8 ; (i) —3a8(1+e2), (ii) —gat (es +68), (iii) 0; three- 
fourths of a circumference. 
dr 


i Z k, @), 
108. Prove that b AG+AUtEA} F( “ | 


109. Shew that all elliptic integrals [Re, /X)dx, where R(x, y) is 
rational in # and y, and X is a cubic in x with no repeated factors, can be 
expressed in terms of integrals of the three types 


| dy ee ee dy ; 
M4y? — g2¥ — 93)’ (493 —9oy - 93)’ / (y—a)J/(4y? — 924 — 9) 
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110. Establish the identity . 
1 (2) (4%) + OP" Zo) 
1 94) 9a)... @""(a) 


eee ee eee ee ere nner eee ees eeeess eee 


eee meee meee sere ere reseseeeseesaesse 


1 Gn) Zn). GP" x) 


=(-1)h "1191.0! o(%+44+...+2,)[1o (za — Zn) 


dia (Peale : 
where the product is taken for all integral values of A and p from 0 ton, 
with the restriction A<p. 


111. Shew that 
(9 (2) g"(u)... (x) 


@" (wu) ga” (uw) aie girth) (w) ; a : 
Md Jeane mee tO Aes =(-1)"(1! 2! ni 
a” (uw) ga (n+) (a) eo ga 2-1) (ay) 
112. Shew that 2¢(2u) — 460) =F. 
” u+2 L—v +w(u— 
113, Shew that 9’(u)=62! san 2) 


where 9()=(ig2)*, 9(“)= —Ghgs)*. 
114. Prove that 


du il op TOU) | ; 
leans “Fw U8 Saray KO} +0 


115. The function 9(w) has a real period 2, and an imaginary period 2a, 


where w)= “1 log (=), a and } being real and positive, and such that a <b. 
T a 


Shew that, if z= (“110g £), the annulus in the ¢-plane bounded by the 
is 


circles | ¢|=a and |¢|=0 and a barrier along the positive real axis, corre- 
sponds to the entire z-plane. Shew also that only one point of the annulus 
corresponds to each point of the z-plane. 


116. Prove that 


Ice e mary 

sn (w+v)—sn (wv) hou log hak 
117. Shew that Tin 2 ot Son) a 
u—0 ut 8 


118. If six of the nine points in which the cubic v?=493—g,v—g, is cut 
by a second cubic lie on a conic, shew that the other three points lie on a 
straight line. 

119. Ifa conic passes through four fixed points on the cubic 

¥y? = 453 — 940-95, 


shew that the straight line joining the two variable points of intersection 
passes through a fixed point on the cubic. 
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120. Solve the equation w’+az2w=0. 


2 2 
a a a 
o— 


a 
ANODE! = orl 2 rea 


121. Solve the equation w” +2z2w’+w=0. 


Ans. mal-g ees i TB, 
1 3 3.9 3.9.15 
We= Tie gat 71 a — 101 Bob ens 
I 5 ea lit De tht 5 ley 
Wg= a8 — et 51 B— ii! BS 6.6 


122. If » is a positive integer, shew that all the zeros of P,(z) are 
simple zeros. 
[By differentiating Legendre’s Equation it can be shewn that if P,(z) has 


a zero of the second order, KO for all positive integral values of £.] 
Z 


123, Find that integral of the equation 
22w" +3w' —2w=0 


which has the value unity when z=0., Ans. w= =7;8in (2i,/z). 


2in/: 
Find regular integrals in the neighbourhood of z=0 for the equations of 
Examples 124-128. 


124, 42?w’+ 4zw' —(z+1)w=0. 


Ans. w -A(14 sf + a + a “a 
I CNS OY PTGS TOFS) 


ee “fl Bivins cE ie Ze G 2 IE \e 
W,= Ww, log z+ 4z 1 4 a+] 42.6 ataté ef 


125, 2w" —(224+ 42)w'+4w=0. 


ne opp perl yl 1 
Ans. w=, w2=, logz+22-—27 +2 — » Hott, : 


3 
126. 2(2+1)w"—2w'+43(3824+1)w=0. Ans. w, =24, ,=2 logzt+2. 
127, 222(2—z)w” —2z(4—z)w'+(3-—z)w=0. Ans. w,=24, 0,=(2—-322)?. 
128, 2(1—z)w"+2(52—4)u'+(6-9z)w=0. Ans. w,=2, w,=w, logz+z2’. 


129. If ~ is zero or a positive integer, shew that 


d™1Q,(2)__ (—2)"T'(n$1) 


dg™t} aad (2—- ipa 


130. Shew that, for all values of n, 
(i) 2Phya@+(@+1)P,_,@)=22+ 12k, @), 


(ii) nQ, ++ 1)Q,_1@=(2n + YQ) 


MF, T 
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131. Shew that, for all values of , 
(i) 1-2)P. (2)=nP,A(2—nzP,.(2), 
(ii) 1-2) P,_,(@)+7Pa(2) — 2zPr-a(z)=9, 
(iii) (1-2) Q), 2) =2Qua (2) — 22Qn (2), 
(iv) (1-2) Q),_ (2) +2Qn(z) — 22Qna (2) =0. 
132. If is zero or a positive integer, shew that 
Qn(@)=$Pa(@)log (241) — Waa), 
where W,,_;(z) is a polynomial of degree x —1. 


[ m Ex. 1, § 90, write a@=5 {+ Pr Oa el Ga oe ae Pn 7 at | 


133. With the notation of Example 132, shew that 


WoaQ@)="T— Peale)t qq Peale). 


[Substitute the expression obtained for Q,(z) in Ex. 132 in Legendre’s 
Equation, put W,-1(z)=a@,P,p1 (2) +@3Pyn_3(2)+..., and use Example 76.] 


134. -Shew that 


i MP a(Z) Pm—1(Z) — MP (Z) Pra (z) — (m — 2)ZPn(Z) Pn (y, 
I Bala) Entoee— (m—n)(m+n-+1) 


deduce that, if m and n are positive integers, both odd or both even, 
1 
l P,,(2)P,(z)dz=0, 
0 
while if m is an even and 7 an odd integer, 


3 Pn(z)Pn(z)dz=(—1)bmtn+n) min! 
ane-X(m—n)(mn+1)(%1) (*= 21) 
[Cf. proof of Exs. XIV. 5, and use Ex. 131.] 


135. If m and » are integers such that n= 0, mn, shew that 


Ss 2-1 —im qr—m .. 
Pm @ = a" H apa 1)" 


136. Prove that, if R(n) > R(m)>—-1, 


Jn@)= cs my \2 is) Piece =y)r—m1 J, (zu) du, 


and deduce the results : 


: 2 if 
(i) Jn(2)= EET AED | 4 u*y’4coszudu, where R(n+4)>0; 


(ii) sine _ = [ Selesin 6) sin 6 dé. 


[Expand J Hee in powers of w, and integrate. ] 


MISCELLANEOUS EXAMPLES TI. 291 


137. Solve the equation zw’+(n+1)w'—w=0. 
Ans. wW=25, (Qiz), w.=2 2G, ACAI). 


138. Shew that, if n is an odd positive integer, 
acs n=l 
2 {In(2)+(-1) 7 Ty@)}= ¥ (1 A(n-2r + Y)Tpaenal 
r=1 
[Use the formula NING) EE 
Z 


139, If n is an integer, shew that 
Wovea [er ieeet cos np add. 

wi |, 
[In Exs. XIV., 14, put (=e*, and 06=¢-7/2.] 
140. Prove that ie 5S (22)? Jon (2). 

n=l 
[Differentiate the equation ¢*¢~1/s) — FI,(2) ¢” with regard to & multiply 
by ¢ differentiate again, and put ¢=1.] 


141, Prove that (i) cosv=J)(x) —2J3,(x)+2J,(x)—... ; 
(ii) sin z=2J, (x) — 23,(%)+2J3;(“)—.... 
[In Exs. XIV., 14, put (=2.] 


142, Shew that (i) J,(2)= (2 2 : (2 ~ cose} 


we 


(ii) J g(Z)= (2) {sin (3 -1)-2 cose} ; 
(iii) J_,@=- (2) {2°82 4 sin :} 


. 2 3 Sie 
(iv) J_s@)= (2) {cose(5- 1) +2sine 
143. Shew that 
(i) G()= al (= “)e e; (ii) G 4O=i(Z et 
144. Shew that, if p is a positive integer, 
qd? 
(i) 2" *Snsp(2)=(- 2)? Tee @ "In @)} ; 


(i) 27T pg )= 2? gees "aC 
(iif) 27-?Gaap(2)=(—2)? ene °C) 


dP 
(iv) 2° ?Gn_p(2)=2” d(2)” ("Gn (Z)}- 
[Use Exs. XIV., 11.] 
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145. If n is a positive integer, shew that 


em sent-Car) iy (2) 
(ii) eee. ity (2) 


Me ape 
(iii) 2-"Jn(z) =(— 2)” dep Jo(z). 
146. Prove that 


; 1)" Tl(m+n+2v) [2\mtrt% 
Im(2)In(Z)= v= 2, > miners Bonceeesne i 


m+n+2v 
[Shew that the coefficient of | in the product is 


1 F(- 
Pv+1)0(m+v4+1)P (+l) 
and apply Gauss’s Theorem. ] 


VY, —m—y, n-+1, 1), 


147. Shew that, if 2 is zero or a positive integer, 
‘: CF Geese can EET Ings 2)In-0(2) 
[Expand J,,(2z cos #) in powers of cos ¢, and use Examples 106 and 146.] 
148. If x and ware real, prove that 
[se@ode=2 


= -—uJ,(«u).] 


[ Use the relation ae) 


149. If w is real, and R(n)>4, prove that 
ie In(2) 9 1 


gr dz= gn-l Tr (n) 
[Use Exs. XIV., 11.] 


150. If a and d are positive constants, prove that 


Ts 
2 ifa=b, 


sin1(¢), if aS6. 


[Put To(ba) == [ccs (bx cos b)d (Exs. XIV., 18), and change the order 


of integration. ] 


151. If R(@+ 7a) =0, shew that 


[ e* J (ax) dax= fae +B 
i 7 
[Put Jo(ax =: [ cos (ax cos p) dd, and change the order of integration ; 


or, expand J)(ax) in powers of «, and integrate term by term (cf. Bromwich, 
Infinite Series, § 176, B).] 


[ EAE de 
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152. Shew that, if R(2n+1)>0, and R(b + ia)>0, 
rau i I'(n+4)  (2a)” 
‘ — bz a fy — 
(i) il Jn(ax)e—* a” dix JE (bead 
- 20'(n+3) 6(2a)" 
—bz y~n+1 = 2 ‘ 
(ii) iE Jn(ax)e—* x" *) dar Ue (arena 
[For (i) use the substitution given in Exs. XIV., 18, for J,(ax), and change 
the order of integration ; after the first integration expand (b+7acos p)-"7 
in powers of cos ¢, and integrate again; or, expand J,,(ax) in powers of 2, 
and integrate term by term. For (ii), differentiate (i) with regard to 6.] 


153, Prove that 1 ["erxema cos (y sin d)dp=Jo{j/(x?+y")}. 
7 Jo 


[Expand cos(ysin ¢) in powers of sin ¢, and apply § 99, Cor., Example 
145, (iii), and Taylor’s Theorem. ] 

154. Show that I ag ) has the following asymptotic expansions : 
a-* 4n? — Ve 

e*{I + Tez 1!8z j 

fy 4n®=12 (4m? — 12) (4n? - 32) | 
ae 1182 21(822 fs 
where — 37 < ampz < dz, and 
1 , 4n?—1? | (4n?— 1?) (4n?—3?) | 
1.) = Tanz) ° {1- I! 8z + 21(8z)? i 


1 4n?2 — 12 
i(n+4 aid —__— tes 
ee one) {1+ Tez * } 


I,(2)= is 


where —47 < ampz < 3r. 
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APPENDIX I. 
NOTES. 


Note 1. Conditions that a function should be holomorphic 
expressed in terms of polar coordinates. [See p. 29.] 

Let (ae) and ( denote the respective values of gs 

dz/» aes, dz 


when 6 and r are constant; they are then functions of r and 0 
alone. Now, if w is holomorphic, 


Ge (az),= (ar aa)y= oF ae) 
ge ~\de).~ (ab de), 90 (ga) 
But, since z=r(cos 8+7sin 6), 


1 = (F) (cos 6+7sin@), 1l=r(-sin@+7cos 6) es). 


and 


dz 
Hence 


($5) ,=c08 6 - isin 8, ae z (cos 0 - isin 6). 


Therefore 


dw ow oe _ tow see 
dz = dp (0088 — 7 8in 8) = — = <5 (cos 6 — isin 6). 
Thus O(ut+w)  td(wt+w), 
Ore (> = Tako ae 


and, when the real and imaginary parts are equated, the equations 
ou_lov ov_ lou ' 
or rod’ or r 06 o 


are obtained. 


Nore2. Limitofaquotient. The theorem given in the corol- 
lary on page 30 can be deduced directly from the definition of a 
derivative. 
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If f(z) and $(z) are holomorphic, the former having a zero 
and the latter a simple zero at z,, 


Lim 2} rim FOL a) ; wey eb) eG) he 
a 


234 P\Z) zy ek gp ot 


Nortr 3. Residue at a multiple pole. If f(z) is holomorphic at 
¢, the residue at ¢ of f(z)/(z - ¢)"*+1, where n is a positive integer, 
is f(™(@)/n!. For, since 


2 ae yf) 


f(€)/n! is the coefficient of 1/( nae in f(z)/(z-€)"+1. This 
result is helpful in evaluating residues at multiple poles. 


cos x 
(@e + iA 
Integrate etz/(z? + 1)4 round the contour of Fig. 33. The residue at 2, 
the only pole within the contour, is 
a>) et ] aes reales les J 60: ~=—s_:120 ] 
3!Ldz (2+7)#tz-4 6 L(z+t)* (2+2)® (2 4+2)® (2472)? 
=5 ( 1 e 6 ee 
Ge NIG 1G) 16% 16) 967 


@ 
Example. Shew that i dx =3ire. 


Note 4. Zero values of an infinite product. [See p.107.] In 
the definition of a convergent infinite product IIw,, given on 
page 107, it was assumed that no factor w, had the value zero. 
It is possible that a finite number of these factors may have 
the value zero. The product is still convergent if it converges 
when these factors are removed. The product has then the 
value zero. 


Note 5. Remainder in the asymptotic expansion of log T(z). 
The function J,,(z) on page 149 should not be confused with 
the Bessel Function J,,(z). 


Note 6. Elliptic Integrals. Integrals of the type 
dx 

 exramcesaCERICSae 

can be reduced to normal form (p. 173) by the substitution 


aay <0; 


__, «—an adjacent root 
Y~ ~~" a— the next root 
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If x lies between 8 and y, these are the adjacent roots. If @ 
is the adjacent root chosen, « is the next root ; if y is chosen, 
6 is the next root. If x lies between y and 6, 


u-Y¥y 6-2 
Ye eB ees 
Example. Shew that 
4 dx 
| Aen eSe= ee 


[Apply the transformations y =(a# — 2)/(z —1), 3y =2¢?.] 


Note 7. The Remainder in Maclaurin’s Expansion.* A 
formula for the remainder in Maclaurin’s Expansion which is 
often found useful will be bere established. If f(z) is holo- 


morphic, a| f (ehat =f(z) -f(0) 


1 
fO=fO) +5 soa. 
Now integrate by parts and get 


f=f(0) +4] -a-af' (en | aa 1 —t)zf"" (et) dt 


and therefore 


~~ 


=f(0) +2 (0) +5] 20 -of"(epat 
1 
=f (0) +70) +5 =| lee en 
+5 (1 -t)?2f’’’(2t)d 


0) +5 /"(0) + = f'(0)+ a3 3(1—t)2f"”"(2t) dt. 


By proceeding in this way, or applying the method of induc- 
tion, it can now be shewn that 


8—-lyn 
fe=d soo+R 
s tl 
where R= 9(1 — t)>-1f) (zt) dt 


* Maclaurin’s Expansion is Taylor’s Expansion (page 82) with a=0. 
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APPENDIX II. 
THE HYPERGEOMETRIC FUNCTION. 
§ 1. The four forms of the function. If 
R(8)>0, R(y-8)>0, |z|<1, 
B(B, y-B)F(+, By x, 2) =| -aY-F-1 —an)-*dd. (1) 


This can easily be verified by expanding (1 —z\)-* in powers 
of z and integrating term by term. 
Now in (1) put \=1-¢; then the integral becomes 


[e-a —#)P-1(1 —z4-2t)-dt 

0 
=(1 ~2-¢f o-e-11 - 1-11 -—< i) dt 
=(1-2)-*B(y -B, B)F(«, y-B, 4); 


a, B, y,2)=(1—z) *F(o, y- B, y, 2), 


where —7<amp(l-z)<7z. The restrictions on 6 and y can 
now be removed. (An alternative procedure is suggested in the 
example on page 259.) 

In the last equation interchange « and 6; then 


a, B, y, 2)=(1-2) PE (B, y-a, y,-"4). 


so that 


Hence 
F(a, y—-B 74) =(1 —2)*-FF (8, Vay 373) 


Here replace 8 by y — 8’ and z by z’/(z’-1); thus 
Bln one = (ae Pa Ry = 8 yo 7.2 )- 
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It follows that 


F(a, 8, y, 2) =(1—2)"-*-"F(y —0, y-B, v2) (2) 
=(1-2)-*F(0, y-B, 5-4) (3) 
=(1-2)-*F(8, y-0, y, 4). (4) 


These are the four forms of the function given on page 248. 
The series in (3) and (4) converge for R(z)<}. To make the 
function uniform a cross-cut is taken along the 2-axes from 
+lto +o. 

§ 2. Relations between the integrals of the hypergeometric 
equation. Some of these relations have been already obtained 
(Ex. 4, p. 151; Ex. 20, p. 156; Ex. 1, p. 249). In the following 
discussion the notation is that of pages 248, 249. Consider the 
integrals 


A=| FG 0a Bal. foes 
Calc ma 6) dé, 
where fe, O=C2-7(11 - O-#-1@ = 0-2. 


The initial point is on the real axis between 0 and 1, and 
amp ¢ and amp (1-¢) are initially zero. In the z-plane a 
cross-cut is taken along the real axis from —o to +, and 
the amplitudes of z, —z, z—1 and 1~-z have their principal 
values: initially amp (z — ¢) has its principal value. 

In A the initial point can be transferred to a point on the 
line joining 1 and z without altering the value of the integral. 
Then, initially, 

amp(1- ¢)=amp(1—2), amp(z- @=amp(z-1), 
and amp ¢ has its principal value. Now put ¢=1-Z; then 
initially Z lies on the line joining 0 and 1 —z, amp Z=amp (1 — 2), 
and amp(1 — Z) has its principal value. Also 
z-§= - (1-2-2), 
where, initially, amp(1—z-Z)=amp(l—z). When Z-0, 
¢—1, and this equation becomes z—1= -—(1-—z). But 


z—l 
amp (7—)=+7, 
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according as I(z)=0. Hence 
Cat (hz 4), 

according as I(z)=0. 

It follows that 

_ (+,(1-2+,0-,(1-2)-} 

A= ~eFinal Zv-8-1(1 —Z)8-¥(1—2-Z)-*dZ. 

In this integral put Z=(1-—z)¢; then 
A= — eta] —z)¥-9-8 
joe 


“P-L of — (1-2) Ye-¥ dl 


x 


=eFina(] —z)¥-4-8 


(1+,0+,1-,0-) 
| QPL Q)-af1 - (1 -2)g)- dG, 


when the direction of integration along the contour is reversed. 
Initially ¢ lies on the real axis between 0 and 1, amp(€) and 
amp(1-—¢) are zero, and amp{l-—(l1-—z)@ has its principal 
value. Hence, from the formula at the top of page 259, 
A =eTtinaf] — e2nily al —e-2ria) B (y - 8, 1-a) Ww. 
where W,") has its first form as given on page 248. 
Again, in B expand (z — ¢)-* in descending powers of z; then 
B={1 — e27#@- N51 — e247 - ANB (Qe — yt+ly- B)W,. 

In C transfer the initial point to a point between 0 and z; 
then, initially, amp ¢=ampz, amp (z - ¢)=ampz,and amp (1 — ¢) 
has its principal value. Now put ¢=2zZ, so that initially 
ampZ=0, amp(l1—Z)=0, and amp(1l-2zZ) has its principal 
value. If now (1-—zZ)’-*-1is expanded in powers of z, it is 
found that 

C= — {1 — e2ri(@- (1 — e- 272) B(x -y +1, 1- a) W,. 

Next, let 

(0+) (1+) (z+) 
L=["Fe od, M=[" "se oa, N=[" Fe O46, 
with the same initial conditions as before. Then 
A=M(l1 —e-2r2) —N{] — e271 -A)}, 


B=M{1 - e2ri(a—y _ Lf] — e2ni(y -p}, 
C=L(1 -e-2"2) —N{1 - e2t@-n}, 
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Hence 
Af] — e#(@-» — B(1 - e-2ria) _ C{] — e2niy =P) Oe 
In this equation replace A, B and C by the values found 
above ; thus 
eFraB(y — 8, 1-0) Wy” - Blo. —y +1, y- 6) Wy 
+B(a-yt+1,1-a)W,%=0. (5) 
In this equation interchange « and 6; then 
eFri®B(y —a, 1-8) Wy —B(B-y +1, ya) Ws 
+B(B-y+1,1-6)W,%=0. (6) 
In (5) and (6) replace a, 8, y by a-y+1, B-ytl1, 2-y 
respectively and multiply by z!-’; thus 
etri(a-y+) B(y —a, 1-8) W, - Bia, 1- 8) W,*?) 
+Biy-—a, a)W,=0, (7) 
eFri(B-Yt+D B(y — 6, 1-a)W, - B(B, 1-a)W,©) 
+Bly-B, B)W,=0. (8) 
In (5) and (6) replace x, 8, y by 1-a, 1-8, 2-—-y respectively 
and multiply by 2!-¥(1—z)’-%-8; then 
eFi-O B(x, By +1) Wy —eF10-*-P Bly — 0, B— y+ 1) WA 
+ Bla, y-a)W,%=0, (9) 
eFri(l- A) B(B, a —y + 1)W,® — eF 0 -2-PB(y — B, a— y + 1)W,@? 
+B(8, y- 8) Wi =, (10) 
since amp {(z — 1)/(1 —z)}}=+7, according as I(z) 20. 
In (5) and (6) replace a, 8, y by y-a, y-— 8, y respectively 
and multiply by (1-z)’-*-8; then 
eFriy-9) B(B, a —y+1)W, — ef -9-8) B(1 — a, 8) WA 
+B(l-a, «-y+1)W,%=0, (ET) 
eFriy- A Bla, B — y +1) W,® — eF i -2-8) B(1 — B, aw) W,@) 
+B(1-—8, B—y+1) W207 
By means of equations (5) to (12) any of the integrals can 
be expressed in terms of the two integrals at one of the other 
singularities of the equation. 
For example, to express W,® in terms of W,® and W,, 
multiply (8) by 1/B(8, 1-«) and (9) by 
et Bey = 07 Ord), 
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and subtract; the resulting coefficients of WY, W,® and 
W,© are respectively 


— etni(y - 1 = B)R( (1-a+)_ mi(y - 
etmi(y - f) ian B+ y\0(8) = — etmi(y - 8) 


sin(a+B-+y)7 


Py- APU a +8)(0+8-y) 
P(6) 
etni(y - 8) D(a)P(1 -a + 8) — etri(y Bela oe. oc 0) 
My =o)T(a+B— y+ 1) 


- T(a)P(l-a+ B)P(y —«- B) 
: T(y —a@) 
and 
MGz sre p mG Ot 0) etni(y -a — 8) re ne = OGD) 
P(y)P(1 — a) Mea yl) 
ez Beets p) DAC ieee (v=) 
Py) 
is eFriy —B) sin or + eF™ gin (y — 8)7 
= _ exnity —p) SIN (y — & — 8) INCU OO) Gye B) 
7 l(y) 
Hence 
meliy 202-6)! (y) P(y)T(a+8-y) 
Len y=mrpee fo Totes a 2 


§ 3. The Asymptotic Expansion of the hypergeometric function 
for large values of y. In formula (1) expand (1—zA)~*% by the 
method of Appendix I., Note 7. Then 

(1 —zA)-* 


l = 
=14 Fp Aeth rye 4% pA gusta eC 


we Oey 
=. a 
een) a Yeery'| s(1—2)8-1(1 —tzn)-2-* db. 
. 0 
On integrating term by term it is found that 


(ae yee = (ee e 2 A(X + DAB +1) 


2 
7 ieee te 
a(a+l1).. fa ysia iy (B+s—- aN eetate 
(s—1)!y(y+1).. yrre —2) w 
where 


i 
[iaere—aqa —ayr-#-taay (1 9F-1 — ted)“ 
R= T,.,2 0 , (14y 
ie B(B +s, y -B) o 
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T,,, being the (s+1)th term in the hypergeometric series. 
This expansion holds for all values of z which are not real and 
greater than 1; i.e. throughout the z-plane with a cross-cut 
along the x-axis from +1 to +o. If z were real and greater 
than 1, (1-#zA) would vanish for certain values of ¢ and 4, 
and the integral would be divergent for sufficiently large values 
of s. 

Hence, in the above region, 
acu -grtasf Mayet 

Hee ee ERE EEN EES 
B(B+s, y- 8) 

Let M be the greatest value of | (1 —tAz)-*-*| for O=t=1, 

0=\=1, a, s and z being fixed. Then, if B=c+i7, y=p+10, 


dr 


1 1 
m| s(1 -1)*-1dt| Aots-11 —A)e-2-1ddr 
0 0 


RB T 

BoA beer | B(B +s, y -B8)| 
s Bio +8, p—o) 
=|Tan|Mrgate y -8)| 
3 Tie+s) I(p-c) ieee 
=| Taal Mine rs)] Pp +8) |Ty—B) 


But (p. 150, Ex. 2), if amp y= x and | y|<z, 


mL (pa) | y*tF| 
Lim pe 
y@ 1 (p+ 8) pir? 


+o 
_ (lly RES 
p 


But | y |/p =sec x, so that this expression is finite if | y|<4r. 
Hence, if |ampy|<4z, | R,|=|T,,,| xa quantity which re-. 
mains finite when yo, 

But when y>, T,,,0. Thus the series is asymptotic in y- 
for |ampy|<4z, even for values of z for which it is not 
convergent.* 

Note. If a, B, y are real and z is real and negative, and if 
a+s>0, then M=1 and |R,|<|T 


* For an extension of this theorem to other values of 
Edin, Math. Soc., Vol. 42, (1923), p. 84. ne ee 


T'(y +s) 
P(y - 8) 


s+1 [. 
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APPENDIX ITI. 
THE LEGENDRE FUNCTIONS. 


§1. The Asymptotic Hxpansions. Formulae which are 
asymptotic in » for certain values of the arguments of the 
functions will be established in this section. 

From the formula for Q,,”(z) in the corollary on page 265 it 
follows that 


Q”, _,(2)= 7 I'(-n+m) 1 
Si 2sin(n+m)z [(-n-—m) (1 +m) 
— etnni zl i oa l-z 
‘ exh Z—) F( n,n+1,1l+m, 5 ) 
z+1\im L2\l" 
-(5) F(-n,n41,14m, 7) 
But 
7 I'(-n+m) T T(n+m+1) 


2sin(n+m)rT(-n —m) 2sin(n—m)xT(n—m+1) 
Hence 

Q”,-1(2) can Q,(2) = 
since (p. 262) 


1 € - ae ( 1- *) 
Gp iel aN F( —- 1,m+1, ——), 1 

Pe) = Tom) er 1 ee 2 (1) 
where amp (z-—1) and amp (z+1) are real when z is real and 
greater than 1, and the function is made uniform by a cross-cut 
along the x-axis from —© to +1. 


Therefore 
Q”,_:(z) — Q,(z) =cos na T(m+n+1)0(m—n)Pz*(z). (2) 


-n-1 


areosnr T(n+m+1) 


Ren@amaka mee 
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But, since (p. 263) 


ail en PEs) (ee 
Q, (2) i oP (n+) gn+m+1 


nitm+2 n+m+l1l 3 =) 
xPAASS Satz a), @) 


amp z being zero when z is real and greater than 1, and the 
function being made uniform by a cross-cut along the x-axis 
from —© to 1, it follows that 
(oe ea) 
- 2"1'(4)sec n73 
SLE negli nl) 
so StS —n+m 5, 1 = 
2 : 2 : 
25"-1](4) see nr 
D(n + 3)P(m —njantms? 


a n+tm+1 3 a 
xF = n 


2 ‘4 2 2 2’ 22 
_. 2 wsdl) 
al (m+n + lje-nt™ 
—-n+m+1 -n+m | lice | 
x nee ae -n+5,5) 
2-n-tT(~n ~ $)T(4) 
al(m pas FE) PE a 
n+m+2 n+m+1 Sly 
x F( Pe j a pM 28) 
2-™T'(n + 4)e"-™ 
ee m+n+2 
ee 
= 1 —-n+m 1h ae 
F( nem + Ue bak 
: 2 : ee Dae 
2-"D(-n — jenn 
m-n m-n+1 
eS 
2 nt+m+l1 a 
ig Gee 3 =) 
6 D2 Om | oes 


by the duplication formula for the Gamma Function (p. 145). 
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_ 27m (z2 — 1)emgn—m 

I'\(m + 1) 

T'(n+4)l(m+1) (at m—-n 1 y) 
m+n+1 m+n+2 Oe Ep patat ts « 
eee) a) 

Pane slant) 1 


x 
m-n+1 eae ; 
rea, Es 
eg ease m+n +2 ak ay 
2 ( 2 ‘ 2G 


and therefore, by Ex. 1, page 249, 


2-m(z2 — 1)imgn—m F a —n+1l m-n 
T'(m +1) 2 ane’. 


On comparing this with (1) it is seen that, near z=1, 


Pr"(z) = ,m+1,1-5). (4) 


F(-n, 241, m+1, ~=*) 


Bote LN ee m—-n+1 m-n 1 
oe ae cee ee et), 


Here put z= ¢/,/(@ — 1), so that 
leew) le. SCF (C)) reel 
Peay (ES) a2, Go 2-1), ete 
and replace m by n+4 and n by —m-—4. Then 


1 1 3 -€+/(@-1) 
F(5 +m, 5-m, +5, 2/(@—1) ) 


= (ee tay} 
L2A@=1) J We=T) 
+n+2 m+n+l1 3 ] 
<B(™ . 3 9 25» =| 


On comparing this formula with (3), it is seen that 


(n+m+1) 


7 ah 
Oem z) = a=} — /(2 — 1)} Perna) 


i P s ~2t/(2—1) 
xF(4+m, }-m, n+4, D(z 1) ). ( 


Or 
— 


M.F. U 
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From Appendix II., § 3, it follows that, if | amp” |< 47, this 
series is asymptotic in n when it is not convergent. The only 
points at which this is not the case are those at which the 
argument {—z+,/(2?— 1)}/{2,/(z2-1)} of the function is real 
and greater than 1. If the function is made uniform by a 
cross-cut along the real axis from — to +1, the amplitudes 
of z, z—1 and z+1 being real for z real and greater than 1, 
there is no point in the region at which the argument is real 
and greater than 1. 

If now z passes once round the point 1 in the negative 
direction, a new branch of the function is obtained. Denote 
this by Q,(z, +1-—); then 


O7*(2, +]—- =e aap fe +) (2 _ ype ete 
1 1 3 Sta 1) . 
xF(4+m,}—m,n+4, Besa) i) 


In this case the argument of the hypergeometric function is 
real and greater than 1 when z is on the real axis to the right 
of 1 or to the left of —1. 

Now, from Ex. 10, page 276, 


~ 2sin mz Tin—m+l1) ‘ 
ass, Page es 
~ 2sin mar 
1 a i fee 
Bivcemiees F(—n, w +1, 1-m, 5%) 
_T(nt+m+l1) 1 el iaeen 
| Teentaal F(—n,n+1,1+m, =) 
Hence 
m oe ae fu 
ba als) 2sin m7 
emni z+]\3m [ee 
Weenies! F(-n, 241, 1-m, =) 


_T@tm+l) e-"" fale Laan 
Tima Tite ae) F(=n,m41, 14m, >) 


and therefore 


en tmriQ. m(z) — elmriQ m(z, +1-)= : Alea abst G2) (6) 
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It follows that 


ett T(n+m+1) 
Vi2r/(f-1)} T(n+3) 
e@ — mari fy = i Ce —1)}" +4 


P,m(z) =e" tne 


ie a) 
xF(z4+m, }-m,n+4, 2./(2? - 1) ) 7 
+e-G-mnify + /(22— ])\ntt (7) 
Z+/(2*—'1) 
xB(E+m, }—m,n+4, re) 


This is the asymptotic expansion of P,,"(z) for large values 
of n. 

The formula (1) gives the asymptotic expansion of P7”(z) 
when m is large. The corresponding formula for Q,,”(z) is that 
given in the corollary on page 265. 


§ 2. Ferrers’ Associated Legendre Function. When z is real 
and —-l<z<l, 


: 1 ee ( l-z 
m —etimnr ores — See 
Paez) Sra Tae F('-n,n+1,1-m, 5 ), 
according as z is on the upper or lower side of the cross-cut 
along the x-axis. In order to obtain a solution of Legendre’s 
Associated Equation which will always be real if m, n and z 
are real and —1l<z<1, the Ferrers’ Associated Legendre 
Function 
ned peel as ( Bes) 
tT, ee Beth NI aes i) 
is introduced. The amplitudes of (1+z) and (1-2) are zero 
when z=0, and the function is made uniform by cross-cuts 
along the x-axis from —# to —1 and from +1 to +. The 
two functions are connected by the relations 


T(z) =e 22), (9) 


according as I(z)=0. The more useful form of (8) is 


T=(2) =p) F( on elena |p (8) 
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When m is a positive integer it follows from the formulae of 
pages 250, 251, that 


T,m(2)=(- 11-22)" (2), (10) 
(= (te 2am i ae \ P (2) (dz)™: (11) 
and Tz"(z)=(-1)" Tey Tn) (12) 


The formula 
1 1 
— 72\h —m See _ »\m-1 
(L-2AMT M2) =p | PalOE-24de (13) 
holds if R(m)>0, z being any point in the z-plane with cross- 
cuts along the real axis from — « to —1 and from +1 to +; 
it is assumed that amp (¢-z) =amp (1 —2z), and that 


—7<amp(l-2z)<7. 
To prove (13) consider the integral 
1 ; r m—1 
rm ),a-9 (¢-2)™-7 df, 


where z is confined to the same region as before, R(m)>0, 
R(r)>-1, and amp(1 - ¢)=amp(¢-z)=amp(l1-—z). Then, if 
¢=1-(1-z)A, the integral becomes 
as, 
P(m) 
and consequently 


i 


: . Pp ecune as Retry) 
Pay), -2 dl era 


1 
Te ane| AT(1—-A)™—“1 dr, 
0 


(l—z)™+r, (14) 


Now the expression on the right of (13) is equal to 
1 i 1- 
Ton) { F( —n,n+1, 1, =a (€ —z)™-1 dé, 


and this, on being integrated term by term with the help of 
(14), becomes 
(le 2)" 
I'(m + 1) 


F(-n,n+1,m+1,+>%), 


from which, on comparing it with (8’), (13) is obtained. 
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When z=cos @ it follows from (9) and (7) that 


" ae D(n+m +1) 
UAE (008 0) — oe ai) Tea) 


3 a, ; e-18 
NE Adm tle) | 


4 16 5) (15) 
$e“ G-mini+otbaR (4 +m,4—m,n+3 a 
2> 97 sin 6 


where 0<@<7. The series converge if 47<0<47; for the 
other values of 6 they are asymptotic in n. 

On applying (9) to the second formula for P,,”(z) on page 262 
it is found that 

ate te A Fa id l-z 
15" @) ont 1) FF (m—n, m+n+1,m+1,—5~). (16) 

It should be noted that T,™(z), T,( -—z), Tz"(z), Tz"(-z) 
are all solutions of Legendre’s Associated Equation, so that, 
for non-integral values of n, complete solutions are given by 


AT,,™(z)+ BT,™( -—z) and CT,"(z) + DT;"(-2z), 
where A, B, C, D are arbitrary constants. 
The formula 


T'(m —n)U (m+n +1) 


T(z) = 


x {sin m7T;,"( —z) —sinnrTz"(z)} (17) : 
can be established by applying the formula of Example 1, 
page 249, to T;”( —z). 


§ 3. Hxpressions for Legendre Functions in terms of Legendre 
Functions of integral degree. It will now be shewn that, if m is 
zero or a positive integer, and if 

47 =< 0<3n, j7<0'<Sr, 04+0<7, 
T,,™(cos 6)T;, (cos 0’) 
sin n7 1 oe ut F 

ay iG ee = ees (cos 6)T'>"(cos 6’). (18) 

Connie: the integral 
ae | Tz (cos 6)Tz"(cos 6’) x 
277 ¢-n sin (ar 


dé, 
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taken round a circle | ¢|=p+4, where p is a positive integer, 
and let po. From (16) it is clear that the integrand is 
holomorphic except at the zeros of the denominator, and from 
(15) it can be deduced that the integral tends to zero when 
p—o, provided that 6+06’<7. On evaluating the residues 
and noting that, from (8), 

Dez) Lee) (19) 
we derive the formula (18). 

Similarly, from the integral 

1 [Pee ) ees dé 
271 €-n sings ~’ 
where m is zero or a positive integer and 47 <0 <7, it can 
be deduced that 


sin n73 > e 1)?( 1 1 ) Bi"(cos 0), (20) 


mee n-p n+p+1 


and, in particular, when m=0, that * 


Tz (cos 0) = 


TSI im Se ae 1 
CES T Qa ) n-p n+pt+l1 
On referring to (15) it is seen that the series in (21) is abso- 

lutely convergent for 0<@<~7, while the series obtained by 
differentiating with regard to @ is conditionally convergent in ° 
that range. 


) P,(cos 6). (21) 


§ 4. The Recurrence Formulae. The formula 
(2 +1)Pass(2) —(2n+1)2P, (2) +mP,4(2)=0 (22) 
was established for positive integral values of n on page 102, 
and the formula 
2P’ (2) =P geal2) = ab. 2) (23) 
on page 124. On differentiating (22), and eliminating zP’, (z) 


from the resulting equation by means of (23), we obtain the 
formula 


P’,41(2) — P’n_-1(2) =(2n + 1)P,, (2). (24) 
Another formula 
P’,.41(2) 2B", (2) =(0 + 1)Pa(2) (25) 


is derived by subtracting (23) from (24). 


* By employing the asymptotic expansions for (15) it can be shewn that 
(18), (20) and (21) hold for 0<@<7, 0<6’<7m, 040’<7m. 
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Formula (21), in the form 


3y(- 1" (55 - apa) Pol 


p=0 

can be employed to prove that these recurrence formulae hold 

also when n is not an integer. In (21) z is subject to the con- 

dition —4}<z<}; but, once the recurrence formulae have 

been established for that range, the restriction can be removed. 
For example, if n is not an integer, 


(n a DP s2) = (2n at ze, (z) +nP,,_1(2) 
suis Sui 1p 
| can! 2n+1 n | 


sin nr 
T 


P,(2) = 


nlp ap 7 n> lop 
n+1 2n+1 ‘ n 
NED te ped yy 71 ok 


P, (2) 


= sen 
Tv 

p id Jane p+l 

“n-pt+!l n-p n-p-1 

pri 2p+1 Le p 


“ntp+2 n+pt+l” n+p 


{(p + 1) Ppa (2) - (2p + 1)2P, (2) + pPy_4(#)} 


+ app TT PPo-al)— (2p + 1)eP ple (z) + (p +. 1)Py41(2)} 


=0; 
so that (22) holds for all values of n. 
Similarly 


_sin nr Nir 
NG 

1 
n+1l-—p 


, 


P we — P’,-1(2) — (2 +1)P,,(2) 


2 Paaeere gm 
=P pa ie n-p 
x 
1 ; ] 2n+1 
a ee 
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—s {P’p41(2) — P’p_-1(2) — (2p + 1)P,(z)} 


ey eran a ge 1(2) aE P’n+1(2) — (2p a 1)P,(z)} 


and therefore (24) holds for all values of n. The other recur- 
rence formulae can be deduced from (22) and (24). 

In order to derive the recurrence formulae for the Associated 
Legendre Functions, use is made of formula (13). Thus, from 
(24), if R(m)> —-1, 


ran). P'g si (OC - a= aan I. Pee 1(€)(€-z)™ dé 


=(2n+1)(1—2?) 2 T5™-1(2). 
The expression on the left, on being integrated by parts, 
becomes, if R(m) > 0, 


- Tom | PosalOE— 2" 2a + pres | Paalln(S—mta 
= — (lee Tne) Hila eee). 
Hence, if a ZU: 
Ti (2) — TAA) = (2n + 1)V(1 - 24) Ti"). (26) 
Again, from (22) and (13), if R(m)>0 
(1 —2?)¥m™{(n + 1)T A(z) + nT i %(2)} 


=(Qn+)rea| EP, (@)(—2)™-1d€ 


(m) 


=(2n+1) remy | PalOE—2)" +l 2)" a 
m+1 
=(2n +1)m(1— 22) ®> Ty (z) + (2n +4 1)2(1 — 22) T(z). 
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Therefore 
(n+ 1)TIA (2) +nT x" ™(z) =(2n + 1)m/(1 - 22)T-™-1(z) 
+(2n + 1)zTz"(z). 
On eliminating T;"-"(z) by means of (26), we deduce the 
formula 


(n+m + 1)T f(z) — (2n + 1)2zTZ"(z) + (n —m)Tz"(z) =0, (27) 
where R(m)>0. 
Now let (13) be applied to the differential equation 


Fell SPO = — mm +YP,O. 


Then, if R(m)> -1, 


Fw rt |, gel - SPA (e-2mae ae 


= —n(n+1)(1-22) 2 Tz"-1(2), 
The left-hand side of this equation, on being integrated by 
parts, becomes, if R(m)>0, 


ep ie, se 
rales: )P’n(¢) (¢ — z)"™-1 dg 
may | PralM(1 —24) ~ Bel -2) —(€-2)(C-2y™-2ae. 


T(m) 
On being again integrated by parts, this takes the form, for 
R(m) >1, 
1 
roa | Pal) 
x {(1 — 2*)(m — 1) - 2zm(¢—z) — (m +1) (f —2)?}(F — 2)" dg 


m+1 


=(1—22) 2 Ty™+(z) — 2m2(1 — 22) T(z) 


m+1 
—m(m+1)(1—2?) ? T5"-1(2z). 
Hence, if R(m)>1 
J (1 — 2) T(z) — 2mzT,"(z) 
+(n—m)(n+m+4+1)/(1 -—27)T,"™"(z)=0. (28) 
Again, if (26) multiplied by — (n —m)(n + m + 1), (27) multiplied 
by 2m, and (28) multiplied by —(2n +1) are added, the formula 
(n+m)(n-+m + 1)Tzm(2) — (n—m) (n —m + 1)T 3% (2) 
=(2n+1)/(1-2)Ts™4(2). (29) 
where R(m) > 1, is obtained. 
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Next, between (26) and (27) eliminate T(z) and T,%(z) 


in turn, and so obtain the formulae, for R(m)>0, 

T(z) —2Tz"(z) =(n+m+4+1)/(1 -2)T,™ (2), (30) 

27, "(2) — Tr f(z) =(n —m)/(1 — 27)T, (2). (31) 
Similarly, by eliminating Tz7”%(z) and T(z) in turn from 

(27) and (29), it can be shewn that, for R(m)>1, 

(n+ m)zT,,™(z) — (n —m)T,%(2)=/(1-27)T," (2), (32) 
(n+m+1)T (2) -(n-—m+4 1)eT, (2) =J/(1 -—2)T"*1(z). (33) 
The restrictions on m in these formulae can be removed 

either by applying the method of analytical continuation or by 


employing in place of (14) and (13) the contour integral 
formulae 


[a -org-aetae 


T(r +1) 


==i( ponent, = lf a2 = Ne 
aA Ga 4741) 


(L=2)ees, (34) 
where R(r) > — 1, and initially 


amp (1 —¢)=amp(¢—z)=amp(1 —2), 
and 


4 (z+) 
(etme — 1) (1-22) T (2) =p [RAGE -2I"AdE. (88) 
The contour of integration starts from 1, passes round z in the 
positive direction, and returns to 1 ; z is restricted to the same 
region as in (13) and (14), and -7<amp(l-—z)<7. Formulae 
(34) and (35) hold for all values of m. 

The recurrence formulae for P,,”(z) and Q,,(z) are given in 
Examples 87 and 88 of Miscellaneous Examples II. 


§ 5. The Addition Theorems. The formula 
: Pp 
P,(z) =P, (¢) P(g") + 2 2) cos mol (Q)Te(C'), (36) 


where p is a positive integer, and 


z=(0 — /(1 — §)+/(1 - &?) cos 9, 


§ 5] ADDITION THEOREMS 315 


can be established by the method of induction. Assume that 
it holds for the values 0, 1, 2,..., p of p; then, from (22), 
(p + 1)P,41(2) = (2p + 1)zP,(z) — pP,_1(z) 


= (2p + 1)ke" - V(1 - 2?) V(1 — 2) cos 9} 
x {Pp(Q)P,(¢") + 2 > T,"()T; (¢") cos mg} 
— PAP, 1(C)Po_a(0") + 5 6G COS Mp}. 


The coefficient of cos m¢ in this expression is 


(2p + 1)¢c2T,m()T, ae 


- (2p+ I) V(l-@) Vl - 6) 
: amore : Sy Ag GE 
- 2pTp_(OT;A (6). 


On applying (27), (26) and (29), this, multiplied by (2p +1), 
seen to be equal to 
2{(p —m + 1)Tha(Q) + (p +m) Tp (6)} 
x{(ptm+ UT AC) + (p —m) Th (0)} 
Sr) = Leas) 
x {(pt+m)(p+m+ IT RC’) -(p—m)(p— m+ YT} 
+{(p —m)(p —m + 1)THa(¢) — (p+ m)(p +m + I)TH AOS 
x {THA(C) — T3216} — 2p (2p + YTP_A(OT AC) 
= Tr (TPAC )2(p — m + 1)(p +m + 1) 
+(p+m)(p +m +1) +(p—m)(p—m + 1)} 
=(2p +1)(p + 1)2THAOT AC). 
The term independent of ¢, multiplied by (2p + 1), is 
(2p + 1)?¢¢"P,(¢) Po(¢") 
| — (2p +1PV(1- P)V(1— oT (TH "(¢) 
tee 1)P,_ (OP) 
={(p + 1)Pp41(€) +PPo aH (p + WPoi(6") + pPo- Ue 
+ {p(p + 1)P 541 (6) — p(p + 1)Pp-1(OHPoi(C’) — Poa (0)} 
— p(2p + 1)Py_1(¢)Py-1(6’) 
=(p +1)(2p + 1) Pp 11 (0) Poia(¢’)- 


me 
n 
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Thus the expansion holds for P,,,(z) if it holds for P,(z), 
P,(z),..., P,(z). But it holds for P,(z) and P,(z), since 
= (0 — o/(1 — 07) /(1 — 67) cos p 
=P, (Q)P,(¢') +2. cos gTy'(G)Ti "(¢’). 
Hence it holds for all positive integral values of p. 
The more general formula 


P,,(2) =Pn()P alg’) +2 2, 008 mpl (OT, ™(6"), (37) 
where 2=(f' - V(1- @) V(1 - &) c0s ¢, 
which holds when n is not an integer, ¢ has any real value, and 
ag Gy Osea 
eG =) oe 
or, in particular, if R(¢)>0, R(é’)>0, can be deduced from 
(36) by means of (21) and (18). 
For, from (21), assuming that ¢, ¢’ and z are real, positive 
and less than 4, we get 
P,(2)= es ( iO 1 )P,(2); 
4 7 Lp Gp 
and, on sabeutncee fom (36) for P,(z), and changing the 
order of summation, we obtain 


Ea ee Ce 
+ ERIN Scosme 3 po ae Mesa Sn 
x Tm()TS"(C). 


Hence, by applying (18), we derive the formula (37). 
From (8’) and (12) it follows that, when m is large, the 
coefficient of 2 cos m@ in (37) is approximately equal to 
_ yn T(n+m+)) 1 Le Oa 
at D(n-—m-+1) {P(m+ Wee So) 
_—¢_ yn (n+m+ IP (m—2) msn ne (1 — A 1 = OV 
=e) {T(m + 1)}" io1) 7 = Ge : 
and this, by example 2, page 150, is approximately equal to 
1 sinna (1 — €\#"/1- 
mM 7 c Gas)" 
Hence the series converges absolutely and the expansion holds 
for the values of ¢, ¢ and ¢ stated above. 


§ 5] ADDITION THEOREMS 317 
By means of (9) formula (37) may be put in the form 
P,(2)=P,(QP(C) +2 S) cos mgP,(OP."(C), (38) 
where Z= CC +./(F - Ngee 1)cos ¢, 


and ¢, ¢ and ¢ are subject to the same restrictions as before. 
In order to deduce the addition theorem for Q,,”(z) from (38) 

the formula 

T 

Qnm(2) = 2sin(n +m)7 


jer eae (2) aa Pe cm z)}, (39) 


according as I(z)=0, is required. It can be derived by a 
comparison of the first formula for Q,”™(z) on page 265 with 
formula (1). 
Now assume that n is not an integer, and take ¢ and ¢’ real 
and such that 0< (< ¢’<1, so that 
1-€\/1-¢ L+o\ (l= ¢ 
G =) (se)! and (77% )( <1. 
It will be assumed that ¢, ¢ and 


z= C0 — J/(1 — @°)/(1 — ¢) cos 
all lie on the upper edge of - cross-cut from —« to 1. Then 
if the variable € passes round +1 in the negative direction 
from its initial position on the upper edge of the cross-cut to 
the position — € on the lower edge of the cross-cut, the ampli- 
tudes of ¢ and ,/(1 — €*) both decrease by 7; and consequently 
amp z also decreases by 7. Thus z moves from its original 
position to the point —z on the lower edge of the cross-cut. 
In order to ensure that z will pass round +1, ¢’ may be chosen 
so that 1—¢ is small; then z is approximately equal to §, 
and when ¢ passes round +1 by a path passing well to the 
right of +1, z also passes round +1 in the same direction. 
Now, from (39) and (38), 


Q,,(z) = {e- aad nl2 Ne Pe 2)} 


2 sin n7 


e-mifP (EP, () +2 2 cos mp P,™(O)P.™(¢')} 


—{P,(- P(e) +2 y cos mpP,,™( — ¢)Pa™(¢")} 
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so that 
Ql) = Quis) Ce ™ cos MQ ~™(S)Pn™(¢"), (40) 
where 2=C0 + /(@ —1)/(§2 — 1)cos ¢. 


The series converges absolutely and represents the function 
if ¢ has any real value, 


(Salles el ))<1, 


and ¢ and ¢’ are made to vary from their original positions in 
such a way that z does not cross the cross-cut. 

The theorem can now be extended to integral values of n 
by considerations of continuity. 


APP. Iv, § 1] 


APPENDIX IV. 
FOURIER INTEGRALS.* 


§ 1. Fourier’s Integral Theorem. This theorem may be 
stated as follows. 
If, for all real values of i, 


ay. 
| e**ele)dp =f), (1) 
Dp 
where -»=p<q=+o, then 
20 aes ae, 5 JDO 
Jee CON 0, T<—)- OFT >a: oh 


It is assumed in the proof ne all the functions considered 
are holomorphic, and all the integrals convergent. 


oo) oe) q. 
Let |. e-® f() Jar =| or trdn| opp )dp 
= pote 
ap dite 


0 
Then I= i e- ir dy if ea (E )ag+ |" e- Oran e%4(6) (ag, “97 


ae 


where C, and C, are contours from p to q in the €-plane (Fig. 81a) 
below and above the £-axis respectively. (Ifp=-« orq=+ 
the contour approaches the ¢-axis asymptotically.) In both 
integrals R(i\g)<0. If now the order of integration be altered, 


=|, acl oe ”) d+ joo dg | ene ”) dr 


BietO= (° a0: 4.1, oO; 
=|, eae Nee nae ¢ 


Cy 


> Or 
Pp q p 7 f=) 
arms B eae a 

Fia. 81a. Fia. 810. 


* For other Fourier Integrals see Proc. Roy. Soc. Hdin., Vol. 51, pp. 116-126. 


§ ee oud, 
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where Cis a closed contour between p and q (Fig. 81b). Hence 


ea Dang; 
ie 0; fac) OF fe: 


Conversely, if 


ce : 2 5 (DP Oe 
[oe Prroyar={ a es epee By 


then, for all real values of ), 


J? #10) dp=f0). (4) 
For 
l= [ie $(p)dp= = lee er dp IL i ae 
= ge | ede | ew f(de+s-[" ebrdp| ef ds, 


where C, and C, are the curves of Fig. 8la, with p= — and 


q=0. 
Thus 


Tas | FOag | e-e-Mdp + | f(g) ag len w6- dp 


see 1 
“ml. igs 
=55 ek dg =f(A 


C being a closed contour about =). 


Example. If R(w+v) > 1, shew that 


ee ee Boos heyt’ * aee-W), (elem, 
PA iessNCe 
0 5 lela 
where ¢ is any real number. 
Deduce that, if ¢ is real, 


ia Jut+e(x) Jy ey) ite g 
Bae) ght + y” € 


wae Ht + yaght eb HT, +y[./{2 cos ft(a2e Ht + y2ehity}), 
if -7 <t<~7; for other values of ¢ the integral is zero. 


=( 2 cos }t Nee? 
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In particular, shew that 
ie poet ele)dy -é(v%)d€=J,4(2e). [Ramanujan.] 
[Apply Fourier’s Integral Theorem to Cauchy’s formula 


(e (cos O)# +” — 2¢t@(u —» +28) qo — a0 (ut+v—-1) 
—tr gety—21 (4 + (vy — €) 


(See Ex. 46, p. 75, or Miscellaneous Exs. IT., 95.)]} 


§ 2. The Fourwer-Bessel Integral Theorem. This theorem may 
be stated as follows. If R(n)>-—1 and 


{0)=['6p)Iaepdp, 0Sp <qSa, (5) 
then J, FEvTAOMA 7a oe eer (6) 


Here again it is assumed that in the proof the functions are 
holomorphic and the integrals convergent. 


For the proof the following theorem, due to Lommel, is 
required. 


If U,(z) and V,(z) are Bessel Functions of order n, 


(X= n2)[ xT, (2)V (ue) de 


=[U,(x)ueV' (ux) -V,(ua)rxU',(rx) |. (7) 


For, since 


2 
xt £5 U(x) +2 2 U,(d2) + (X22? — n8)U, (Ax) =0 


d? d 
and 2* Fa Value) +% 7. Valu) + (mea? —n')V (ux) =0, 
on multiplying these equations by V,(ux)/x and U,(Az)/x 


respectively, and subtracting, we find that 


J # [Value U2) -U,0rz) 7. Vala) | 


+ (A? — w)2U, (Ax) V n(ux) =0. 
When this is integrated, (7) is obtained. 


M.F. x 
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If now I(u)> 0, A is real, and n is not an integer, it follows 
from (7) that 


(2 n2)| J (2) Gn (ue) de 
— | 74( aye ee n(u) 223" 4(X2) 
r nn r nm 
=~ SsinneLT@rbl(en Pon siroy_|\y/? | 
while, ifl(a}= 0 


(8 u2) [aS (2), (ues) de =(*)"e- inn, (9) 
0 ie! 

These formulae also hold when n is zero or a positive integer. 
This may be verified directly, or deduced by noting that the 
functions in (8) and (9) are continuous with regard to n. 

Hence, from (5), 

I =| FOIT.ONA dy qe Arf" 6()5 (06) oe 
Pp 
sit JA(Ar)A anf o p(p =, (Ap) — e"G,(Ape'")} pdp 
1 
=2)°F.00 fe $(p)@lp)p dp 
~ SF J, Ta0Mr ar ]"6(GOpe)p dp 

1 
= 5], HOSE TaOrGaAgya ar 
-=),% dg “I AG (Age) dd 


_1( ¢() (Q) 
=e Pe Pale) cat — " weal) ide 
by (8) and (9), and with the notation of Fig. 81. Thus 


_ cles at a 


Se r= @ 
On 0 <r = pore =. 
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Note. Formulae (8) and (9) do not hold at the end points 
of C, and C,. This difficulty can, however, be got over as 
follows. Let C’, and C’, be contours obtained from C, and C, 
by cutting off small parts at both ends. Then the integrals 
along C, and C, are the limits of the integrals along C’, and C’, 
when the parts cut off tend to zero. 


Example. Ifn>-1,m-—mn> 0, prove that 


MI m= | (PT a(AP)p Ap, 


p” (1 = [VEY 


where P(e) = gmap on Say 


and deduce that 


rr (1 —2)m—n-l 
is IO Se O<r<l, 
Jo 


[Sonine. ] 
0 5 Epes 
[In the first integral expand J,(Ap) in powers of p, and integrate 
term by term.] 


MISCELLANEOUS EXAMPLES II. 


1. ABCD is a square described in the anticlockwise direction on 
the Argand Diagram. If z,, 2, 23, % are the complex numbers repre- 
sented by A, B, C, D respectively, shew that 

Qzg=(1+t)z,+(1—-1t)z5, 22,=(1 —2)z, +(1 +2)23. 
2. If the points O, P,, P.,, P; lie in order on the circumference of a 
circle, prove that 
amp {2, (23 — 22)} =amp {@a(22 —2)}, 
where 2,, 22, 3 are the complex numbers represented by P,, P.,, Ps 
respectively. 
Deduce that 
121] |23 —221 +123 1122-21 [=| 421123 -41 |, 
and interpret this result geometrically. [J. Hyslop.] 

3. The points A(1, 0), B(2, 2), C(0, 1) are the vertices of a triangle 
in the z-plane, and the figure is transformed by the substitution w= 1/z. 
Draw in the z-plane the triangle ABC and in the w-plane the figure into 
which the triangle is transformed. Indicate the path of w that corre- 
sponds to the path of z when z describes the perimeter of the triangle. 

[The points A’(1, 0), B’(4, —+4), C’(0, —1) in the w-plane correspond 
to A, B, C respectively. Those arcs A’B’, B’C’, C’A’ of the circles 
uz+v2? —u—4sv=0, wr+v2+4u+v=0, w+v? —u+v=0, which do not 
pass through the origin correspond to AB, BC, CA respectively. ] 

4. If w®=z3+1, where z=0 and w=1 initially, find the value of w 
(i) after z has described the circle whose centre is 2 and radius 2 in the 
positive direction and (ii) after z has subsequently described the circle 
whose centre is —2 and radius 2 in the positive direction. 

Ans. (i) exp (4%7/3), (ii) 1. 

5. If w=uw+w, where u and v are real functions of the polar co- 
ordinates r and @, and if 

u=r(cos 6 logr — @sin 6), 
find w, assuming that it is holomorphic, and express it in terms of z. 
Ans. w=z log z+7C, where C is real. 
6. If x+7y =tan(u+iv), shew that 


Ms sin 2w a sinh 2v 
~ cosh 2v + cos 2u’ ¥ Cosh 2v +cos 2u’ 
See ty 

tan lm re Bay tanh 20S Teeghegt A 


Deduce the general value of tan7!(x +7y). 
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7. If w=logz, prove that to the equiangular spiral r=e9°t? 
( constant) in the z-plane corresponds a straight line through the 
origin in the w-plane. 


8. If w=log{z+k+ /(z2 -z)}, where k is real and positive and 
amp (2? —z) =0 when z is real and greater than 1, shew that, as z passes 
along the real axis from +0 to -—, passing above the singularities 
at 1, 0 and —k?/(2k+1), w passes along the real axis from + to 
log(1+k), then round an oval curve approximating to a semicircle 
above the real axis to log k, then along the real axis to —#, and then 
along the line w=%r from —# +ir to + +iz. 


9. If w=coshz, shew that to the straight line a—=constant there 
corresponds in the w-plane an ellipse with foci at the points +1; and 
that for points on this ellipse the functions |w +,/(w? — 1)| are constant. 


[w +./(w? - 1) =coshz +sinhz=e+%,] 


10. Evaluate the curvilinear integrals 


on | 2 dy, 


where C, is that part of the circle x? +y? =a? which lies to the right of 
the y-axis, described in the positive direction, and C, is the curve 
y=sin& from «=0 to v=7. Ans. —47a?, —$(e™+1). 


11. Find the residues of (logz)?/(z?+1) at 1 and —7, the amplitude 
of z lying between -—7z and 7, and the logarithm having its principal 
value. Ans. }tr*, — tz. 

12. Find all the residues of ze1/*/(1 +z), where n is a positive integer. 


iy il 1 
Ans. (-1)"e“at 1, (- Dees -14y-gjte-(- 1" =} at 0, 
il 1 
Se irs} at a. 
13. If a and b are real and positive, and if n is a positive integer, 
prove that 


(-n {i 28 


IF cosnpdd _ wi" (ie ie 
oa-—wbecosd ,/(a? +b?) b 
[Integrate z"/(bz? + 2iaz +b) round the circle |z| =1.] 
14, By integrating e*7/(z4+2?+1), where a=0, round a suitable 
contour, prove that 
© cosawdx m7  _v3q Qa, 
i Puglia gs cos (5-3) 


2 cos 2a us 
15. Prove that I: cosha~” 2coshe 


16. By integrating e#42>/(1+2?), where a=0, -1<6<1, round a 
suitable contour, prove that 


\° x® cos (ax — $b7) we 


Beis | —a 
Loa 
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17. Prove that | ,ci7Q(e) de +0 aa Roo if Giles 0, GLO cis 


holomorphic for |z|>k>0, 0=ampz=7, Ae as z>0, Q(z)-0 
uniformly with respect to amp z a 0=ampz=r, (iv) C denotes an are 
of the upper half of the circle |z|= 


18. Integrate z4-1e%z, where 0<a<1, b>0, round a convenient 
contour to shew that the values of the integrals 


C) : 
| e— 5rsin 9 74-1 eos (a8 + br cos @) dr, 
Jo 


re) h 
i e— 5rsin 4 74-1 sin (a6 + br cos 6) dr, 


where 0= §6=7, are independent of the value of 6. 


19. Prove that \; (;- : \e de =log 2. 
x sinhx 


cosTadx 7 
20. Shew that \° Ee ied 
21. Ifa is real, shew that 
ie 1 —cos ax 
0 «sinha 
22. Shew that the residue of f(z)/f(z) at a, where f(z) and ¢(z) are 
holomorphic, $(z) has a double zero at a, and f(a) is not zero, is 
3{6f" (a) h” (a) — 2f (a) $’’(a)}/ fh" (a)}? 
23. Prove that, if a> 0, 


dx =log cosh(4ar). 


Pasin ag 7 5 args 
\; @aipo 160 
elogxdx_ 7 
24. Prove that (; erp 
d deduce that pe inky 
an edauce a F Gai Og xv x= T. 


25. Evaluate the integral of e?z~* taken round the circle |z|=1, and 
shew that 


" €°98 8 cos (sin 6 — 20)d0 =4r. 
26. Prove that, if 0<a< 2, 


is x*1dz_7(1-a) 
0 (v+1)?” sinza * 


27. By integrating cot z/{z(€-—z)} round a large circle, show that 


cot (=e+ +> | E= Hes ae 
28. Shew that, if m and n are positive integers, 
(i) P,,(cos 20) =P,,,(cos 0) Py (cos 0) — P,, (cos 6)P, (cos 6) 
+ P.,_2(cos 8) P,(cos 6) —... + Po(cos 6) P,,,(cos 8), 
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(ii) P,,(cosmé@) = =P,, (cos 91) P,, (cos A) ... Py, (COS Om), 
where 6;=604+2(s—1)r/m, s=1, 2,...,m, 
and 11, T2,...» Tm may take any of the values 0, 1, 2, ..., (mn), the 
summation including all cases in which r,; +7, +... +7, =mn. 
[For (i) employ the identity 
(1 — 22% cos 26 +24)-2 =(1 -2zcos 6 +22) 4(] +2z cos 0 +22)8,] 


29. If |z|<1, -l=p=1, shew that 


ice) 
- ay we (an oa ) 
SN peas Ta, aes In — 1) Pale), 
and deduce that 


ice) 
2 Aa 
—sin }9= Pay yon epee 0), 0O= 0527, 
/ loo) 2 
soe Peay (2n —1)( (Gn +3) WIRE \CO8 0): ee 7 ame 


30. If 7 is a positive integer, shew that 
n 


(sin 6)"P, (sin 8)= 5) ( - 1)" "+ _ (cos 6)tP, (cos 8). 


Jos !(n —r)! 
| Put P,(cos 0) =* \" (cos 8 +7sin @cos ¢)" ag | ; 


31. If 7 is a positive integer, shew that 


“a —ksin?¢) "dp=5F —n, 4, 1, kh), 


and deduce that . . 
Py, (cos 0) Sit | —n,; 3, 1 1 DT aah 


32. Shew that 
(2n +1)(1 — p?)P’y(u) =n(n + 1){Pp_i(#) — Payi()}- 


33. If n is a positive integer and 0 <« <1, prove that the integral 
has the value 


[° Patertog af (755) d 
2 


l-a 2 
Spo toe (FS) Basile) - Pal sera Pale) 
if n is odd, but vanishes if mn is even. [R. P. Gillespie. ] 


34. Prove that, if |z|<1, -4m7<ampz< jz, 
i Eee 
Dae Nee) lane 5 
Mark the points A(1), P(z), Q(z), R( ei). on a diagram, and shew that ~ 
amp (j*%)= QA R. 
Hence prove that, if - 441 < 0< 37, 
T 1 cos26 cos4@  cos60 _ 
(tN ak Ws ee eee + 5.7 
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35. Shew that the sum of the series 


wD 
SY ene mkt Va © =) G ey 
swe)= >) (24 -gees)=(F- S79 ae 


0 
has a finite discontinuity at x=1. 
1G lige eae 
S(x) = -log(1 -x ) +log —* 7 420 = 2x -log(1+2). 
But S(1)=(1 -2)+(}-#%) +... =2(4 -444-434...) =2 —-2log2. 


Thus, when x1, S(a) 2 —log 2, which is not equal to S(1). 
Abel’s Theorem does not apply in this case, as the series is not 
arranged in ascending powers of =. 


36. If n is a positive integer, prove that 


Ve ] ] r 
nm (Wl)? (we 2)? 
if Ib 1835 B31: B 
=pato toe oe teres: SA 8 ary een 
i 4 oO 0 fa A 2 
where R, =(- 1)" nar \, (etry = 1)(n? + yaa i" + 1)n +ry"}dy, 
B 

and | Ry | <a: 


[Integrate z cot 7z/z? round the rectangle bounded by x =n, indented 
at n, x =m-+4, where m is an integer greater than n, y= +k, and let m 
and k>«. Note that 

coth ry =1 +2/(e27y —1).] 

37. If the numbers E,, E,, E,, ... (Euler’s Numbers) are defined by 

the series 


ie.e) ice) 
sec x =1+ >) E,,x*"/(2n)! or secha =1+ >>, (-1)"H,,27"/(2n)!, Ey =1. 
n=1 n=1 

where | a | < $7, shew that 

(i) sech a =2 ‘ cos (2ay) dy yg 

cosh ry evy +e-™y 

[Integrate 7e~*% sec rz, where « > 0, round the rectangle bounded by 

x=0,c=n, y= +R, and let first R and then n> .] 


38. Prove that 
q=1 —44+3 =... $( 214 2 
(Cale play 1B, E, 
15 ioe (nyt @nys ° ry stat} an 
1 i y2kt2 dy Eo 
n®k+ \y (n? + y?) (ery +e- 7) = 2(In)2eHo" 
[Integrate /(2zcos7z) round the rectangle bounded by x=0 in- 
dented at z=0, x=n, y= +R, and let Ro». Thus 


T 1 
==] —] es Si NO ete 
. +... +(-1) 415 


,|al<}r, (ii) E, =innl" 


.+(-1 (-—1)"+#+1R,, 


where 1 


Sonal n dy 
eal \, arn 
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In the integral put 
n 1 y? yrk yrkt2 
Rica ae hn Le eee — EFT (nE  y8)’ 
and apply (ii) of Ex. 37.] 
39. By taking n=5, k=7 in Ex. 38, shew that the value of 7 lies 
between 3-1415924 and 3-1415928. 
[The following are the first ten Euler numbers : 
BRo=hy=) Bs =>, B,=61, B,=1385, By =50621, Hh, =2702765, 
E, =199360981, H,=19391512145, BE, =2404879675441.] 
40. Prove that, if R(z) > 0, 
(i) ie ed — Qre 
~o(1+2€)442 D(z +1)’ 


(ii) ["(cos 6)? cos {(z+ 1)@-tan 040 =n 


(Cin Hxls pe 143.) 
41. If —47 <I(a) < 3m and cis real and positive, shew that 


(i) ea —z)e—% dz =271 exp ( —e-*), 


—C— 04 
(ii) PI” Uiypetv dy =2nfexp ( -e-*) -}). 
Meth) 
[Cf. Ex. 3, page 151.] 


42. Ifnis a positive integer and m any number such that R(m) > - 1}. 
shew that 


eaaae, de 
m-n+1 
1 Tn 41) r( 2 ) een) 


~ on+i DN ge BS) omeip( ate) (ae **) 


[If R(m) >n, employ Rodriques’ Formula, and integrate by parts. 
For other values of m apply the method of analytical continuation. } 


Zz 
43. If w=| — @ 
/0 


Ja -2y find the most general value of w, and shew 
Ge 


that z is a doubly periodic function of w. Determine the periods and 
state the most general value of w when z=1, the initial value of the 
integrand being unity. Reduce the integral to Legendre’s normal 
form, and compare the results obtained by the two methods. 

[If I is the integral along a straight line from 0 to z, 


w=2mK 4+ 2niK +( -1)™*I, 


] 7 


: 1 
where m and n are integers and K = F( 79 5): Shew that 
z=cn{./2(w —K)}.] 
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44, Prove that 


‘ dx _ip(N3 7 
Semen ee AF (SS : 5): 


45. By means of the substitution s*z? =a? + 2x +4, shew that 


& dx =3(" _ds 
\ Sears ie Taye 2 |, (4s? — 3)" 


0 dx 
46. If ele ems ea ESE 
14N5 
5 dx 
and Bal ETAT TS’ 


prove that 


l(a dé 
A =2B=5 |" J(1 —48 sin? 6) ’ 


where sin « =2/,/5. 
Apply Landen’s Transformation to shew that 


(° do 4 f d6 


Jo VC = 38 sin?0) 5 lo V1 - 3 sin?6)’ 


_4 i s) 
and hence shew that A =5 Fr es 5) 
47. Prove that 


1 dx tle 
\, J((4e -2)(4 =a os (5. 5): 
48. Shew that 


(i) ( ties a BF ( E é) , where x =cos 6, 


fete td Ye 
(i) [Jeary BF (Jar #) + where 2 =s00 gp. 


49. Ife>a>6>y, shew that 


i dx =f 2 
Je J/{(@ —a)(@ — B)(w@ —y)} J (a -y) 


where b=a/(Z=2), sin = y/(S=7). 
[Put « -y =(« — y)/y?.] 
50. Prove that 


F(k, 6), 


SC) a Wg (ake 
haces : (3°3)=(5 _g2\t 
[Apply the transformations 1 + 2? =(1 -*)-%, | ~~? =(1 - A2)?.] 
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51. Prove that 


(i) FOO) = 24€(0) — Cle) + (lu +0) — C20), 


(ii) {((u +a) +C(u +b) —2¢(u) — ¢(a) — ¢(b)}? 
=O(u oF +(u +b) +49(u) + 30(a) + 3¢(b), 
where 9'(b) = — 9(a), (b) # (a). 
52. If, with the same conditions as in Ex. 51, (ii), 


p(u)= au es +b) ,- u{(a) +6) 


shew that 
PU) [$$ u) = 69(u) + 399(a) +39(0). 


53. If 2 is one of the primitive penees of 0(u), and 
a= (322) ? a’ =— “(3Q), & =(0" “(3 Q), . 


shew that 1208(o20) = (a) 2" 
[Since u =32 gives a point of inflection on the curve x =@(u), y=’ (u), 
Aye zy’ =0 at the point, or a«’a.’” =(a’)?. But @’”’(u) =12@(u)e’(u) ; 


hence «’” = 12ac’.] 


54. Shew that the elliptic furction 
b(u)= 12no’e(u) +a." (u) +a0’a”” — 12020 
has a triple zero at -402. The Sp stas is that of Ex. 53. 
[p( —40 +€) = 1200’ (a —a’c +$a0e? —...) +07 -a’ +a"e eet 74+...) 
+aln” — L20?x’ =2(a ae “3 — 120.(a’)3e4 + 6a (a’)?2a’eb +... , 
since 
a = 12(a’)? + 12007, a =36a’a” + 14402a’, ai =144{8a(ax’)? +0207}. 
As the only pole is of order 3, «’ and «” cannot vanish. ] 


55. With the notation of Exs. 53, 54, se that * 
(i) a —@(u + $Q) = 20.%0."{e(u sie (u), 
(ii) a’ +’(u + 4Q) Bee —a Ane 
[(i) When u= —30 +e, the principal “te at the A of the L.H.S. is 
—1/e2. Now the numerator of the R.H.S. 
=2a'a( —a’e + hae? —...)= —2(a’)?a’e + 12a (o’)3e? +... , 
and consequently the principal a at the pole is —1/e?. Thus the two 
sides only differ by a constant. When u=0 both sides vanish, so that 
the constant is zero. (ii) can be established in the same way. ] 


56. Shew that 
(i) 9'(w) 9" (2) +9”7(u) (2) =9(x) 9'"(u) ~ (@"(u)}?, 
: __ 210" (W)}2 (es) +490)" (W)}? — HOON? 
(8) (0) — (UF) = 57%) G(u) + 9E) Ce) + HW) - 9H) 9”) 


* D. G. Taylor, Proc. Edin. Math. Soc., Vol. 39, 1921, pp. 63-67. 
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57. Shew that, if s,; =snu, s, =snv, etc., 


(i) 1 —ks,?s.? =c,? +512,” =c,? +8,7d,", 


aA (™ dnv +snv m= l-cn(u+v) 
(it) cnu +cnv l+cn(u+v) 


58. Prove that 
: 1 1 _ 2k*snucnv dnw 
(1) sn(u —v) + sn(u +v)  dn®v —dn®u 


> 


K 
Ga | he ad Ee ey 
ysn?u snu 


ws, (H' du snu cnu 
” i 1 —dnu = plu BO Ea 
where E(w)=E(k, $), sind =snu, E(u) =|"dntu du. 


59. Shew that the following function of u 
snucnudnu—snvcnudnv _snucnudnu — snw cnw dnw 
sn7u —sn*v sn2u — sn*w 
has periods 2K and 22K’; and prove that it has two simple non- 
congruent zeros at u=7K’ and wu =71K’ -v -w. 


60. If wt+iv=cn (« +12, <3) where wu, v and z are real, shew that 
“ 
1 1 
2cn? («, —3) 1 —cn! (x, =) 
e Care 2 
5) — 1 - 
4 4 Rac 
rr (2, 35) l+cn («, =) 
Let w=en (2, 3) and let O, A, B, C be the points 0, K —éK, 2K; 


K +7K respectively in the z-plane. Shew that, as z passes round the 
square OABC, w moves in the anticlockwise direction round the circle 
in the w-plane whose centre is the origin and radius unity. 


61. Solve the equation 
zw’’+(1—m —z)w’ -w=0 
(i) when m is not an integer, (ii) when m =0, (iii) when m is a positive 
integer, (iv) when m is a negative integer. 


i ‘ ae = z ae 
[ «i and (iv) w,=z ey Wa bit =e 
Ppa cap ieee SEN -F7-aG 5)- 
(ll) wy Se, Ww. =e" log z Wt ett See 
(ili) wy =2™e?, w,. =2™e logz+(—1)"1(m —-1)! 
o 22 wa eet 
x{1 al =e Ean! 


ret n(ita)*a(ttata)t}] 
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62. If n is zero or a positive integer, shew that 


(i) i (a cos 9 +b sin 6)?"+1d6 =0, 
(ii) 2 (a cos 6 +bsin 0)?" d6 =2B(n +4, })(a? +62)". 


Deduce that 
Jo{n/(z? — y?)} 22 i eY £088 cos (z sin 8) dé. 


63. If R(n) > -—1, shew that 


zx 
"I, (0) dx =In41(Z) +I n43(2) t+Jnys(X) HF eeee 
3 [N. W. McLachlan. | 


[Use the formula 2J,,’(x) =Jp_1(2) —Iny3(2).] 
64. Shew that, ify+v’ =}, 
Cas, Js | pe P> p?; 
P30, 0) vy, 2 =P Vy Ps evs ue 
4, i, i J Le Va ve 
where p is one of the imaginary cube roots of unity. 


65. Shew that, if x > 1 and m is a positive integer, 
—1)! (x? — 1)#™{(e2 -1)-™ -—(@ $1)-™}. 


Qo™ (x) =3(m 
If |r |< 1, prove that 
Se m 
slog (1+2rcos¢ +7?) = SS (- 1)"-1" cos md, 
m=1 


and deduce that, if~#>y> 1, 


ay +1 +/(x* -l)v(y?-1)cos$\_ ¥ aoe 
dog { 2(% +1) (y +1) Ie poke! eee 
xy —1+ (a? -1)Y(y2 -1) cos ¢ 2 m-10™ 
blog { 4(x —1)(y +1) \= za 5 LES 
where 
a (x +1)(y -1) 
a=a/{’ (« +1) Ww}, » ne 


Hence, or otherwise, shew that, if 
z=xy+,/(x? -1)/(y2-1)cos?, x >y>1], 


Qo(%) =Qo(%)Po(y) +2 » ( — 1)™Qo™(x)Po-™ (y) cos md. 
m=1 
[See Exs. XIV., 2 (i).] 
66. If R(n) > —1, shew that 
mip 22-1 Tin +m +1) (1 tee 
Qn (2) = gat Tin +1) Le Ayne =) 1dX. 
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67. Prove that, if |z-—1]|> 2,. 


ny (nt DE (n+m41) (2 \"1/z-1)4m 
Qa" (2) =— “san +2) (4) (55) 


xF(n+1,n—m4+1,2n+2, 77). 


Deduce that, if |z+1]| > 2, 


mies 2 Dems) (2 VN ele 
Qn™(®) = ~~“ sr (Sin + 2) (=) 5) 


2 
xF (n+l, n—-m+1, 2n+2, 5) 


[In the first contour integral for Q,(z) (p. 263) put 
(-z=e"*{(z-1)-(¢-])}, 
and expand in descending powers of z-1. To obtain the second formula 


apply App. II., (4).] 
68. Shew that, if a> 0, b=0, 


b 
(i) [Pe-e2JofJ(bx)} da =Ze 
0 a 
BF co) Aes : 
(1) |> aJo(x) cos 5, de =tsin H, t+0, 


a ~ ae 
(111) | xJo(x) sin = dx =tcos ht, t#0. 
0 2t 

69. Prove that 

(i) x =2{J,(x)+3J5(x) +535 (x) +...}, 

(ii} x cosa =2{J, (x) — 373 ,(v) + 520 5(x) —...}, 

(iii) e708? —I,(x) +2cos OI, (x) +2cos201,(x)+... - 
70. Prove the formulae 


() Iminti) =poreq (3) (oztA(l - 2)", (Avex) da, 


where R(m) > -1, R(n)> -1, 
(ii) (1 — e#tm)(] Saeed Sree 10.) 
il A\mr1 ts OF tla O =») 
=rary (3) | zim] —2)™J,,(Az3) dz, 

where the initial point lies on the z-axis between 0 and 1, and initially 
amp z=0, amp(l —z)=0. 

71. By integrating J,(zt)cosec7z, where t is real and 0 <|t|<z, 
round a large circle in the z-plane, shew that 

fo a) 
$+ (= Ali) =O; 
m=1 
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72. By integrating the function 


I n{a/(z? +2)} mt 


Cm (62) eae 


where b>a>0, R(n+2) > R(m) > 0, round a suitable contour in the 
z-plane, shew that 


| Im (2) 


73. Prove that 


VW CRG +) m1 Ae _ 2"—11'(m) J, (at) 
(ate mm 


P,-™(2) = 


Q-m (22 — 1)km “(™S m+n+1 
T(m +1) ee 2 


[Apply form IV. of W,() (page 248) to App. III., (4).] 
74. Shew that 
Date pe Gan 


»>m+i], 1-2), 


( “(mS m+n+1 1 z) 
vEEsEEa ea _ De 2 ede 
T( -4) m+n+2 m-n+1 8 A 
ees aR ( oe ORO 2*) 
2 2 


[Apply Ex. 1, p. 249, to Ex. 73.] 
75. If R(z) > 0, 2#1, shew that 
P,(z) = aa P(m +n +1) i, eS2L_m(Ca/(2® — 1) "1 de, 


where the contour C begins at -« on the €-axis, passes positively 
round the origin, and returns to — on the €-axis and amp(= -7 
initially. 

[If R(z) > 0, R{z+,/(z? — 1)}>0, since the product of the two quantities 
is 1 and their sum is 2z. Expand I_,(¢/(z?-1)) in ascending powers 
of ¢, integrate term by term, using Ex. 1, p. 143, and apply formula (4) 
of Appendix ITI.] 


76. If R(z) > 0, z#1, shew that, with the notation of Ex. 75, 
1 Sr 
Qn™2) =p Tm tn + 1)| ese (Ole? — IOP aE. 
[Use Ex. 10, p. 276.] 
77. If R(z) > 1, shew that, with the notation of Ex. 75, 


] T us 2 m 2 = 
(i) Qn™2)= ~ al (3) se aeenyg | einer bas, 


27 


(ii) Py-™(2) = yey |(2) (22 -1)- | chy (OEE. 


Qt 
[For (ii) use Ex. 2, p. 265.] 
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78. Prove that 


(i) sinna=nsin ao 


EB 


i ep a 
(ii) cosne =F (5, - 3? 


(ili) sin nz =n sin x cos #F 


a 
—" 
+ 
TSS 
= 

| 
LS 
S| 09 
D 
i=) 
i) 
8 
“SS 
re) 
x 
8 
\ 
to 
s 


: 1+ ; 
(iv) cos na =cosxF(—3", 5", 5, ae Shae woe 


[In the equevon +ny=0 put u=sin’z. This leads to the 
Ary omy ce 
equation u(1 — “) Tae +(4 Chea 
fe 4 1 1 l+n l-n 3 
F(5, -~> OY uw) and wu? F(—5*, 3 Oy u) 

are solutions. Compare these with the solutions sinnx and cosnax of 
the original equation, and get (i) and (ii). (iii) and (iv) are derived by 
differentiating or applying App. IT. (2).] 


79. Prove that, if |sinhxz|< 1, 


+4n?y=0, of which 


(i) sinh nx =n sinh oF(+S* nee . -sinh®e ), 

Gi) cosh nx =F( Se - -sinh*x), 
(iii) sinh nx =n sinh x cosh oF (1 +5) ti -> -sinh*s ), 
(iv) cosh na =cosh xB (- > =e > sinh*s ), 


80. Prove that, ifn>0,x>0, 
Paes —aalt Len 1 
(i) e-"® =(2 cosh «) F(5. 7, 1+n, se ), 
(ii) e-"® =(2 cosh x)-” tanh oF (1 PE BL eet soahts)" 


‘If R(x) > 0 and|coshz|> 1, these formulae hold for all values of n. 
The region so defined includes the positive real axis. 


Deduce that, if sinha > 1, 
ee ; l+n 
Nx — (9 ha)" We sate, pee 
(iii) e (2 sinh x) F (5, 77 l+n, a. 
(hi) Geez (Usama cothaF(1 eee ie l+n, - sani) 
272 sinh?a 
[Apply App. IT., (3) to (i) and (ii) to obtain (iii) and ae 
81. [The Mehler-Dirichlet Formula.] Shew that, ifm>-4,0 <6 <n, 


(sin 0)"T,,-™ (cos 6) = ine: we (‘cos (n+ 4)p(cos $—cos ae dd. 


[Expand cos(n + }3)¢ by means of Ex. 78, (iv), with (2n+1) in placo 


of n and 3¢ in place of x Then put sind}¢=a3 sin 30, and integrate 
term by term. | 
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82. If m> -4, y > 0, shew that 
(sinh y-)™P,-™ (cosh w) 
is 2 v i 
Te) eRe \"cosh (n + $)u(cosh fy — cosh u)™-2 du. [Hobson.] 
[Apply Ex. 79, (iv).] 
83. Ifm>-4,n-m+1>0, > 0, shew that 


2 
(sinh ¥7)"Q,—™ (cosh y) Seiees i e~ (n+) (cosh u — cosh y)™~# du. 


[Apply Ex. 80, (iv) and Ex. 67.] 
84. If R(m) > -4, 0< 6 <z, shew that 


re 2-” (sin 6)™ (7 aa ihe i 
T,-™ (cos @) =Tim +h) \;(cos 0 +7sin 6 cosy)" (sin yr)?” dy. 

[In Ex. 81 put e##=z and then z=cos@+isin @cosw, where wy 
varies from 0 to z.] 


85. (i) If R(m ee —4, ~> 0, shew that 


ok ™ (sinh yy)™ : Peay Sc “a 
P,-™ (cosh f)= Tim eT Ir (cosh y + sinh yy cos 6)"—-™ (sin 6)?" dd. 
(ii) Tf Rim )>-$, R(n-m+1)> 0, y> 0, shew that 


= x _T($)(sinh y)™ ik (sinh w)?™ du 
Bag (CODY) = om Tm) |p (Goseal sinh y-cosh aye 
[In Ex. 82 put e“=z and then z=coshy+sinhycos@, where 6 
varies from 0 to 7. Derive (ii) from Ex. 83.] 
86. If |z|>1, R(m) > 0, R(n -m+1)> 0, shew that 


ee m— = ‘1)3™ Q,-—m 
Tn |, Qn -2)"4 al = (28 — 1) Qa). 
[Shew that, if R(m) > 0, R(p —m) Z v, 


1 [Pc-7(¢-2 ym— lee an oe gpm, 
JZ 
The path of integration must not pass through (=0.] 


87. Establish the following recurrence formulae. The argument z of 
the functions is omitted. 


Ge Pee (20 4 1)/@?-1)Pe-t, 
(ii) (n —m +1)PP 4, -(2n4+1)2Pp™+(n+m)Py_, =0, 
(iii) /(2? — 1)Pp™+! + 2mzPp™ =(n —m +1)(n +m) J (22 -1)Pp™, 
(iv) (n-—m)(n —m+1)PM, —(n+m)(n+m+1)Pr 4 
=(2n + 1)/(z? -1)Py™}, 
Cee ea (re 1) 2s = 1)PP 
(vi) z mpm = —(n+m)J(22 — 1)P™=3, 
Bee Ne m)zPy™ —(n+m)P™ , =/(22 -1)P™t}, 
(viii) (n —m +1)P™,, —(n +m 4+ lePp™=M(2 - 1PM HI, 
{In App. III., formulae (26) to (33), put 
(l= 2) Set (2-1), T(z) set (Z).] 
M.F, y 
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88. Establish the following recurrence formulae. The argument z of 
the functions is omitted. 


(i) Q™_ 4, - QM, =(2n + I)(2? - NQR?, 
(ii) (n -m +1) my — (20 +1)2zQn™ +(n +m) Qn 1=9, 
(iii) /(2? — 1)Q? +1 — 2mzQ,™ =(n —m + 1)(n +m)/(2? - 1)Q71, 
(iv) (n+m)(n +m + 1)Q?_ 4 —(n -—m)(n - m+1)Q7 4 
= (2n +1) /(2? —1Q,47, 
(v) QM, -2Qn™ =(n —m + 1)/(2? - 1)Q% 7, 
(vi) 2Qn™ - QM, =(n +m)/(2? - 1) QR 1, 
(vii) (n +m) Q™ , — (nm —M)2Qn™ =J/(22 - 1) QUT, 
(viii) (n +m + 1)2Qn™ —(n —m + 1)QM,  =a/ (2? - 1) QM 1, 


[Apply formula (39) of App. IIT. to the formulae of Ex. 87; or shew, 
by means of (39), or otherwise, that Q,(z) satisfies formulae (22) and 
(24) of App. III., and then, as in App. ITI., § 4, use the formula of 
Ex. 86 to obtain (i) to (vin).] 


89. Prove that, if z is any interior point of the ellipse whose foci are 
+1, and which passes through ¢, 


cea en + 1)P,(2)Q,(0- 
[From the recurrence formulae 
(2m ah 1) €Qin(O a (m a 1) Qm4il€ = MQm_1(C) =0, 


) 
(2m + 1)zPp(z) —(m +1) Pmia(@) —mPm_(2) =0, 
it can be deduced that 


Fag Dy (2m + IP mn (2) Qn(C) + Rp 
m=0 
where By = "ep Png) Qn(0) — Pal) QnerlO- 


Now, from App. III., (5) and (7), it is evident that the first term in 
the asymptotic expansion of R, with regard to m is, apart from a 
factor (¢—z)~1 (z"- 1)-+(@ - 1)-+ multiplied by a constant, 


[fz — (22 - 13" 48 — cee +y(z? - 1m FE — V(@ - 13" +8 
— [2 - (22 - IP FF - ite + (22 — 1)" FAYE -— Y(@ - 1" 44 
=[e~(m+iw — pelt + Iw] - (n+})o _ [e- (n+4)w ie +d)w]e—(n+H)w 


where z=coshw, (=coshw. But (Ex. 9) if z and ¢ lie on fixed ellipses 
with +1 as foci, the real parts of w and w are constant and may be 
taken to be positive, and if z is interior to the ellipse through G 


R(w) < R(w). 
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Hence R,>0 when n>, so that the given expansion has been 
established. If z is fixed the convergence is uniform for all points on 
the ellipse. ] 


90. If f(z) is holomorphic in the closed region bounded by an ellipse 
with foci +1, and z is any interior point of the ellipse, shew that 


= = D)Pale ye [ESOP ale) ae. 


[Let C be the ellipse, ¢ any point on it. Then 


f@)=5r, | pe at=a | M HO SOn+0Py (2) Qu(0) at 


= SP al (2) “Bt [ SO@nlO a, 


Now deform C into the contour consisting of the ¢-axis from -1 to 
+1, a small circle about +1, the €-axis from +1 to -1, and a small 
circle about —1. From Ex. 26, p. 254, it is clear that the integrals 
round the small circles>0 with the radii. Hence, if Q,(€) is the value 
of Q,,(() on the upper side of the cross-cut from —1 to +1, the integral 
is equal to 


[) SO@Qnlg +1-)-Q,ENdg=zi|” SEP a (EAE 
by formula (6) of App. IIT.] 


91. Prove that, if m is a positive integer, 


"ir! (2m +2r+1 
(ey) ST em (2PM LY) 
r=0 


=o mint (2) Pinan) —Piin+1Y)Pmin(@)}- 


92. Prove that, if R(m) > -3, 


2 


Tn™ (C08 0) =n PTD) —m) 


Tin -m+r4+1) 
Tin-m-+1).r! 


ice) 
x SIB(k-m+r,n+m +1) sinf{fmr +(n —m + 2r +1)6}, 
r=0 


where 0< 6<7. 


[In App. III., (15), replace the first hypergeometric function by 


Tin +8) te hei? yma, 
Tim +d (n — vee ae (+5555) A, 
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and then put this integral in the form 
1 AMF -AM Madr 
ol =) eee 


poe ™ 9 sin 6) - m gittm—¥)| 


Expand the denominator in powers of (1 - d)e~ 2? and integrate term 
by term. The other hypergeometric function is dealt with in the same 
manner. | 


93. If nis a positive integer, shew that 


reer: 
Jn+3(2) =e-bine /( =) ls F e7P,, (u) du, 


T 


and deduce that ) 
¢ . eo Ire O)s alo ls 
in a — te, 4 = n 
ett Vem) |" ¢ Jn +3(a)x—* dx { EN Pisa > 


where ¢ is any real number. 


[Expand e“* in powers of p», and apply Ex. 4, p. 122, and Ex. 42.] 


94, If R(m) >-},0 <6 <7, and t is a real number, shew that 


V(27) 


ee) ; 2 NASEEL = =i 
| eff (sin Ay™T "fF (cos 6) dé= [Ps +4) (cost —cos 9)™-4, |t| < 0, 
i ,|tl> 8. 


i [C. Fox.] 
95. If R(m+n) > 1, shew that 


rl (m+n -1) 
QnA) Line 


[Put z =e’; then the integral is equal to 


a (cos Q)m+n—2eie(m —n) dé= 


| (et) Meet 


taken round the unit circle. Now put z=(-1.] 
96. If R(m+n) > -—1, shew that 
Jm(&)In(Y) 


amy” 


=i(" BUD Es 
w )—40 re? +y%e~ 


9m+n—-1y 


m+n 

° c - 
) ~  Sminlv {2 cos 6 (ae? + y2e- %))] dé. 
97. If |wl|< Tl. |y| <1, R@n)> 0, Rin) > 0; shew that 

Bim, n)(1+a)-™(1 +y)-™ 
1 
=f A™1(1 -A)P-1{1 +Axv4(1—-A)y}-™" dr. 

98. Prove that, if a > 0, | 


a e w\ Vim+n+1),-n- 
Qn (cosh «) = 4/(F) “GEE *Y pont (cotha). 


[F. J. W. Whipple]. 
[Compare formulae (5) and (1) of App. III.] 


OO a 
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99. Derive the formula 


] teas 


eS “i dp <e7k 
ani T(z) k *dz=e%, 


C-10 
where c > 0, k > 0, from the formula 
fe) 
re)=(" e-* p®-1dy, Riz) > 0. 
[In the latter integral put z=c+7A and p=e°; then 
\° eo Pere tidy —T(e4GA). 
ee) 

Now apply the theorem of App. IV., § 1, and get 


oe : : peer 
| e~ rT (c+ 7A) dA =2re7? e” 


100) 
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The required result is then obtained by dividing by 27e and putting 


ev =k, c+iN=Z.] 


100. Ifc>0,A > 0, R(z) > 0, R(z) > -4, R(v) > -3, prove that 


Nae (Somes T(y+4) ay 
(i) \re aT y(oe)dam aa 
1 (etio edz Jr (A\n+h 
(ii) sal io (224 1H +1 -onla) Ju 3A) 5 


(iii) [Poms atTu(a)da.| 2-9 8"F.((B)48 
“feeaalentons-ors- 


oN 
(iv) [ot Tu(a)(A Edo do. 


1 
Oa 


(m+; V+RAMTY TET 4 4a(A). 


[For (i), see Ex. 152, page 293. For (ii), expand the denominator of 
the eaee in descending powers of z and integrate term by term, 
employing the formula of Ex. 1, page 143. For (iii), replace 6 on the 


L.H.s. by @-—« and change the order of integration. For (i 


(i) and (iii) give 
Ou +Y 


te 
(mtd) EY +8) eet 


=|fe- dp [a Tula) (p -a)’Sy(p —a)do.. 
J0 0 


v), formulae 
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Here put z=c-?A and apply Fourier’s integral theorem. Thus, if 
P= Us 

othr dr 
© {(c-id)? + ete tt 


SPwryre yet” 
= ame "otT (a) (0 —a)’Ir(r—-a)da. 


Now divide by 2me~°T, put z for c-7iA and evaluate the L.u.s. by 
means of (ii).] 
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Abel’s test for convergence of series, 80. 
theorem on continuity of series, 125. 
Addition of complex numbers, 1, 3. 
Amplitude, 2, 4. 
of a function, variation of, 11-17. 
principal value of, 2, 4. 
Argand diagram, 2. 
Argument, 2. 


Asymptotic expansions, 136. 


(See under Bessel, Euler, Gamma 
function.) 


Bernoulli numbers, 132, 328. 
Bessel function, 236. 
Bessel function G,,(z), 240. 
addition theorem for, 254. 
asymptotic expansion of, 273. 
in terms of Bessel functions of first 
and second kinds, 240. 
recurrence formulae for, 241. 
Bessel function of first kind, 237. 
addition theorem for, 254. 
as a contour integral, 267, 268, 270. 
as a function, of its order, 239, 320. 
asymptotic expansions of, 273, 274. 
products of, 340. 
recurrence formulae for, 239. 
zeros of, 241, 274. 
Bessel function of second kind, 238, 
239. 

Bessel functions, modified,, 267-270. 
asymptotic expansions of, 271, 293. 
Bessel functions, relations between, 241. 

Lommel integrals, for, 321. 
Bessel’s equation, 236, 266. 
Bessel’s transformed equation, 267. 
Beta function, 144, 145. 

Binomial theorem, 90. 

Branch of function, 13. 

Branch point, 14, 39. 
of an integral, 257. 


Cauchy’s integral theorem, 51, 54. 
integral, 321. 
residue theorem, 57. 
Circular functions, 33, 83, 90. 
Coefficients, undetermined, 96. 
Collinearity of points on cubic, 197. 
Complex numbers, 1. 
geometrical representation of, 1. 
operations with, 1-5. 
Complex variable, 7. 
function of a, 7. 
path of variation of a, 7. 
Conformal representation, 37. 
Congruent points, 179, 180. 
Conjugate numbers, 1, 2. 
Connected region, 30. 
Continuation, analytical, 122, 208. 
of hypergeometric function, 153, 156, 
249, 297-301. 
of integral of diff. equation, 213. 
theorems on, 123, 124. 
Continuity, 23, 24. 
Abel’s theorem on, 125. 
of series, 92. 
uniform, 24-26. 
Convergence of infinite product, 107,108. 
unconditional, 107. 
Convergence of sequence, 42. 
uniform, 42. 
Convergence of series, 76. 
absolute, 76, 78. 
circle of, 80. 
of a double series, 78. 
of power series, 80, 82, 95. 
radius of, 80. 
ratio tests for, 77. 
uniform, 92. 
Coordinates, polar, 2, 29, 294. 
rectangular, 2. 
Cross-cut, 30. 
Cylindrical functions, 236. 
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Derivative, 26, 28. 
of function of a function, 30. 
of holomorphic function, 28, 70. 
of inverse function, 30. 
partial, 31, 70. 
Determinant of fundamental system, 
216, 223. 
index of, 224. 
Differential equation, homogeneous 
linear, 209. 
coefficients of, 210. 
construction, of, 216. 
domain of ordinary point of, 210. 
dominant equation, 210. 
Frobenius’ method of solution, 225. 
fundamental equation, 220. 
fundamental system, 215, 257. 
indicial equation, 225. 
integrals of, 210. 
of the first order, 210. 
of the second order, 210. 
ordinary point of, 210. 
singularity of, 210. 
solutions of, 210. 
Differentiation, 26, 28, 29. 
of series, 93. 
under integral sign, 44, 69, 138. 
Discontinuity, removable, 23. 
Division of complex numbers, 1, 4. 
Domain of a point, 38, 210. 


Elements of a function, 208. 
Elliptic function, 180. 
order of, 181, 182. 
poles of, 180 to 183. 
zeros of, 182. 
(See under Jacobian and Weier- 
strassian, functions.) 
Elliptic integrals, 169. 
reduction, of, 170-173. 
transformation of, 170-174, 295. 
(See also Legendre’s and Weier- 
strass’s elliptic integrals.) 
Equations, roots of, 16, 69. 
Euler’s constant, 135. 
asymptotic expansion of, 134. 
Euler’s definition of gamma function, 
141. 
Euler’s numbers, 328. 
Evaluation of 7, 329. 
Expansion, Lagrange’s, 119. 
Expansion of functions in series 
of fractions, 108, 105, 115, 116, 
326. 
Exponential function, 32, 90. 


Ferrers’ function, 307. 
Fourier series, 86. 
Fourier-Bessel integral theorem, 321. 
Fourier’s integral theorem, 319, 340, 341. 
Fresnel integrals, 62. 
Frobenius’ method of solving linear 
diff. equations, 225. 
indicial equation, 225. 
solutions free from logarithms, 228. 
uniform convergence of series with 
regard to index, 227. 
Fuchsian type, equations of, 243. 
sum of indices a constant, 243, 244. 
Function, analytic, 29, 208. 
conjugate, 31. 
continuous, 23. 
dominant, 210. 
doubly-periodic, 179. 
elements of a, 208. 
even, 33, 97. 
geometrical representation of a, 7, 
10. 
holomorphic, 29, 52, 93, 294. 
initial value of, 10. 
integral, 88. 
integrals of, 48. 
inverse, 30. 
limit of, 22. 
meromorphic, 39, 40, 89, 160. 
multiform or multiple-valued, 7, 161, 
209. 
odd, 33, 97. 
of a complex variable, 7. 
of a function, 24, 30, 49. 
of two complex variables, 69, 137. 
of two real variables, 26. 
periodic, 32, 86. 
periodic, of the second kind, 187. 
periodic, of the third kind, 189. 
rational, 89. 
rational integral, 88. 
region of existence of, 7. 
regular, 29. 
simply-periodic, 86. 
single-valued, 7, 209. 
transcendental integral, 88. 
uniform, 7, 209. 
uniform, classification of, 88. 
Fundamental equation, 220. 
Fundamental system of integrals, 215, 
257. 
associated with fundamental equa- 
tion, 220. 
in neighbourhood of singularity, 219. 
Fundamental theorem of algebra, 68, 69. 
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Gamma function, 67, 75, 109, 139, 141. 
asymptotic expansion, of, 146. 
duplication formula for, 145, 

Kuler’s definition of, 141. 

expression as a contour integral, 143. 
Gauss’s definition of, 141. 

the derived function W(z), 141. 

Gauss’s differential equation, 228, 258. 
function I] (z), 141. 
sum, 117. 
theorem, 144, 275. 

Geometrical representation. (See under 
Complex numbers, Functions and 
Transformations.) 

Green’s theorem, 45. 

Gregory’s series, 84. 


Harmonic functions, 31. 
Hyperbolic functions, 33, 90. 
Hypergeometric equation, 228, 258. 
relations between integrals of, 249, 298. 
the twenty-four integrals of, 247, 297. 
Hypergeometric function, 77, 151, 229, 
246, 247, 297, 298. 
analytical continuation of, 153, 156, 
249, 297-301. 
as a contour integral, 259. 
asymptotic expansion of, 301. 
Hypergeometric series, 77, 78, 144. 
convergence of, 77. 


Identities, 83. 
Image of point, 9. 
Indented contour, 65. 
Indicial equation, 225. 
fundamental system, 227. 
Infinity, point at, 9. 
continuity at, 23. 
integral at, 51, 137, 139. 
integrals of diff. equ. at, 212, 213, 
224. 
loop about, 162, 168. 
residue at, 58, 96. 
singularity at, 38, 39. 
Integrals, contour, 59, 97, 113. 
convergent, 136. 
curvilinear, 42. 
definite, 48. 
double, 69, 138. 
elliptic, 169. 
evaluation of definite, 59, 97, 113. 
finite moduli of definite, 50. 
Fresnel, 62. 
indefinite, 53. 
independent of paths, 52. 
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Integrals, 
limiting values of definite, 60, 6°, 
113, 115. 


of holomorphic functions, 50-52. 
of meromorphic functions, 160. 
of multiform functions, 161. 
principal values of, 65. 
uniformly convergent, 137. 
with infinite paths, 51, 137, 139. 
Integrals of differential equation, 210. 
analytical continuation of, 213. 
at infinity, 212, 213. 
Integrals of differential 
existence of, 210. 
fundamental system of, 215. 
in form of infinite series, 213. 
initial values of, 210. 
linearly independent, 215. 
Integrals of diff. equ. in form of definite 
integrals, 255, 266. 
branch points of, 257. 
fundamental system of, 257. 
Integrals of diff. equ. near a singularity, 
219. 
at infinity, 224. 
fundamental system of, 219. 
index of, 222. 
regular, 222. 
Integrand, infinite, 136, 139. 
Integration, change of order of, 69, 138. 
of series, 93. 
partial, 53. 
under integral sign, 69, 138. 
Invariants (see under Weierstrass). 
Inverse points, 9. 
Inverse sine function, 163. 
Inverse tangent function, 34, 84, 86. 
I(p) notation, 1. 


equation, 


Jacobian elliptic functions, 167,182, 198. 
addition theorems for, 202. 
complementary modulus of, 166, 167, 

200. 
derivatives of, 200. 
diff. equ. of quarter periods of, 176, 231. 
duplication formulae for, 204. 
Legendre’s relation for, 175. 
moduli of, 167, 200. 
orders of, 182, 202. 
periods of, 167, 201, 202. 
poles of, 200, 202. 
relations between, 200. 
relations between periods of, 202. 
relation to Weierstrassian functions, 
201. 
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Jacobian elliptic functions, 
residues at poles of, 202, 205. 
transition from Weierstrassian, func- 
tion to, 198. 
zeros of, 200. 
Jacobi’s imaginary transformation, 205. 


Lazrange’s expansion, 119, 125. 
T,anden’s transformation, 174. 
“aplace’s equation, 31. 
Laurent’s series, 84, 95. 
absolute convergence of, 85. 
Lezendre functions, 234. 
addition theorems for, 314-318, 333. 
of the first kind, 214, 235, 236. 
of the second kind, 235, 236. 
recurrence formulae for, 236, 252, 
289, 290, 310. 
Legendre polynomials, 99, 214, 235. 
expression in series, 102, 103, 121. 
in definite integral forms, 100-102. 
integrals involving, 122. 
recurrence formulae for, 102, 124, 129. 
Rodrigues’ formula for, 120. 
Legendre’s associated equation, 249, 259. 
Legendre’s associated functions, 250, 
259-265, 334, 335, 339. 
as definite integrals, 260-263, 308, 
333, 336, 337. 
asymptotic expansions of, 303-307, 
309. 
recurrence formulae for, 310-314, 337, 
338. 
relations between, 251, 262-265, 275, 
276, 303, 306, 309, 317. 
Legendre’s complete elliptic integrals of 
the first and second kinds, 174. 
Legendre’s equation, 213, 234. 
relation to Gauss’s equation, 235. 
Legendre’s first normal elliptic integral, 
163, 173. 
inversion of, 166, 201. 
Legendre’s normal integrals, 173. 
Legendre’s relation, 175, 188. 
Limit, 22. 
at infinity, 22. 
infinite, 23. 
of a sequence, 42. 
of function, geometrical illustration, 
22. 
of quotient of two functions, 30, 83, 
295. 
uniform convergency to a, 23. 
Liouville’s theorem, 68. 
Logarithmic function, 34-36, 83, 161. 


Logarithmic transformation, 35, 325. 
Loops, 145, 162, 164, 168. 
about point at infinity, 162, 168. 
notation for negative, 162. 


Maclaurin’s expansion, 296. 
Mehler- Dirichlet integrals, 102, 336, 337. 
Mittag-Leffler’s theorem, 105. 
Modulus, of complex number, 2, 3, 4. 
(See under Jacobian elliptic func- 
tions.) 
Multiplication of complex numbers, 1, 4. 


Naperian logarithms, 34. 
Numbers, complex, imaginary, real, 1, 2. 
geometrical representation of, 1-6. 


Orthogonal systems, 32. 


Path of variation, 7, 10, 22. 
Period, of a function, 86, 179. 
parallelogram, 179. 
primitive, 86, 179. 
P-function, Riemann’s, 244. 
Point at infinity, 9, 38, 39. 
Points, congruent, 179, 180. 
Points, critical, 38. 
Points of inflection on cubic, 197. 
Points, ordinary, 38, 210. 
Points, singular, 38. 
Pole, 38, 39, 67, 118. 
an, isolated singularity, 39. 
at infinity, 38, 88. 
of order n, 38, 86. 
principal part at a, 86. 
simple, 38. 
Polynomials, 88. 
Power, the generalised, 36. 
Product, infinite, 107, 108. 
expression of function as, 108, 109. 
zeros of, 295. 


Quantities ¢, , positive, 23. 


Region, closed, 92. 
connected, 30. 
function holomorphic in, 53. 
multiply-connected, 30, 47, 58. 
of existence of function, 7. 
of uniform convergence, 92, 96. 
simply-connected, 30. 

Remainder in Maclaurin’s expansion, 

296. 

Residue at a pole, 57, 58, 67, 96, 295. 

at infinity, 58, 96, 
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Riemann’s P-function, 244. 
indices of, 245. 


in terms of hypergeometric functions, 


246. 
Rodrigues’ formula, 120. 
Root extraction, 1, 5, 36. 
Roots of equations, 4, 5, 16, 69. 
theorems on, 118, 119. 
R(p) notation, 1 


Sequence, 42. 
Series, convergent, 76. 
multiplication of, 77, 82. 
power, 80, 82, 95, 125. 
uniformly convergent, 92. 
Sigma functions, 109. 
duplication formula for, 190. 
elliptic functions in terms of, 190. 
properties of, 189. 
Similar figures, 8, 37. 
Singularities, 38. 
at infinity, 38, 39, 88, 89, 106, 181. 
essential, 39, 86, 89, 90, 106, 181. 
isolated, 38, 39. 
line of, 101. 
non-essential, 39. 
of a diff. equ., 210. 
Stirling’s formula, 150. 
Sturm’s theorem, 16. 
Subtraction of complex numbers, 1, 3. 
Summation, of series by residues, 116. 
Summation of trigonometrical series, 
126; 127: 


Tangent to a cubic, 197. 
Taylor’s series, 82, 95. 
absolute convergence of, 83. 
remainder in, 296. 
Transformations, 7. 
bilinear, 8, 9. 
geometrical representation of, 8. 
linear, 7, 8. 
rational, 8. 
(See under Landen, Logarithmic.) 
Trigonometrical series, summation of, 
126. 


Uniformly convergent series, 92, 127. 
continuity of, 92. 


Uniformly convergent series, 
differentiation of, 93. 
integration of, 93. 
power series, 95. 
Weierstrass’s M test for, 94. 


Variable, complex, 7. 
independent, 7. 
Vectors, 2. 


Weierstrassian elliptic function, 106, 

169, 180. 

addition of semi-period, or third of 
period, to argument, 187, 331. 

addition theorem, 185, 331. 

diff. equation satisfied by, 183. 

duplication formula for, 186. 

elliptic functions in, terms of, 191. 

geometric application of, 196. 

in terms of sigma functions, 190. 

invariants of, 184, 194. 

Legendre’s relation for, 188. 

order of, 182. 

periods of, 169, 180, 195, 196. 

poles of, 181, 182. 

relation to Jacobian functions, 201. 

residue at pole of, 181. 

transition to Jacobian functions, 
198. 

values when one period real and one 
purely imaginary, 194. 


zeros of first derivative of, 182, 
184. 
Weierstrassian elliptic integral, 167, 
185, 195, 196. 


inversion of, 169, 185. 
Weierstrass’s theorem, 108. 
Weierstrass. (See under Sigma and 
Zeta functions and Uniformly con- 
vergent series.) 
w-plane, 10. 


Zeros, 1, 39, 67, 118, 119. 
of order n, 39, 83. 
simple, 39. 

Zeta functions, Weierstrass’s, 106. 
elliptic functions in terms of, 188. 
properties of, 187. 

z-plane, 2, 10. 
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